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—— Abstract

Asada and Kobayashi [[CALP 2017] conjectured a higher-order version of Kruskal’s tree theorem,
and proved a pumping lemