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Abstract. This paper presents a composition method for stack-attributed tree transduc-
ers. Stack-attributed tree transducers extend attributed tree transducers with a pushdown
stack device for attribute values. Stack-attributed tree transducers are more powerful than
attributed tree transducers due to the stack mechanism. We extend the existing composi-
tion method for attributed tree transducers to the composition method for stack-attributed
tree transducers. The composition method is proved to be correct and to enjoy a closure

property.

1 Introduction

Attribute grammars were introduced by Knuth [Knu68, Knu71] to describe semantics of context-
free languages. They specify the meaning of each derivation tree by allocating values to at-
tributes associated with every node of the tree. The framework of attribute grammars has been
utilized for the development of compilers [ASU86, Far84, RM89, KHZ82], editing environ-
ments [Rep84, HT85] and program transformations [Joh87, CDPR99].

Composition of attribute grammars is one of the well-studied issues on attribute grammars
when attribute grammars are regarded as tree transformations. Ganzinger and Giegerich [Gan83,
GG84, Gie88] invented descriptional composition, which enables a single attribute grammar to
be synthesized from two attribute grammars under the so-called single-use condition. Descrip-
tional composition, which was originally developed for composing compiler components, has
since then been applied in a wider scope. For example, Kiihnemann [Kiih98] and Correnson et
al. [CDPR99] independently applied descriptional composition to the transformation of func-
tional programs by utilizing the fact that attribute grammars are closely connected to functional
programs.

The class of attribute grammars to which descriptional composition can be applied is still
limited, however. There are significant instances of transformations where the composition
method cannot be applied. For instance, consider the transformation from the postfix repre-
sentation of numerical formulae, e.g., 2,1,2,4, X in Figure 1(a), to the infix representation,
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Figure 1(a): Postfix representation Figure 1(b): Infix representation

Figure 1: Two kinds of representations of numerical formulae

e.g., 2% (1+2) in Figure 1(b). The descriptional composition cannot deal with this transfor-
mation since it requires a pushdown stack device to store an unbounded number of subtrees of
the output tree.

Figure 2 gives a definition of postfix-to-infix transformation as an attribute grammar. The
symbols 1, 2, 4+, x and $ correspond to terminal symbols one, two, plus, multi and end, respec-
tively. For instance, the postfix representation in Figure 1(a) is expressed by two(one(two(plus(
multi(end))))) and the infix representation in Figure 1(b) by multi(two, plus(one,two)). The
inherited attribute s associated with a nonterminal symbol 7" has stacks of trees as values. We
write | | for the empty stack, 7 :: e for the stack obtained by pushing the tree ¢ to the stack e,
hd(e) for the top-most element of the stack e and #l(e) for the stack e whose top-most element
is removed. The addition of these stack operations enhances the transformation power of the
attribute grammar. Existing composition methods, however, cannot deal with attribute gram-
mars that use a stack mechanism in particular when they appear as the first component of the
composition.

We present a new method to compose attribute grammars that use a pushdown stack de-
vice. The method is formalized in the framework of attributed tree transducers [Fiil81] (att),
which is one of the formal computational models of attribute grammars. In this paper, we intro-
duce stack-attributed tree transducers (satt) by extending atts with a stack device and propose
a method to compose satts that extends descriptional composition. Satt’s are more powerful
than atts because of the pushdown storages. This relation is similar to that between push-
down automata and finite state automata: The class of languages accepted by the former, the
context-free languages, is larger than the class of languages accepted by the latter, the regular
languages [AU73].

S—T: S.ap = T.ap T —plus(Ty): T.ap = T.ap
Ts =[] Ti.s = (plus(hd(tl(T.s)),hd(T.s)))
T — one(Tl) : T.agp = Ti.ag n (l‘l(l‘l(T.S)))
Tiis =one::Ts T —multi(Ty): T.ap = Ti.ap
T —two(Ty): T.ap = Ti.ap Ti.s = (multi(hd(tl(T.s)),hd(T.s)))
Tis =two:Ts = (t(t(T.s)))
T — end: T.ap = hd(T.s)

Figure 2: An attribute grammar with a stack device for postfix-to-infix transformation
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Figure 3: The inclusion relations of various classes of tree transformations and their composi-
tions

We prove the correctness of our composition method by extending the composition method
of atts. As in the case of atts, our composition method only works under certain restrictions.
Roughly speaking an att is single-use if (the value of) each attribute is used at most once by the
other attribute is used at most once by the other attributes, and a satt is single-use if, moreover,
every element of (the value of) each attribute is used at most once by the other attribute is used
at most once by the other attributes. In the case of atts it is known that the composition of an att
M with an att M’ works whenever M is single-use or M’ has no inherited attributes. Moreover,
if both atts are single-use, then so is the resulting att. In this paper we compose a satt M with
an att M’. The main result of the paper is that our method works in the same cases as for atts:
whenever M is single-use or M’ has no inherited attributes; moreover, if both M and M’ are
single-use then so is the resulting satt.

Our composition method is proposed not only for theoretical interest. The method to com-
pose stack-attributed tree transducers is useful in practice for transformations over structured
documents such as XML [W3C]. Nakano and Nishimura [NNO1] utilized descriptional com-
position to generate stream-to-stream document transformations from tree-to-tree document
transformations, where a stream means just a string. Given a tree-to-tree document transfor-
mation 7', a stream-to-stream document transformation can be obtained by the composition of
three transformations Unparse, T and Parse: Unparse is an unparsing (tree-to-stream) trans-
formation; Parse is a parsing (stream-to-tree) transformation. Defining each transformation by
an attribute grammar, Nakano et al. applied descriptional composition to obtain a stream-to-
stream transformation. In their framework, they faced the problem that parsing requires a stack
mechanism, which cannot be dealt with by the existing descriptional composition method. They
circumvented the problem by fixing the maximum depth of nesting of the input documents and
by simulating the stack mechanism with a finite set of attributes. Our composition method
provides a general solution of the above problem in a straightforward way. If we give a tree-
to-tree transformation by a single-use att, we can get tree-to-stream transformation as an att by
composing it with Unparse. If we give a tree-to-stream transformation by an att, we can get
stream-to-stream transformation as a satt by our method because Parse can be represented by a
single-use satt.

There are a number of investigations on tree transducer composition. Figure 3 shows the



inclusion relations of various classes of tree transformations and their compositions [FV98]. We
write TDTT, ATT, MTT and SATT to represent the classes of tree transformations defined
by top-down tree transducers [Rou70], attributed tree transducers [Fiil81], macro tree transduc-
ers [Eng80, EV85] and stack-attributed tree transducers, respectively. The subscripts su, wsu
and nc indicate the subsets of tree transducers restricted by the conditions single-use [Gie88],
weakly single-use and non-copying [Kiih98], respectively. For two classes 77 and 75 of tree
transformations, Tj o 7> denotes the class {t | T(x) = 11(12(x)),T1 € T1,72 € T>}. The relations
(1) and (7) are shown in [Fiil81]; (2) and (8), in [EV85]; (3), in [Kiih98]; (5), in [Rou70]; (6)
and (9) in [GG84, Gie88]; (10), in [VKO4]. The relations (4), (11), (12) and (13), involving
SATT, are shown in this paper.

We say that the class T of tree transformations enjoys a full closure property if ToT =T.
Equations (5) and (6) show that TDTT and AT T, enjoy the full closure property. However,
TDTT and ATT g, are not expressive enough.

We consider a weaker closure property than the full closure property. For two classes 77 and
T; of tree transformations, we call 75 is left closed for Ty if T| o T, = T. This paper shows that
SATT, together with SATT,, is one of the largest classes of tree transformations that enjoys
left closure property. Equation (12) shows that SATT is left closed for TDTT as well as ATT
and MTT seen in (7) and (8). Additionally, (11) shows that SAT T, is left closed for AT T .

Unfortunately, our result (13) does not show any closure porperty as well as (10) does not
enjoy any closure property. However, it generalizes equation (9) and it is helpful to implement
an XML transformation language intended for stream processing [Nak(04], while (10) is helpful
to the transformation of functional programs [VK04].

Outline. The paper is comprised of five sections, including this introduction. In Section 2, we
define basic notions and notations. Section 3 introduces attributed tree transducers and stack-
attributed tree transducers with simple examples and shows that stack-attributed tree transducers
can be simulated by attributed tree transducers. Section 4 introduces the composition method for
attributed tree transducers, presents the composition method for stack-attributed tree transducers
and shows the correctness of the composition method. Finally Section 5 presents further work
and concludes the paper.

2 Preliminaries

The empty set is denoted by 0. We denote the set of non-negative integers including 0 by N, the
set of positive integers by N and the sets {1,...,n} by [n] for n € N, in particular, [0] = 0. The
disjoint union of two sets P and Q is denoted by P W Q and the cartesian product of two sets P
and Q is denoted by P x Q, i.e., Px Q = {(p,q) | p € P,q € Q}. We assume that the cartesian
product is associative, i.e., (P X Q) X R and P x (Q x R) are identified and are written P X Q X R.
We denote the set of finite strings over a set P of symbols by P*. The empty string is denoted
by €.

The designated symbol | means an undefined value, which can be a symbol in any alphabet.
A function f from a set P to a set Q is denoted by f : P — Q, while dom(f) and range(f) denote
the domain of f and the range of f, respectively, such that dom(f) = {x € P | f(x) is defined}
and range(f) = {f(x) € Q | x € dom(f)}. The composition of two functions f and g is defined
by fog(x) = f(g(x)) for all x € dom(g) with g(x) € dom(f). For sets of functions F and G, we



write Fo G for {fog| f€ F,g€ G}.

A reduction system is a system (A,=) where A is a set and = is a binary relation over A.
We write a; =" a,11 if a; = a;11(i € [n]) for some ay,...,a,1+1 € A. In particular, a =° a.
We also write a =* b, a =1 b and a =" b when a =™ b holds for some m € N, m € N, and
m € {0,1}, respectively. We say that a € A is reducible with respect to = if there exists b € A
such that @ = b. Otherwise, a € A is irreducible. If a =" b and b is irreducible, we say that b is
a normal form of a. If a has a unique normal form, we denote it by nf (=, a). If every a € A has
at most one element b € A such that a = b, we say that the reduction system is deterministic.
In a deterministic reduction system (A,=>), every a € A has at most one normal form.

A ranked set X is a set in which every symbol is associated with a non-negative integer called
its rank. A ranked alphabet is a finite ranked set. For every n € N, (") is the set of symbols
of rank n. We denote the rank of a symbol G by rank(c). We may write 6™ to indicate that
6 € 2. For a ranked alphabet X, the maximum rank of symbols in X is denoted by maxr(¥),
i.e., maxr(X) = max {rank(c) | c € £}. The designated symbol L is of rank 0. Let X be a
ranked alphabet and X be a set of variables disjoint with X. The set of X-labeled trees indexed
by X, denoted by Tx(X) (or Tz, if X is empty), is the smallest set T satisfying

e X CTand
e o(t1,...,ty) €T foreveryne N, c € 2™ and 1y,...,1, € T,

We denote by #[x := s| the substitution of all occurrences of the variable x in ¢ by s. Let
1481y ySpy UL, -, Uy De trees in Ty (X) such that every u; for i € [n] is a subtree of 7, provided
that u; is not a subtree of u; for any j # i. The tree t[uy,...,uy :=s1,...,8,), Or t{u; := s,-],-e[n]
is obtained from ¢ by simultaneously replacing all occurrences of the subtrees uy,...,u, by the
trees si,...,Sy, respectively. A Tx(X)-context ‘E (or context, simply) is an element of Ty (X &
{e}) where the symbol e, called hole, occurs exactly once in ‘E. The tree E[t] with 7 € Tx(X)
stands for E[e :=1] € Tx(X).

The prefix-closed set of all paths of t € Tx(X), denoted by path(t)(C N7.), is defined by
path(c(ty,..., t,)) = {eyU{iw | i € [n],w € path(t;)} if 6 € Z". Note that path(c?)) = {e}.
We write sub,(w) for the subtree of a tree ¢ at a path w € path(t). Every path w € path(t) refers
to a corresponding label of 7, denoted by label;(w), which is defined by labelc(,h._.’tn)(e) =0
and labels, ..., \(iw) = label,,(w) for every i € [n] and w € path(t;). We use w71, 72, ... for
path variables. A substitution [r,l, w2, ... :=w,wl,w2,...] is simply denoted by [rt := w| for
we Ni.

3 Stack-Attributed Tree Transducers

In this section, we give the definition of attributed tree transducers (for short, att) and stack-
attributed tree transducers (for short, satt). We also show that satts are simulated by atts when the
set of input trees are restricted to a certain set. We follow the definition of atts in [Kiih97, FV98§]
and give the definition of satts as an extension of atts.

3.1 Attributed Tree Transducers

Following [FV98], we start with a definition of the set of trees occurring in the right-hand sides
of attribute rules in the specification of atts.



Definition 3.1 Let A be a ranked alphabet, Syn and Inh be countable sets of unary ranked sym-
bols and k € N. The set RHS(Syn,Inh,A k) of right-hand sides over Syn, Inh and A is the
smallest subset RHS of Tausynumn({T, 1, ..., 7tk}) that satisfies the following conditions:

e Forevery a € Syn and 1 <i <k, the term a(mi) is in RHS.
e For every b € Inh, the term b(T) is in RHS.
e Forevery 8 € AY) with [ € Nand 1;,...,n; € RHS, the term d(Ni,...,My) is in RHS.

|

Definition 3.2 An attributed tree transducer (att) is a septuple M = (Syn,Inh,X,A,in,4,R)
where

e Syn and Inh are countable sets of unary ranked symbols satisfying Syn N Inh = 0, whose
elements are called synthesized attributes and inherited attributes, respectively,

e X and A are ranked alphabets such that (SynUInh) N (ZUA) = 0, called the input alphabet
and the output alphabet, respectively,

e in € Syn is a designated attribute, called the initial attribute,

e 1 ZXUSynUInh is a unary ranked symbol, called the initial symbol; we write £+ for

Zw{t},

e Risaset of attribute rules such that R = | J5cy+ R® with finite sets R® of 6-rules satisfying
the following conditions:

— for every a € Syn, the set R® contains exactly one attribute rule of the form a(m) A
No>

— for every b € Inh and i € [rank(c)], the set R° contains exactly one attribute rule of
the form b(mi) = Mg,

where N with 6 € X is in RHS(Syn, Inh, A, rank(c)) and 1y is in RHS(Syn,0,A,1).
Moreover, an att whose set Syn U Inh of attributes is finite is called finitary att. O

Our definition is slightly different from [FV98] in how an att is specified. We use no en-
vironment describing values of inherited attributes of the root of the input tree. Instead, we
define the values of those inherited attributes in the attribute rules for the initial symbol, fol-
lowing [Gie88, Kiih97, Kiih98]. We assume the input and output alphabets implicitly contain
the designated symbol | whose rank is 0. For that symbol, all atts implicitly have the set R*

of attribute rules a(m) = 1 for every synthesized attribute a in the att. Note that the set of at-
tributes is allowed to be countably infinite unlike usual definition. It will be helpful to simulate
a stack-attributed tree transducer by an att as mentioned later.

The readers who are familiar with attribute grammars may understand the specification of
atts by considering a(m) and b(mi) as attribute occurrences P.a and P;.b in attribute rules for a
production rule P — S(Py,...,Py), in the classical representation of attribute grammars where
P and P; are nonterminal symbols and ¢ is a terminal symbol representing the name of the



production. For example, an attribute rule a(mt) — 8(h(r1)) with rank(c) = 2 corresponds to
an attribute rule P.a = §(P;.b) for a production rule P — (P, P»). Below we give an example
of an att and its attribute grammar counterpart.

Example 3.3 We give a (finitary) att M;,,, for an infix-to-postfix conversion of simple nu-
merical formulae, e.g., 2 x (1 +2) to 2,1,2,+,x (see Figure 1). For the sake of simplic-
ity, we assume that they are built up from the integers 1 and 2 by using the two binary op-
erators + and x. The infix representation is specified by a binary tree in which internal
nodes and leaves are numerical operators and numbers, respectively. The postfix representa-
tion is specified by a monadic tree whose nodes are numerical operators or numbers. The att
Misop = (Syn,Inh,X, A, ap,4,R) is given as follows:

o Syn={ap}, Inh={a;}.
° Y= {one(o),two(o),plus(z),multi(z)}.

A= {one(l),two(l),plus(l),multi(l),end(o)}.

R is the following set of attribute rules:

am 5 axl) (14)
anl) 5 end (15)
ap(m) % one(a;(x)) (16)
ap(m) ™ two(a;(m)) (17)
alm) ™ ag(nl) (18)
ar(ml) 8 ap(n2) (19)
ar(m2) "% plus(a;(r)) (20)
ap(m) "™ ap(ml) 1)
aj(n1) ™ ap(n2) (22)
a;(m2) ™ multi(a; () (23)

Figure 4 shows the attribute grammar counterpart of the att Mj,,. The rules (14) and (15),
namely R?, correspond to the set of two attribute rules for the production rule S — T in the
attribute grammar. Similarly, R"¢, R™°, RP™S and R™* correspond to the attribute rules for the
production rules T — one, T — two, T — plus(Ty,T>) and T — multi(T},T>), respectively. O

We define the semantics of atts. The computation of an att M for an input tree ¢ is defined
by a reduction system, whose definition is given below.

Definition 3.4 Let M = (Syn,Inh,X,A,in,4,R) be an att, t € Tx+. The derivation relation in-
duced by M on t is the smallest binary relation =7, over Tp({a(w) | a € SynUInh,w € path(t)})
such that:

e a(w) =, M[T:=w] where a € Syn, a(n) > n € R and 6 = label, (w).



o b(wi) =y, M1 := w] where b € Inh, b(mi) > m € R and 6 = label,(w).

e M1y Mis--sMn) =m OM1,--- N}y, Mn) Where & € A, Ni = M} and Ny € Ty
for every k € [i — 1].

We may omit the subscripts M and ¢ when they are clear from the context. Note that there is
no clause such as “E[n;] = E[n2] if n; = M2”. That implies that, for every tree s, there is at
most one tree s’ such that s = ', i.e., this reduction system is deterministic. Therefore a normal
form, if it exists, must be unique.
The attribute value of a(w) for an att M and an input tree ¢ € Ty, is defined by nf (=7 4y, a(w)),

if it exists, where a € SynUInh, w € path(4(t)) and (a,w) & Inh x {€}. Note that nf (=7 4y, a(w))
is a tree over the output alphabet A(U{_L}) of M. This is because any term having subterms of
the form @' (w') with @’ € Inh U Syn and a path w' is always reducible unless @’ € Inh and w' =¢.
If (a,w) & Inh x {€}, b(€) with b € Inh does not occur in the derivation induced by M on f(¢)
with 7 € Ty because of the specification of 1y in Definition 3.2. a

We cannot always compute all attribute values for a given att M and an input tree ¢. For
instance, an attribute value a(w) cannot be computed in the case that we have a derivation
a(w) =, 1) ‘Ela(w)] for some context E. In order to avoid the problem, we require the usual

well-definedness (or noncircularity) property for an att.

Definition 3.5 Let M = (Syn,Inh,X,A,in,4,R) be an att. The semantics of M is the function
[M]] : Tz — T such that for all ¢ € Ty, [M]|(t) = nf (=44, in(€)) if it exists. The att M is
well-defined if nf (= 4y, a(w)) exists for every ¢ € Ty, a € SynUInh and w € path(§(t)) with
(a,w) & Inh x {€}. O

Example 3.6 Let M be the att given in Example 3.3. The computation of M for the input tree
t = multi(two, plus(one,two)) is shown below. We obtain that

[M]| (multi(two, plus(one,two))) = two(one(two(plus(multi(end)))))

S—T: S.ap = T.ap T — plus(Ty, ) : T.ap = Ti.ap
T.a; = end Tl.a] = Tz.a()

T —one: T.ap = one(T.aj) Ty.a; = plus(T.a;)
T —two: T.ay = two(T.aj) T — multi(Ty, ) : T.ap = Ty.ag
Ti.a; = Tr.ap

T.a; = multi(T.ay)

Figure 4: The attribute grammar counterpart of Example 3.3




by the following reduction steps:

ap(e) =*he ao(1) ey
= multi, 1 ao(l 1) (25)
ol poo(ay (1)) (26)
=mutil p0(ag(12)) 27
L2 po(an(121)) (28)
=ome 121 nyo(one(a;(121))) 29
=Pl 12 nyo(one(ap(122))) G0
=M0122 p0(one(two(a;(122)))) (1)
= plus,12 two(one(two(plus(a;(12))))) (32)
=muti1 10 (one(two(plus(multi(a;(1)))))) (33)
=5 two(one(two(plus(multi(end))))) G4

where the superscripts of =" indicate that the derivation relation is based on a G-rule at the
path w. For example, the reduction step =512 at (32) is derived by replacing 7 with the path
12 in #(¢) in the plus-rule at (20). O

An att M is called a top-down tree transducer (tdtt) if there is no inherited attribute in M.
We define the sets of tree transformations ATT = {[[M]| | M is a well-defined finitary att} and
TDTT ={[[M]] | M is a finitary tdtt}. It is well known that TDTT C ATT[Fiil81].

3.2 Stack-Attributed Tree Transducers

The stack-attributed tree transducers (satts) extend atts with a new type of attributes, called
stack attributes. Thus, there are two types of attributes in a satt, output attributes and stack
attributes. Output attributes have trees over the output alphabet as values, similar to attributes
in atts. Stack attributes have pushdown stacks of trees over the output alphabet as values. The
following definition introduces the notion of stack system specifying sets of output expressions
and stack expressions which are used for the definition of a satt.

Definition 3.7 A stack system over A is a triple S = (X,,Xs,A) where X, and X, are disjoint
sets of trees and A is a ranked alphabet. For a stack system S, we define the set EXP,(S) of
output expressions and the set EXPs(S) of stack expressions as the smallest set EXP, and EXPs
of trees such that:

e EXP, D X, and EXP; D X,.

o §(er,...,en) € EXP, if e; € EXP,(i € [n]) and & € A™ with n € N.
° Cons(z)(el,ez) € EXP; if ey € EXP,, and e> € EXP..

o Empty®) € EXP,.

e Head" (¢) € EXP,, if ¢ € EXP;.

o Tuil'"(¢) € EXP; if e € EXPs. O



The four ranked symbols Cons, Empty, Head and Tail are called stack operators: Cons(ey,e3)
denotes the stack obtained by adding a value e; to the top of the stack e;; Empty denotes the
empty stack; Head(e) denotes the value at the head of the stack e; Tail(e) denotes the stack
obtained by removing its head from the stack e.

We specify the set of right-hand sides of attribute rules in satts before giving the definition
of satts. The right-hand sides are defined by output and stack expressions of a stack system over
an output alphabet. We use bold-faced symbols, e.g., a,ay, ..., to represent stack attributes for
the purpose of distinguishing them from output attributes.

Definition 3.8 Let A be a ranked alphabet, let Syn, Inh, StSyn and StInh be disjoint unary ranked
alphabets, let k € N and let Sa x be a stack system (X,,Xs,A) with
Xo = {a(mi)|ac€Syn,ic k]}U{b(n)|b €< Inh} (35)
Xs = {a(mi)|acStSyn,ic [k]}U{b(n) | b € Stinh}. (36)

e The set RHS,(Syn, Inh,StSyn, StInh, A, k) of output right-hand sides over Syn, Inh, StSyn,
StInh and A is EXP, <5A,k)-

e The set RHSs(Syn, Inh,StSyn, StInh, A, k) of stack right-hand sides over Syn, Inh, StSyn,
StInh and A is EXP(Sa k).

Definition 3.9 A stack-attributed tree transducer (satt) is a nonuple
M = (Syn,Inh, StSyn, StInh, L, A, in, i, R)
where

e Syn, Inh, X, A, in and f are the same as in Definition 3.2 and " is defined by Zw {f}. We
call Syn and Inh output synthesized attributes and output inherited attributes, respectively.

e StSyn and StInh are unary ranked alphabets with StSyn M StInh = 0, whose elements are
called stack synthesized attributes and stack inherited attributes, respectively. They are
also disjoint with Syn, Inh, ¥ and A.

e Risaset of attribute rules such that R = | Jscy+ R® with finite sets R® of 6-rules satisfying
the following conditions. For every 6 € £ whose rank is k € N,

— for every a € Syn, the set R® contains exactly one attribute rule of the form a(m) A
Mo

— for every b € Inh and i € [k], the set R® contains exactly one attribute rule of the
form b(Ti) = Mg,

— for every a € StSyn, the set R® contains exactly one attribute rule of the form a (1) >
CG9

— for every b € StInh and i € [k], the set R° contains exactly one attribute rule of the
form b(mi) > Cs,

10



where Mg and {s with ¢ € X are in RHS,(Syn, Inh, StSyn, StInh, A, k) and RHSs(Syn, Inh,
StSyn, StInh, A, k), respectively, and M and C; are in RHS, (Syn, 0, StSyn,0,A, 1) and RHS s (
Syn,0,S8tSyn,0,A, 1), respectively.
A satt whose set Syn U Inh of attributes is finite is called finitary satt.
Let M = (Syn, Inh,StSyn, Stinh, X, A, in,4,R) be a satt. We define RHS,(M) and RHSs(M)
as follows:

RHS,(M) = RHS(Syn,Inh,StSyn,Stlnh, A,maxr(¥)) (37)
RHSs(M) = RHSs(Syn,Inh,StSyn,Stinh,A,maxr(¥)) (38)
O

As for atts, we assume that the input and output alphabets of satts implicitly contain the des-
ignate symbol L and that the set R* of attribute rules a(r) L 1 for every synthesized output

attribute a and attribute rules a(m) 5 Empty for every synthesized stack attribute a is implicitly.

The following example M,,; represents the inverse transformation of the att Mj,, defined
in Example 3.3. The satt M,,,; converts postfix representations into infix representations. This
transformation requires a stack device.

Example 3.10 The postfix-to-infix conversion in Section 1 can be expressed by the (finitary)
satt My,,;, which corresponds to the attribute grammar in Figure 2. The satt M), = (Syn, Inh,
StSyn, StInh, X, A, ap, £, R) is given as follows:

o Syn={ap}, Inh =0.

o StSyn =0, Stinh = {s}.

° Y= {one('),two('),plus(l),multi(l),end(o)}.
o A={one® o plus® muiri®}.

e R is the following set of attribute rules:

a(m) 5 ap(nl) (39)
s(rl) 5 Empry (40)
ao(t) 25 ap(nl) (41)
s(nl) % Cons(one,s(m)) (42)
ag(m) ™% ay(ml) (43)
s(nl) ™ Cons(two,s(m)) (44)
a(m) ™8 ag(nl) (45)
s(rl) " Cons(plus(Head(Tail(s(r))), Head(s())), Tail(Tail(s(r))))  (46)
ao(m) ™4 ag(ml) 47)
s(ml) i Cons(multi(Head(Tail(s(nt))), Head(s(w))), Tail(Tail(s(w))))  (48)
ao(t) ¢ Head(s(r)) (49)

O
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We define the semantics of satts by a reduction system defined in much of the same way as
that of atts in Definition 3.4.

Definition 3.11 Let M = (Syn, Inh, StSyn,StInh, L, A, in,f,R) be asatt, t € Ty+ and S = (X5, Xs,A)
the stack system with

Xo = {a(w)|ae€ SynUlnh, w € path(t)}

Xs = {a(w)|acStSynUStinh, w € path(t)}.

The derivation relation induced by M on t is the smallest binary relation =y, C (EXP,(S) X
EXP,(S))U(EXPs(S) x EXP<(S)) such that:

e a(w) and b(wi) with a € Syn, b € Inh, w € path(t) and i € N are related by =, in the
same way as in Definition 3.4.

e a(w) =, {[r:=w] where a € StSyn, a(n) = { € R and 6 = label, (w).
o b(wi) =, {[1 := w] where b € StInh, b(ni) > { € R and 6 = label,(w).

n (if § = Cons(n','))
o Head({) =m; < L (if § = Empty)
Head(') (otherwise, if { =, ()

where )’ € EXP,(S) and {,’ € EXP4(S5).
¢ (if { = Cons(n’, (')

o Tail(§) =m; § Empty (if {= Empty)
Tail(C') (otherwise, if § =7, €)

where )’ € EXP,(S) and {, L’ € EXPs(S).
Cons(m',€) (Gfn=mMm")
¢ Comn®) = | G E) (i e Fod s €
where n,m’ € EXP,(S) and {,{’ € EXP(S).
© 3(M1,. s My sMn) =ars OM1s-- -, M- --,Mn) Where § € AW, n; =y, M) and M € Ty,
for every k € [i — 1].

Similar to reduction systems for atts, uniqueness of the normal form is guaranteed since for
every expression e there is at most one expression ¢’ such that e =, ¢/. We may omit the
subscripts M and ¢ when they are clear from the context. The attribute value of a(w) for a satt
M and an input tree ¢ is defined by nf (= 4(,), a(w)), if it exists, where a € Inh U SynU StSynU
StInh and w € path(4(t)) with (a,w) & (InhU StInh) x {€}. 0

The following statement guarantees that all attribute values of output attributes range over
output trees.

Proposition 3.12 Let M = (Syn,Inh,StSyn, StInh, X, A, in,4,R) be a satt, t € Ty, a € SynU Inh,
and w € path(§(t)). If nf (=p14(1), a(w)) exists, then it is in Ty. O
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Proof. Let EXP, and EXP; be as given by EXP,(S) and EXPs(S) in Definition 3.11.

Suppose that there exists t' = nf (=), a(w)). By the definition of =y ), we have
t' € EXP,. We prove the proposition by analyzing the structure of #’. First, we show that the
pattern a(w) with a € Syn U Inh U StSyn U StInh does not occur in ¢’. Second, we show that the
patterns Cons(n,{) and Empty do not occur in ¢'. Finally, we show that the patterns Head(Q)
and Tail(C) do not occur in ¢'. These facts imply that z’ € Ty.

The pattern a(w) with a € Syn U Inh U StSyn U StInh does not occur in ¢ since all terms
having occurrences of a(w) are reducible by the reduction rules based on the attribute rules.

It can be shown that the pattern Cons(n, () does not occur in ¢’ by contradiction. Assume
that ¢/ = E[Cons(n,{)], provided that there is no occurrence of Cons in E. Since we have
t' € EXP, and Cons(n, () € EXPs, there exists a context Z’ such that either £ = £'[Head(e)] or
E = E/|Tail(e)]. This contradicts with the fact that ¢ is irreducible. Thus the pattern Cons(n, )
does not occur in ¢’. Similarly, we can show that Empty does not occur in ¢’

It can be shown that the patterns Head({) and Tail({) do not occur in ¢’ as follows. Since
every stack expression has the form of Cons(e), Empty or a(w) with a € StSyn U StInh, we can
assume that there is no occurrence of stack expressions in ¢’ using the facts we have shown
above. It implies that the patterns Head and Tail do not occur in ¢’ because their arguments
must be stack expressions. a

The semantics of satts is defined by the value of the initial attribute at the root in the same
way as that of atts.

Definition 3.13 Let M = (Syn, Inh, StSyn, StInh,Z, A, in, 1, R) be a satt. The semantics of a satt
M is the function [[M]] : Ty — Ty such that for all € Ty, [M]|(¢) = nf (=p1,4(), in(€)) if it exists.
The satt M is well-defined if nf(=p 4,), a(w)) exists for every ¢ € Ty, a € SynUInh U StSyn U
StInh and w € path(§(¢)) with (a,w) & (Inh U Stlnh) x {€}. O

Example 3.14 Let M be the satt given in Example 3.10. Figure 5 shows the reduction steps for
deriving

[M]|(two(one(two(plus(multi(end)))))) = multi(two, plus(one, two))

where t = two(one(two(plus(multi(end))))) is the input tree and the superscripts of =" in-
dicate that the derivation relation is based on a c-rule at the path w. The superscripts HC
and 7TC indicate the applied rule in Definition 3.11, i.e., HC for Head(Cons(n,C)) and TC for
Tail(Cons(M,()). O

We write SATT for the set of tree transformations {[[M] | M is a well-defined finitary satt}.
We can prove that ATT C SATT by showing the existence of a transformation that is not in
ATT butin SATT, called a parenthesis balance checker.

Theorem 3.15 ATT C SATT.

Proof. Since ATT C SATT by the definitions of finitary att and finitary satt, it suffices to show
that this inclusion is proper, i.e., there is a satt M which cannot be simulated by any finitary
att. Consider the transformation T, from Ts to Ty with £ = {parenL(V) parenR") end )}
and A = {TO(, L)} such that Tobe returns T iff every right parenthesis parenR has its left
counterpart parenL and vice versa in the input. This problem is a well-known example which
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ao(e)

:>ﬁ78

:>tw0,1
:>0ne,11
:>two,111
ﬁplus.,llll
—smulti, 11111
:>end,111 111
:>multi,1 1111
:>HC

:>plus71 111

= TC

jz‘wo,l 11

= TC

:>0ne,11
:>TC
:>tw071

:HC

:>plus7 1111

ap(111111)
Head(s(111111))
Head(Cons(multi(Head(Tail(s(11111))), Head(s(11111))),
Tail(Tail(s(11111)))))
multi(Head(Tail(s(11111))), Head(s(11111)))
multi(Head(Tail(Cons(plus(Head (Tail(s(1111)),Head(s(1111)))),
Tail(Tail(s(1111)))))),Head(s(11111)))
multi(Head (Tail(Tail(s(1111)))),Head(s(11111)))
multi(Head(Tail(Tail(Cons(two,s(111))))),Head(s(11111)))
multi(Head(Tail(s(111))), Head(s(11111)))
Head(Tail(Cons(one,s(11)))),Head(s(11111)))
(s )

(

(

(
multi(Head(s(11)),Head(s(11111)))

(

(

(

)
multi(Head(Cons( )),Head(s(11111)))
multi(two, Head(s(11111)))
multi(two, Head(Cons(plus(Head(Tail(s(1111))), Head(s(1111))),
Tail(Tail(s(1111))))))

(two, plus(Head(Tail(s(1111))),Head(s(1111))))

( ( 1)), Head(s(1111))))
multi(two, plus(Head(s(111)),Head(s(1111))))
multi(two d(Cons(one,s(11))),Head(s(1111))))

(

(

(1w

(

multi(two, plus(one,Head(s(1111))))
(
(

two,s(1)
)

multi(tw

multi(two, plus(Head(Tail(Cons(two,s(111)
1

,plus(Hea
multi(two, plus(one, Head(Cons(two,s(111)))))

multi(two, plus(one, two))

Figure 5: The reduction steps by the derivation relation =,
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cannot be solved by any finite state automaton. In this proof, we first illustrate that all atts
from Ty to T) have an equivalent finite state automaton to show that there is no att M such that
[M]] = Tppc. Finally, we illustrate that there is a satt M)y, such that [Mpp]| = Tppe.

For any att from Ty to Tp, we can construct an equivalent finite state automaton that ac-
cepts {t € Tz | [M]|(t) = T}. The construction is similar to the finite state transition ma-
chine construction introduced in [NNO1], where a more detailed account for the construction
is given. Let M = (Syn,Inh,X, A, ap,4,R) be a well-defined att where Syn = {ag,ay,...,an}
and Inh = {by,...,b,}. Note that every symbol in £ (and A) has rank at most 1 (and 0, re-
spectively). Therefore the right-hand side of every rule in R is an element of AU {a(nl) | a €
Syn} U{b(m) | b € Inh}. We define a function rhss : SynUInh — AU Syn U Inh with 6 € X by
removing any path information from the rules in R°. For instance, rhsg(ap) = T, rhss(a;) = by
and rhsg(b;) = ap with attributes ag,a; € Syn and b; € Inh are defined by ap(nt) > T , a;(n) >
b;(m) and by (1) = ap(rl) in RS, respectively.

The set of states of the automaton corresponding to M is (AU Syn)"*! where n is the cardi-
nality of Inh. It is finite since A, Syn and Inh are finite. The initial state is (rhs;(ao), rhsy(by),. .., rhsy(by)).
The set of final states is { T} x (AU Syn)". The transition rules of the states are defined by the
disentangling algorithm, Algorithm 2 in [NNO1]. When the current state is (vg,vy,...,v,) and
the input symbol G is read, the next state is defined by consulting R® as follows. If vy is either
T or L, then the state does not change. Otherwise vg is ax € Syn with k € [m] U {0}. Let us
define two functions f : SynUInh — AUSyn and g : Inh — AU Syn such that

rhss(a) (if rhss(a) € AU Syn)
g(rhss(a)) Gf rhss(a) € Inh)
N Vi (ifv; € A)
g(bi) = { f(v;) (i v; € Syn)
The next state is defined by (f(ax), f(b;),...,f(by)). The above recursion always terminates

because M is well-defined.
On the other hand, the transformation T,,. can be defined by the satt

Mpbc = ({a0}7®7 {S}70727A7a07 Iij>

with the set R of the following attribute rules:

ap(m) =  Head(s(ml))

ao(m) ”“K”L s(m) P Tail(s(n1))
ao(m) parenk s(n) parenk Cons(Ls(x1))
ap(m) ol s(m) ond Cons(T,Empty)

3.3 Simulation of Stack-Attributed Tree Transducers with Attributed Tree
Transducers

This section shows that every satt can be simulated by an att as long as the inputs are restricted.
It helps us to prove the correctness of the composition of satts by using that of atts. For a given
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(@, 1)(m) = (@, 1)(m) > (a,2)(n1)
(@2)(m) > (a,1)(n1) :
; (@an—1)(m) > (a,n)(xl)
<a,n>(n) g (a,n—l)(ﬂ:l) <a,n>(7£) g
Figure 6(a): For a(r) > Cons(n,a(nl)) Figure 6(b): For a(r) > Tail(a(nl))

Figure 6: Attribute rules of an att simulating those of a satt.

input tree, the depth of stacks involved in the derivation relation induced by a well-defined satt
is finitely bounded. This is clear from the fact that the length of the derivation is finite and the
increase of the depth of the stacks in every derivation step is finite. This implies that, once the
input is fixed, a satt can be simulated by an att obtained by replacing stack attributes with a
finite number of output attributes. For example, suppose that the number of trees to be stored
in a stack is less than n. Then, an attribute rule a(rn) — Cons(n,a(x1)) with a synthesized
stack attribute a in the satt can be replaced with the attribute rules in Figure 6(a), where each
{a,i)(i € [n]) is a synthesized attribute of an att that indicates the i-th top-most stack element.
An attribute rule a(rt) > Tail(a(r1)) in the satt is replaced with the attribute rules in Figure 6(b).
Since any elements deeper than level n are not referred to by the stack, we can use L instead of
(a,n+1)(ml) in the right-hand side of the last rule.

We first introduce two kinds of simulating functions 0, and o5 for a stack system §. The two
functions o, and o5 are defined over EXP,(S) and EXPs(S) x N, respectively: o, represents
a map from EXP,(S) onto TA(A) and o5 represents a map from EXPs(S) x N4 onto Tx(A)
where A is a set of variables. The value of o (e, i) corresponds to the value of the i-th element
in the stack represented by e. Both simulating functions eliminate all occurrences of the stack
operators — Cons, Empty, Head and Tail.

Definition 3.16 (Simulating functions for a stack system) Let S = (X,,Xs,A) be a stack sys-
tem, I'y : Xo — A and I's : Xs X N, — A be functions, called base simulating functions, where

A is a set of variables, and n € N_;. We define two simulating functions ool Exp, (8)—
Ta(A) and 027" . EXP,(S) x N4 — Ta(A) as follows:
asg>r07F57n(e) fr Fo(e) if e E Xo. (50)
aﬁ,ro,rs,n (6, l) = F5<€, l) ife e Xs. (51)
agtots"(8(er,...em)) = d(agtolo (er),..., a5t (e)) (52)
STo.Is,n F
STo.Isn . oo™ ™ 7(61) (fi=1)
o oS Conse ,e2),1 = . 53
S ( ( 1 2) ) { ag,FmFSM(ez’i_ 1) (OtherWlSe) ( )
Oc\S'S,I“O,Iﬁs,n (Empty, i) —— (54)
ch,l"o,l"s,n(Head(e)) _ OC.SS.,Fo,Fs,n(e’ 1) (55)
1 (if i > n)
STo.I's,n . . -
o oyl s, T l — 56
< ( at (6)7 l) { a:ssyroars,n(e,i_i_ 1) (Otherwise) ( )

We write 457" (¢) with e € EXP,(S) for the subset of EXPo(S) U (EXPs(S) x [n]) which
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consists of all ¢, and (¢},i’) such that o3 >"=" () and a2 °' =" (¢, i') occur in the computa-
tion of oy T =" "(e). S1m11ar1y, we write ,‘215 Stels (o i) with e € EXP4(S) and i € [n] for the set
of occurrences in the computation of o™ © =" "(e,i). For example, forn>2, 45 Lo Lsm (Head(Tail(e))) =
{Head(Tail(e)), (Tail(e),1)} U 45" Lolsmn "(e,2). From the definition, e; and e, are subexpres-
sions of e when ¢| € 45 ’F"’Fs’"(e) and (e,i) € 45 Tols(0) " This property holds for 4 as

well. We may omit the superscripts of o.,, s, A, and As when they are clear from the context.
O

We first show the following lemma describing that both simulating functions are context-
independent.

Lemma 3.17 Let S = (X,,Xs,A) be a stack system, let T', and Is be base simulating functions
onto A where A is a set of variables, and let = be a binary relation over EXPo(S) UEXPs(S)

such that 1 =¢ M2 only if one of the two following conditions holds, either 0(5 LoLsm ") =

o5 1= (n2) holds where 11,M2 € EXPo(S) or 03" " (n1,i) = 03 * =" (n2,i) holds for
any i where N1,M2 € EXPs(S). Then we have
EMi] =« EM2] if M1 =am2
for any (EXP,(S)UEXPs(S))-context ‘E.
Proof. This lemma can be proved by an easy induction on the structures of E. ]

A satt can be simulated by an att if the input tree is fixed. The simulation is defined as
follows.

Definition 3.18 (n-depth simulation of a satt) Let M = (Syn, Inh, StSyn,StInh,X, A, in,§,R) be
a satt, and § = (X,,Xs,A) be the stack system with

Xo = {a(o)|aeSynUlnh, 9 €II} and
Xs = {a(9)|acStSynUStinh, ¢ € I1}

where IT = {m,t1,n2,... }. Let I, be the function such that T, (a(¢)) = a(@) for every a(9) €
X, and I's the function such that I's(a(@),i) = (a,i)(¢) for every a(¢9) € X; and i € N;. The
n-depth simulation sim,(M) for n € N is the following att:

sim,(M) = (Syn',Ink',Z,A,in,4,R’)

where Syn’ = SynU (StSyn x [n]), Inh' = Inh U (StInh x [n]) and R’ is defined by

{a(p) > 5’F°’FS’"( )| a(g) >n e R}
U {{@,i)(9) > oo Ts"(L,i) | i € [n], a(9) = LR}

O

Example 3.19 Let M),,; be the satt defined in Example 3.10. The 3-depth simulation of M,;
is specified by sim3 (M) = (Syn',Inh' |2, A, a9, 4,R") where

o Syn' = {ap}, Inh' = {(s,1),(s,2),(s,3)},
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e Y and A are the same as those of M),,;,

e R’ is the following set of attribute rules:

#

am L ag(nl)) s, 1)(xl) 5 1
5,20(m1) & 1
5,3)(n1) 5 L
ap(m) 2 ap(nl) (s,1)(n1) % one
(5,2)(m1) == (s,1)(m)
(,3)(m1) == (5,2)(m)
ap(m) ™ ay(m1) s,1)(m1) ™ two
(s,2)(m1) ™ (s, 1)(m)
(s,3)(m1) ™ (5,2)(m)
ap(m) " ap(nl) (s,1)(n1) ,,%s plus((s,2)(m), (s, 1)(m))
2) (1) B (5,3
s
ao(m) ™ ay(m1) (s, 1)(1) ’”ljff multi((s,2)(r), (s, 1) (1))
(s,2)(m1) ™= (5,3)(n)
(s,3)(nl) ™4 1

ao(m) ™ (s,1)(m)
Then we have
[sim3 (M) | (two (one(two(plus(multi(end)))))) = multi(two, plus(one, two))
just as for My;,;. On the other hand,
[sim3(Mproi)] (two(one(two(one(plus(multi(plus(end))))))))

does not return the same value as M,,,; because the depth of the stack is limited.

O

Let M be a satt and ¢ a fixed input tree. If we take an n large enough, the derivations induced
by sim,, (M) and M on ¢t coincide as shown by the following lemma and theorem. We consider
the n-depth simulation for a derivation by M on ¢.

Definition 3.20 (n-depth simulation for derivations by a satt) Let M = (Syn, Inh, StSyn,Stinh,
Y Ainf,R) be a satt, t € Ty+, n € N4, let § = (X,,Xs,A) be the stack system defined in
Definition 3.11, and let y € EXP,(S) satisty in(€) =, ¥. The n-depth simulation of  is

o ’r"’rs’"(w) where I', and T's are the base simulating functions such that ', (a(w)) = a(w) for

every a(w) € X, and I's(a(w),i) = (a,i)(w) for every a(w) € Xs and i € N. O

Choosing the first branch of (56) in the computation of the n-depth simulation indicates that
the stack depth is shorter than required. The following lemma shows that, if | is derived by
=M, then L is derived by =, (), or the stack is overflowed.
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Lemma 3.21 Let M = (Syn,Inh,StSyn,StInh, X, A, in,f,R) be a satt, t be an input tree for M
such that [M]|(t) can be defined, \y be a term such that in(€) =}, «) W n € Ny and 5,1, T

be as given in Definition 3.20. Let us write 0., and O for ag,ro,rs,n and OL‘SS’F"’FS’", respectively.
8 /4 Y.

Suppose that n > max{i | {e,i) € A,(V)}. If ao(N) and as(M, j) occur in the computation of
0o (W), then the following statements are true:

(i) If oo(M) is reducible by = sima(M),4(1)’ then 1 is reducible by = M4(1)-

(ii) If os(G, k) with k € [n— 1] is reducible by => gy, (M) 4(s)> then Head(Tail* =1 ({)) is reducible
by = m sy

where Tail’(¢) = e and Tail*(e) = Tail(Tail*~ ' (¢)) for k € N,.

Proof. We prove these statements by induction on the structure of 1 and .

(CASEM =a(w) FOR (i) AND { =a(w) FOR (ii)) Itis clear that (i) and (ii) hold because a(w)
and a(w) are always reducible by the definition of = ().

(CASEN =06(N1,-..,Mm) FOR (i)) Suppose 0.o(N) is reducible by =g, a)4(:)- Then 0o (M)
is reducible by =y, (m),4(;) by for some k. From the induction hypothesis, 1y is reducible by
= m,4(r)- Hence M is reducible by = 4y Therefore (1) holds.

(CASE { = Cons(n,{’) FOR (ii)) If k=1, then (ii) holds since Head({) = Head(Cons(n’,{'))
is reducible into 1)’. If k > 1, then (ii) holds since Head(Tail*~'({)) = Head(Tail*~>(Tail(Cons
(M’,¢)))) is reducible into Head(Tail**({)).

(CASE { = Empty FOR (ii)) Since Head(Tail*~!(Empty)) is reducible to L, (ii) holds.

(CASE M = Head(L') FOR (i)) Suppose that 0ty(n) = 0is(L', 1) is reducible by =g, (w).4(¢)-
Head({) is reducible from the induction hypothesis of (ii). Therefore (i) holds.

(CASE { = Tail(C') FOR (ii)) We have os(C,k) = as(L',k+ 1) from k < n which is the as-
sumption on n and k in this lemma. From the induction hypothesis, Head (Tail*({')) is reducible.
Since Head(Tail*({')) = Head(Tail* ' ({)), (ii) holds. O

The next theorem shows that given any satt with a fixed input, there exists an n-depth simu-
lation for some n large enough such that it can mimic the original satt for the input.

Theorem 3.22 Let M be a satt and t be an input tree for M. There exists n; € N such that
[simn(M)]|(2) = [M]|(¢) for every n = n.

Proof. Let M = (Syn,Inh,StSyn,StInh,¥X,A,in,f,R) be a satt, t € Ty be an input tree for M
such that the output tree ' = [M])(¢) is defined and n € N;.. Let S, ', and I's be as given in
Definition 3.20. We use 0lp, 0t for o °1" and o ToTs”, respectively. Let S/, I') and I,

be §, I, and I's as given in Definition 3.18, respectively. We use o, and o for aﬁ/’rg’ré’" and
oc;g ’F"’FS’", respectively.
Let 4,(t) denote the union of all 4, (y) with in(€) = M.4(r) V- Suppose that n > max{i| (e,i) €

A,(t)}. We show that, for y € EXP,(S) and y € EXPs(S), respectively,
?

(i) Ify € Ao(t) and y =7 4y V', then ot (W) = Sima (M) £(1) oo (V).

(i) If (v, j) € Ao(2), W =M 4(t) V' and j € [n— 1], then as(V, /) :Zimn(M),ﬁ(t) s (', ).
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This implies nf (= simn (M) 4(0): o (in(€))) = oo (nf(=m (), in(€))) from Lemma 3.21. Since
we have 0, (in(€)) = in(€) and 0, (1') = ¢’ because of ' € T, and the definition of o,,, we can
conclude [[sim,(M)]] (t) = [M])(z).

We prove the statements (i) and (ii) by induction on the structure of @. The possible cases
on @ are specified by left-hand sides of the derivation relation induced by = () in Defini-
tion 3.11.

(CASE @ = a(w) WITH a € Syn) We have ¢ =y 4, N[ := w] where a(T) 2 M €R. Since
sim, (M) has a rule a(m) = o/ (1), we have a(w) = simy (M) £(1) % (M)[T := w]. Now we can
show o, (N[ := w]) = o, (N)[n := w| by simple induction on M with the definitions of o, and
o). Since we have 0, (a(w)) = a(w), (i) holds.

(CASE @ = b(w) WITH b € Inh) Similar to the previous case.

(CASE @ = a(w) WITH a € StSyn) We have @ =4 [ := w| where a(n) > eR.

Since sim, (M) has a rule (a, j)(1t) = ol (, j) for every j € [n], we have (a, j)(W) =y (M) 4(0)
o (€, j)[m := w]. Similar to the first case, we can show o(C, j)[T := w] = as(C[r := w), j).
Then (ii) holds.

(CASE @ = b(wi) WITH b € StInh) Similar to the previous case.

(CASE @ = Head(Cons(n,C))) We have ¢ = 4,y 1. Since we have ., (Head(Cons(n,{))) =
0o (M), (i) holds.

(CASE @ = Head(Empty)) We have @ = () L. Since we have o, (Head(Empty)) = L and
0o (L) =1, (i) holds.

(CASE @ = Head(C) WITH C # Cons(m,cl) AND { # Empty) We have @ = () Head(L')
where § =7 4y . We find as (G, 1) = sima(M) £(1) os(L', 1) from the induction hypothesis. Since
we have oco(Head(p)) os(p, 1) with p=C, T, (i) holds.

(CASE @ = Tail(Cons(n,L))) We have @ = 4, C. Since we have a5(7ail(Cons(n,)), j) =
os(C, j) for 1 < j < n from the assumption on n, (11) holds.

(CASE @ = Tail(Empty)) We have @ =y 4,y Empty. Since os(Tail(Empty), j) = os(Empty, j+
1)(= 1) for any j, (ii) holds.

(CASE ¢ = Tail(§) WITH { # Cons(n1,81) AND § # Empty) We have @ = 4,y Tail(Z')
where § =4, €. We find os(E, j— 1) :>sz,,(M) os(&',j— 1) with j > n from the induc-
tion hypothesis and the assumption on n. Since Ocs(Tazl(p) J)=o0s(p,j—1)withp =, T, (ii)
holds.

(CASEQ@=08(M1,..,Mk;---,Nm) WHEREN; =7 ¢(1) Ny ANDMy,...,Mi—1 ARE IRREDUCIBLE)
We have d(M1,- .-, Nk, -+, Mm) = m4() OM1s- -+ Ng» - -, M) by the definition of =y 4. By

9

Lemma 3.21 (i), 0,o(M1),- .., 0o(Nk—_1) are irreducible. We find o, (M) = Sima(M) ﬁ() o (M)
from the induction hypothesis, Then we have 8(0to(11),-- -, 0o(Mk)s-- -, (Mm)) :>”mn(M) )
3(0to(M1);---506(M});- - -, 0o (Nm)). Therefore (i) holds. O

For a satt M and an input tree ¢, we write lub(M,t) to denote the minimum possible number
n; in Theorem 3.22.

Corollary 3.23 Let M be a satt. If sim,(M) is a well-defined att for any n € Ny, M is a well-
defined satt.

Proof. Let M be a satt (Syn,Inh,StSyn, StInh, X, A, in,t,R). From Definition 3.13, it suffices to
show that there exists nf (= (), in(€)) for every input ¢ € Ty if sim,(M) is a well-defined att
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forany n € N;.

Letr € Ty and n; > lub(M, 4(t)). Suppose that sim, (M) is a well-defined att for any n € N_.
Then there exists nf (s, () () n(€)) whichis [simy, (M)] (1) Since [M](¢) = [simy, (M)] (¢
holds from Theorem 3.22, there exists nf(=>p 4(;), in(€)) which is [M]|(z). O

4 Composing Stack-Attributed Tree Transducers

We present a composition method of SATTs by extending a composition method of ATTs. In
this section, we first review the descriptional composition| GG84, Gie88], a composition method
for attribute grammars, in terms of ATTs. Next we introduce a composition method of SATTs
by extending an algorithm of descriptional composition. Finally we prove the correctness of the
algorithm and the closure property of the composition.

4.1 Descriptional Composition

We present an algorithm of descriptional composition following the presentation in [CDPR99].
Here, the algorithm is formalized in terms of ATTs. Let us first give a condition, called syntactic
single use requirement in [GG84, Gie88], under which descriptional composition is successfully
applied.

Definition 4.1 An ATT M = (Syn,Inh,X,A,ap,4,R) satisfies the single use requirement(sur)

if there is no pair of rules x; — % [a(¢)] and x» > E,[a(9)] in R for every 6 € XU {#},
a € SynUlInh, and @ € {n,ntl,n2---} where E; and E, are contexts. We write AT T g, for a set
of tree transformers such that AT T, = {[M] | M is a well-defined sur-ATT.}.

For given two ATTs M| and M,, we write M| ® M, to denote a single ATT which is the
result of descriptional composition of M1 and M;. The ATT M| ® M; computes a transformation
equivalent to [M] o [M-], thus M| ® M, takes a tree over the input alphabet of M, and returns
a tree over the output alphabet of M;. The descriptional composition is divided into three steps:
projection, symbolic evaluation and renaming.

Definition 4.2 Let M| = (Syn;,Inh;,X1,A1,a;,41,R1) and My = (Syn,,Inhy, X0, Az, az,82,R2)
be ATTs with Ay C £; and let £}, = X, W{t»}. The ATT M| ® M, is obtained by ren o sey, o
projy, (M), where three functions ren, sey, and projy,, are defined as follows:

e projy, (M) returns U = (Syny, Inhy, X5, A2, az, 12, R) where
v Y
R = {a(x) > aMuy) |a € Syn;, x > ME Ry, YE I}

U{b(Mey) = b(x) | b € Inhy, x 51 € Ry, Y€ 55}
_ { f1(m) (fx =az(w) and y=f7)
My = n

(otherwise)

The calculation of projy,, (M>) is called projection. Note that U is just an intermediate
representation and is not an ATT.
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® sey, (U) with U = (Synz,lnhz,Zz,Az,az, f2, UYGZ/Z RY) returns

(Syny, Inha, £9,A2,a2,t2, | ) nf (=s&, RY))
vex)

where the binary relation = gg is defined by the following clause. P = sg Q holds iff

P = {bi(6<€1="7 ))—>Z;,|1<l<m}UR
0 - {b:—(e,-)le(n)"f("f.)ﬂ“v }

misc

1<i<m,1<j<n

v X _) n € lesc’
Uqax—=p M) | p=la(c(er, - en)) = O(Wi) 1<k,
ar(m) >y RS, 1 <k<I
0 = [bi(m) = Cilicicm[m = ejli<j<n
with y€ 2}, 6 € AV, Syn, = {a;,--- ,a;} and Inhy = {b;,--- ,by}. The calculation of
sey, (U) is called symbolic evaluation. Note that both sides of any rule in nf (=g, RY)
do not have occurrences of expressions of the form a(c(n,- -+ ,MNy))-

e ren(U) with U = (Syn,, Inhy,Xs,Ap,az,4, R) returns
(Syn,Inh,Xo,A1,(ar,az),42,0(R) URgpy)
where
Syn = {{a,d) | {(a,d’) € Syn; x Syn, Ulnhy x Inhy}
Inh = {{a,d') | {a,d’) € Syn; x Inhy UInhy x Syn, }
OR) = {¥>n'[x=86(x)n"=6n),x>n€ER}
0 = [a(a ((P)) (a,a >((p)]a6Alt1 d €Aty pe{n.ml 2, }

with Atty = Syny U Inhy and Atty = Syn, UlInhy. Rgpy is a set of dummy rules which

gives a rule (a,a’)(9) > L for any rule a(d'(9)) — { € R, a € Atty, d € Aty and @ €
{m, 1,72, --}. The calculation of ren(U) is called renaming.

The correctness of the descriptional composition method is guaranteed by the following theo-
rem.

Theorem 4.3 (>-Correctness, Ganzinger[Gan83] and Giegerich[Gie88]) If M| and M, are
well-defined sur-ATTs, then My © M, is a well-defined sur-ATT such that [Mi] o [M5]] = [M; ®
M;].

Corollary 4.4 ATT,0ATT,, = ATTg,.

Proof. The statement follows immediately from the fact that AT T, contains the identical tree
transformation and that AT T, 0 AT T, C AT T, holds from Theorem 4.3. O

Consider the case where M| in Definition 4.2 is a TDTT, i.e., M; has no inherited attribute.
Then the descriptional composition method is equivalent to the composition method of a TDTT
and an ATT presented in [Fiil81]. Therefore we have the following theorem. This composition
requires no condition such as the sur-condition required in Theorem 4.3.
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Theorem 4.5 (>-Correctness, Filop[Fiil81]) If M, is a TDTT and M, is a well-defined ATT,
then My ® M, is a well-defined ATT such that [M,]] o [Ma]] = [M; © M>].

Corollary 4.6 TDTT o ATT = ATT.

Proof. The statement follows immediately from the fact that TDTT contains the identical tree
transformation and that TDTT o ATT C ATT holds from Theorem 4.5. O

4.2 Extended Descriptional Composition

We extend the above descriptional composition to apply to SATTs. As mentioned in Section 1,
we consider a composition of ATTs and SATTs. The result of the composition is obtained as
a single SATT. We first present the condition under which the extended composition method is
successfully applied before introducing the method. As the method is defined by an extension
of the algorithm in Definition 4.2, the condition is also presented by an extension of the sur
condition in Definition 4.1.

Definition 4.7 A SATT M is a sur-SATT if sim,(M) is a sur-ATT for any n € N . We write
SATT g, for a set of tree transformers such that SAT T, = {[M]] | M is a well-defined sur-SATT.}.

The above definition is not directly applied to check if a SATT satisfies the sur-condition, since
we need to check the sur-condition for infinitely many ATTSs sim,,(M) for any n € N.. We do not
discuss a checking method for the sur-condition of SATTs. However, there is a finitely checking
method for the sur-condition of SATT. For instance, we can claim that M),,; in Example 3.10
is a sur-SATT. Although s(m) is referred three times in a plus-rule (46), these three references
do not overlap each other: Head(s(m)) represents a reference to the first element of the stack;
Head(Tail(s(m))) represents a reference to the second element of the stack; Tail(7Tail(s(T)))
represents a reference to a stack comprised elements following the second element of the stack.

An algorithm of the extended descriptional composition is also divided into three steps. The
intermediate results of the first and second step, projection and symbolic evaluation, do not have
the form of SATTs similarly as in the original composition method for ATTs. A set of terms
occurring at the both sides of attribute rules in the intermediate result is defined by the set BHS,
or BHS, as defined below.

Definition 4.8 Let M| = (Synl,lnhl,Zl,Al,a],ﬁl,Rl) and M, = (Synz,lnhz,Sl‘Synz,Sﬂnhz,Zz,
Ap,az,4>,Ry) be an ATT and a SATT with £; D Ay, respectively, and let § = (X,,Xs,A;1) be a
stack system with

Xo = {a(n)|a € Syn;Ulnhi,m € RHS,(M>)}
U{a(ﬂl(n)) ‘ a € SynyUlInh;,m € RHSO(Mz)}
Xs = {a(Q)|ae€ Syn Ulnh;,L € RHSs(M>)}.

The set BHS, (M1, M) and the set BHSs(M, M) are defined by the following sets:

BHSo(M1,M>) % EXP,(S) and BHS(M1,M>) < EXP(5).
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We present the extended descriptional composition method for SATTs below. The major
difference from the original one is found in the step of symbolic evaluation. The original sym-
bolic evaluation process is intend to eliminate occurrences of trees of the form a(c(ey,--- ,ey)).
In addition to this, the extended one is intend to eliminate occurrences of trees of the forms

a(Cons(ey,er)), a(Empty), a(Head(e)) and a(Tail(e)).

Definition 4.9 Let M| = (Syn;,Inh;,X1,A1,a;7,41,R1) and My = (Syn,, Inhy, StSyn,, Stinhy, %,
Az,az,2,Ry) be an ATT and a SATT with Ay C X, respectively, let R be a set {1 9, 2 |
<T]1 ,1’]2> € BHSO(Ml ,Mz) X BHSO(M1 ,Mz) UBHSS(Ml ,Mz) X BHSS(Ml ,Mz)} and let IT = {TC,
nl,m2,--- }. The SATT M; (M5 is obtained by ren o sey, o p/r\ole (M3), where three functions
ren, sepyr, and p/ro\le are defined as follows:

° p/r;le (M3) returns U = (Syn,, Inhy, StSyn,, Stlnhy, X5, Ap,az,42,R) where R C R_is de-
fined in the same way as in Definition 4.2. The calculation of p/r;le (M>) is called pro-
jection.

o Sey, (U) with U = (Syny, Inha, StSyn,, Stinha, Yo, Ao, az, f, Uyes,ug4,} RY) returns

(Syny, Inhy, StSyny, Stinhy, X, Mo,az, 1, | ) nf(=g, RY))
YeXU{t2}

where the binary relation =g over K. is defined as follows:
1. ¢ =g yif @ =g Y where =g is the relation defined in Definition 4.2.
2. {x 5 Ela(Head())]} WR =g {x > E[Head(a(())]} WR.

(

e L Ela(Tail(Q))]} WR = g {x - E[Tail(a(L))]} WR.
(
(

(98]

4. {x 5 Ela(Cons(, )} WR =g {x - E[Cons(a(n),a(%))]} WR.

5. {x > Ela(Empty)]} ¥R = {x 5 E[Empty]} WR.

a(Tail(§)) 5 ¢
(ii) {a(Head({)) > n/'}wR =g 1a(0) Y, Cons(n',Empty)} WR,
if R contains no rule whose left hand side is in the form of a(7ail({)).

(i) {a(Tail(%)) 5 ¢} WR =g {a(§) 5 Cons(L,{)} WR,
if R contains no rule whose left hand side is in the form of a(Head(Q)).
a(n) - Head ({) } oR
a(§) = Tail(g)

Yo
(l) { a(Head(C)) — M } WR :>§E {a(c) l> Cons(n',C’)} WR.

\]

. {a(Cons(m,()) _A ClWR=g {

o0

. {a(Empty) L U}wR =g R.

where a € Syn; UInhy,m € RHS,(M3), L € RHSs(M>),M' € BHS,(M1,M>), ' € BHSs(M|,
M) and ‘E is a context, provided that the rewriting rule of 1 and 6 is applied only when
no other rewriting rule can be applied.
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The calculation of sey, (U) is called symbolic evaluation. Note that both sides of any
rule in nf (=g, RY) do not include the form of a(6(M1, -+ ,Mx)), a(Head(C)), a(Tail(F)),

a(Cons(n,C)) or a(Empty).
e ren(U) with U = (Syn,, Inhy, StSyn,, Stlnhy X5, Az, a2, 42, R) returns
(Syn,Inh,StSyn,Stinh,X»,A1,(ar,az2),42, O(R) URgmy)
where Syn and Inh is given is the same way as ren in Definition 4.2 and
StSyn = {{a,a’) | (a,a’) € Syn| x StSyn, UInh; x Stinh, }
Stinh = {{a,a’) | {a,a’) € Syn, x StInhy UInh; x StSyn, }
O(R) = {x¥=>n'|x'=6(x)n =6(N)x>neR}
0 = [a(d(9)):= <a7al>((P)]aeAttl7a’€At12UStAttz,(p€H
with Atty = Syny UInhy, Atty = Syn, UlInhy and StAtty = StSyn, U StInhy. Rgpy is the set
of dummy rules which gives
- (a,d')(¢) > L for any rule a(d’(¢)) > { € R, a € Atty, d’ € Atty, e Tl and G €
Yywit}, and
- (a,a')(¢) > Empty for any rule a(a'(9)) > { &R, a € Atry, @' € StAtr, @ € Il and
ceXiuW{}.
The calculation of ren(U) is called renaming.

We give a partial example of our descriptional composition, where an ATT M;;,, and an
SATT My, are composed. First, projy,, yields a set of the following attribute rules from an
attribute rule (42) in M5:

ap(s(nl)) % ap(Cons(one,s(w))) (57)
aj(Cons(one,s(n))) 2 a;(s(nl)). (58)
Next, sey, yields a set of the following attribute rules from (58):
aj(one) %5 Head(a;(s(nl))) (59)
aj(s(m)) % Tail(a;(s(xl))), (60)

where a;(one) is intended to be rewritten by the rule 1 of symbolic evaluation. Finally, ren
yields a following attribute rule from (60):

(ap,s)(m) % Tail((a;,s)(rnl)). (61)

Figure 7 shows the final result M), of the composition of Mj,,, and M,,,;. Considering the
roles of M, and M,,,;, the role of M, is expected to be that of the identical transformation
mapping prefix representations onto prefix representations. In fact, M,,,, does not behave as
an identical transformation for an input tree which is invalid as a prefix representation, such as
1,2,x,+. That is because M, fails to return a tree representing an infix representation for
such an invalid input.

We prove the correctness of the extended descriptional method, i.e., [M{OMa] = [M] o
[M;]] for an ATT M; and a SATT M,. The proof is completed by simulating each step in Defi-
nition 4.9 with the corresponding step in Definition 4.2. First, we define the n-depth simulation
for an intermediate result of projection or symbolic evaluation.
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Mpwop = (Syn, Inh, StSyn, Stinh, %, A, (ag, o), 2, R), where

o Syn={{ap,ap)}, Inh ={(a;,ap)},

o SiSyn= {{az,s)}, Stinh = {{ag,s)},

o =A={one", two") plus"") multiV), end )},

* R={ (ag.ao)(m) > (ap,ao)(x).
(aj,ap)(m )—> end,
(ao,5)(x1) = Empty,
(a0, a0)(m) = {ao, ag)(nl),
(ar,a0)(m1) == {ay,a0)(m),
(ar,s)(m) = Tail((a;,s) (1)),
(ag,s)(n1) 2% Cons(one(Head({a;,s)(n1))), (ag,s)(w))
(ag,ao)(m) ™2 (ag,ap) (n1),
(ar,a0)(m1) ™ {az,ap) (x),
(ar,8)(m) ™ Tail((ay,5)(x1)),
(ao,s)(n1) ™ Cons(two(Head((a1,s)(n1))), (ao,s)(r))
(ao,a0) (1) "™ (ap,ap) (x1),
(ar,a0)(m1) ™ (a7, a0) (),

(aj,s)(m)" ol > Cons(plus(Head({a;,s)(m1))),
Cons(Head({ap,s)(n)), Tail({a;,s)(x1)))),
(

{ag,s)(m1)"” b * Cons(Head(Tail({ag,s)

(a0, a0) (1) ™ (ap,ag) (n1),

(ar,ao)(m1) ™ (a;,a0) (m),

(ay,s) (1) ™" Cons(multi(Head((a;,s)(x1))),
Cons(Head({ag,s)(n)), Tail({a;,s)(x1)))),

)
(ag,s)(ml) g Cons(Head(Tail({ap,s)(n))), Tail(Tail({ap,s)(T)))),
{ao,a0) () ™ Head ({ao,s)(m)),

(as,5)(m) 2 Cons((ay,ap)(m), Empty) }

m))), Tail(Tail((ao,s) (1)),

Figure 7: A SATT My, obtained by composing an ATT Mj,,, and a SATT M,

26



—
A~ —~

Projy, sep, ren

simn\ (1) simﬁ\ (i) simy \ (111) simn\

Proju, sep, ren

Figure 8: The extended descriptional composition and its simulation

Definition 4.10 Let M = (Syn,Inh,StSyn, Stinh,¥, A, a,4,R) be one of the intermediate results
at a step of descriptional composition for an ATT M| = (Syn;,Inh;,Xy,A1,a;,41,R1) and a
SATT M, = (Synz,Ilfll’lz,Sl‘SyI’LZ,Sl‘]l’lhz?Zz,Az,az7 ﬁz,Rz), I1= {TE,TCl,TEZ, s }, S be a stack sys-
tem (X,,Xs,A;) with

Xo = {a(M)|a € Syn,Ulnh;,m € RHS,(M>)}
U{a($i(m)) | @ € Syn; UInh;,m € RHS,(M>)}
Xs = {a(Q)|ae Syn,Ulnh,C € RHSs(M>)}

and ', I's be functions given by

Fo(a(n)) = a(o """ (n))
o ST Tl n N
Fe(a(f).i) = {i G o7 (G,) = 1)

A n'l v
G(OUSS ’r"’rs’n(f;, i)) (otherwise)

where §’ is a stack system (X],X!,A;) with X) = {a(®) | a € Syn, Ulnhy,¢ € 11}, X] =
{a(®) | a € StSyn, UStInh;, ¢ € I1}, and two functions I, and I, are given by I', (a(9)) = a(9)
and I, (a(9),i) = (a,i)(9) with @ € I1. The n-depth simulation sim (M) is defined by the fol-
lowing septuple:

sim(M) < (Syn,Ink 2, AU{L},a,8,05" " (R))

where Syn’ = SynU {(a,i) | a € StSyn,1 <i <n} and Inh’ = InhU{(a,i) | a € Stinh,1 <i <n}.

We prove that every diagram in Figure 8 commutes i.e., each step in the extended descrip-
tional composition is simulated by the corresponding step in the original descriptional compo-
sition.

Lemma 4.11 Let M| be an ATT. The three functions p/r;le, sey, and ren which are defined in
Definition 4.9 satisfy the following equations:

(i) simy oprojy, = projy, o simy
(ii) sim oSeys, = sen, © Sim;

(iii) sim, oren = ren o sint;
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Proof. Let M| = (Synl,lnhl,Z],A],al,ﬁl,Rl) and M, = (Syn2,1nh2,StSynz,StInhz,Zz,Az,ag,
f2,Ry) be an ATT and a SATT with Ay C £1. We use S, [, I's, S/, T, and I';, each of which

is as given in Definition 4.10, and functions 0., Os, OLg , O, and o be respectively defined by

I, 'y, I, 8 A S' I I'on
(Xg’ 05 57",(st57 05 s,n’ 0‘;{7 05 57’1’ (X,g’ ol sl and o "o s,

—

(1) Neither projy,, nor projy,, change the sets of attributes. Each of the functions sim, and
sim;, changes the sets of attributes but they coincide. Hence sin; o projy, (M>) and projy,, o
sim,(M>) have the same sets of attributes. It is enough to show that sinm; o projy, (M>) and
Projy, o sim,(M>) yield the same set of rules for every rule x 2, M ERy. If N € RHS,(M>) U

{#t2(n) | M’ € RHS,(M>)} and { € RHSs(M>), from Definition 4.10, the following equations
hold:

%o (a(n)) [o(a(m))
= a(a,(M))

as(a(§),i) = Ts(a(f),i)
a(0 (&, 1))

This implies that sim) o I;Zle (M>) and projy, o sim,(M>) have the same set of rules.
(i) Let U = (Syny, Inhy, StSyny, Stinha, X2,A2,az2, 82, Uyex,ut,) RY) be an intermediate re-
sult. It is enough to show that

g (D) =55 0g (P) if =g P (62)

If the above clause holds, we have oz (R) =5 O (1f (=g, R)). Since nf (=g, R) has no
reducible form for =gg by the definition of =g and ag yields no reducible form for =g,
g (nf (= gz, R)) is irreducible. Therefore, nf(=sg, 0g (R)) = Og (nf (=g, R)) holds. This
means that every RY with y € X, U {tl» } yields the same set of rules in the computation of sim;; o
sey, (U) and sepy, o sim(U).

We prove (62) by case analysis on rewriting rules for =g in Definition 4.9.

(Case 1) Let R be the following set of rules:

We have R =

P

SE

{bi(o(er, - ,en) G| 1<i<m}wR

PWQ where
(o) Y bl(n]) gn GR?,
{bl(ej)—>9(n) P MR
Y
x—=n ERZm’sc’

xLprm) | p=lax(oler,en)) := (W) 1<k,

ar(m) v €RS, 1 <k <l

[bi(1) == Cil1<i<m[) := ejli<j<n
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and we also have g (R) =s£ P'& Q' where

'~ Lbiaen) 2 o/ im) SN ERT,
P = {bl<(x‘0(e])) e(n) 1<i<m1<j<n
, X l> ne O‘K(quisc)’
Q/ = X — P*m) p= [ak(c(ao(61)7 T 7()('0(6”))) = e/(Wk)]1§k§l7
ar(m) > Y €RY, 1 <k <1
0" = [bi(n) := oo (Gi)]1<i<m[T) == Glo(e)]1<j<n-

We can show that P’ = oig (P) and Q' = oig (Q). Hence 0ig (R) = sk Oig (PW Q).

(CASE 2) Let P be a set of attribute rules {x 2, Ela(Head(C))]} with { € RHSs(M>). Then we

have PUR = OQWR where Q = {x L [Head(a({))]}. The following equations
hold:
Oo(a(Head(C))) = To(a(Head(C)))
= a(ag(C,1))
0o (Head(a(C))) = os(a(C),1)
= Is(a(C),1)
a(oi (G, 1)).

From Lemma 3.17, we obtain ‘E[a(Head(())| = E[Head(a(L))] where = is given
in Lemma 3.17. This implies ok (P) = o (Q). Hence, ag (PYR) = ag (QWR)
holds.

(CASE 3) Let P be a set of attribute rules {x <, Ela(Tail(€))]} with £ € RHSs(M3). Then we

have PUR == QWR where O = {x J, E[Tail(a(€))]}. The following equations
hold:
ey [ L (if o, (Tail(C), ip) = L)
%s(a(Tail(§)), i) = { a(0(Tail(€),ig))  (otherwise)
(1 (if ip = n or olh(C ig+1) = L)
- a(o(E,ip+1)) (otherwise)
. S (if ip = n)
os(Tail(a(G)).io) = { o (a(€),ip+1) (otherwise)
1 (if ig = n or ol,(C ig+1) = L)
) a(ol(Cip+1)) (otherwise)

for any 1 < ip < n. From Lemma 3.17, ‘E[a(Tail(Q))] =o E[Tail(a(C))] with =¢
given in Lemma 3.17 holds. This implies oz (P) = 0 (Q). Hence, oz (PWR) =
ag (QWR) holds.

(CASE 4) Similar to CASE 3.

(CASE 5) Similar to CASE 3.
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(Cask 6) Consider the case 6 (i) in Definition 4.9. Let P be a set of attribute rules {a(Head({)) 2,
W, a(Tail(C)) 5 U'} with € RHSs(M,), W € BHS,(My,M,) and {' € BHSs(M,M>).

We have PWR =g QWR where Q = {a(() -, Cons(n',&')}. Since a(Head({)) €
BHS,(M1,M>) and a(Tail(§)) € BHSs(M1, M5), we have

ag(P) = {x2e|x=0,(a(Head(}))) # L, e= o)}
Ui 5 e | xi = o (a(Tail(§)),i) # L, e; = os(L',i), 1 <i <n}

{x b e|x=a(as(C.1)), 0s(C,1) # L, e =0o(N)}
U{X,’lei xi:a(as(c 1)) aS(C7i+1)7éJ—a ei:as(Ca/?i)v }

1<i<n—1

(from as(Tail(€),n) = L.)
0z (Q) = {xi2ei|xi=0s(a(l),i), ei = as(Cons(',{),i), 1 <i<n}
={mlmM—%uuw#Lq_%m»
Ui > ei | xi = as(a(),i) # L, ei = as(,i— 1), 2<i <n}
), (G, 1) # L, er = o, (M)}
), 0s(C,i) # L, e =0aL({,i—1),2<i<n}

Then ag (P) = oig (Q) holds, hence o.g (PWR) = g (QWR). We can similarly show
the statement in the cases 6 (ii), (iii).

= [ D |x =a(ol(C,1

)
Ufxi 5 e | i = a0l (G,i)

(CASE 7) Similar to CASE 6.

(CASE 8) Let P be a set of attribute rules {a(Empty) uR €'} with {' € BHSs(M,M;). We have
PYR = R. os(a(Empty),i) = L since og(Empty,i) = L. This implies oug (P) = 0,
hence OLR(PUR) og (R).

(iii) Let U = (Syn,, Inhy, StSyn,, Stinhy, X, Ap, az, 4>, R) be an intermediate result after the

symbolic evaluation, let IT be a set {m,xl, - ,wm} with m = max{k | Egk) # 0}. and 6,0’ be
replacements represented by

8 = [a(a’((p)) = <a7a/> ((p)]aEAttl,a’EAttg,([)EH
0 = [a(al((P)> = <a7a,>((p)]aGAttl,a’eAttzuStAttg,(pEH,

respectively, where Att| = Syn; Ulnhy, Atty = Syn, U Inhy and StAtt, = StSyn, U Stlnh;.
We prove the statement (iii) by showing that

o (8'(n)) = 6(0,M)) (63)
as(6'(8),i) = 8(og(C,0)) (64)

for any m € BHS,, { € BHSs and 1 < i < n where BHS,, and BHS are subsets of BHS, (M, M>)
and BHSs(M|,M;) such that their elements have no occurrence of the expression of the form
a(c(Mi,--+,Mn)), a(Head (L)), a(Tail(C)), a(Cons(M,)) or a(Empty). The equations (63) and
(64) can be proved by induction on the structure of 1 or , if (63) and (64) hold where 1 =
a(d' (@) and { = a(a’(9)) for a € Arty, d' € Attr, @' € StArty and ¢ € I1. If a € Atty, d' € Aty
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and @ € I1, then a,, (a(d'(9))) = a(d’(¢)). Hence (63) holds. If a € Att1, a’ € StAttp, ¢ € IT and
ig, then

I
T~
L
S
5-
—~
S
~

because o (a’'(9),io) = (a’,io) (@) # L. From the definition of a,

os(8'(a(@'(9))),i0) = os({a,a’)(9),io)
= ((a.d),i0)(9)
= <a7alai0>((p)~

Hence (64) holds. (63) and (64) imply that sim,(ren(U)) and ren o sim)(U) have the same set
of attribute rules because it is trivial that both sets of dummy rules produced by sim,, o ren and
ren o sim; coincide. Therefore sim,, o ren(U) = reno sim}(U). O

It follows from this lemma that the n-depth simulation of the composition of an ATT M,
and a SATT M, equals to the composition of an ATT M and n-depth simulation of a SATT M,.

Proposition 4.12 Let M| and M3 be a sur-ATT a sur-SATT, respectively. Then
My ©sim,(M2)]] = [sim,(MiOM3)]]

holds for any n.
Proof.

M1 © sim,(My) = renosep, o projy, o simy(Mz) (by Definition 4.2)

—_—

= simy o fenosey, o projy, (M>) (by Lemma 4.11)
= sim,(M1>M>) (by Definition 4.9)

O

The correctness of the extended descriptional composition is an immediate consequence of
this proposition.

Theorem 4.13 (»-Correctness, I) If M is a well-defined sur-ATT and M5 is and a well-defined
sur-SATT, then M\ &OM, is a well-defined sur-SATT such that [M ]| o [M>]| = [M1(OM;]), i.e., [M;] o
[M] (1) = [M\OM:]|(¢) for any input 1.

Proof. Assume that 7 is an arbitrary input tree in dom([[Mz]]), M, is a well-defined sur-ATT
and M, is a well-defined sur-SATT. Then sim,(M>) is a sur-ATT for any n by Definition 4.7.
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Letting n = max{lub(M>,t),lub(M®>M>,t)}, we have

M OML]|(t) = [[sim,(M1OM3)](2) (by Theorem 3.22)
= [M\Gsim,(M>)](2) (by Proposition 4.12)
= [Mq]o[sim,(M>)](z) (by Theorem 4.3)
= [M])([sim,(M2)](2)) (by the definition of o)
= [M]([M2])(2)) (by Theorem 3.22)
= [Mi]o[M2](z) (by the definition of o)

It follows that M ®sim,(M;) is a well-defined sur-ATT for any n from Theorem 4.3. Hence,
sim,(M1®M3;) is a well-defined sur-ATT for any n. Therefore MM, is a well-defined sur-
SATT from Definition 4.7 and Corollary 3.23. a

The transition by equations in the above proof does not depend on the sur-condition of M|
and M,. Therefore we obtain the following theorem by using Theorem 4.5 instead of Theo-
rem 4.3.

Theorem 4.14 (O-Correctness, II) If M is a TDTT and M is a well-defined SATT, then M1 (>M,
is a well-defined SATT such that [M,] o [M3] = [M15M3].

The closure properties are corollaries to these theorems.

Corollary 4.15
(i) ATT 4, 0SATTy, =SATTg,.

(ii) TDTT o SATT = SATT.

Proof. The first statement follows immediately from the fact that AT T g, contains the identical
tree transformation and that AT T, 0 SAT T, C SATT, holds from Theorem 4.13. Similarly,
the second statement follows from Theorem 4.14. O

5 Conclusion

We have presented a composition method for stack-attributed tree transducers (satt) and proved
the correctness of it. Stack-attributed tree transducers are more powerful than attributed tree
transducers (att) due to a stack mechanism. Our composition method is based upon the fact that
stack-attributed tree transducers are approximated by attributed tree transducers once an input
tree is fixed.

We proved also that the composition method enjoys a closure property under the restriction
called single-use restriction (sur). This indicates that the composition of a sur-att and a sur-satt
results in a single sur-satt, which can be subject to composition with another sur-att.

This paper has only dealt with the composition of an att and an satt. We believe that the result
of the composition of two satt’s cannot be obtained by a single satt. Instead, we would obtain
an attributed tree transducers whose attribute values have nested stack structures, i.e., stack
of stacks. It would be interesting to compare the result with the composition of other tree
transducers: macro tree transducer [EV85], macro attributed tree transducer [KV94], n-iterated
pushdown tree transducer [EV88], et al.
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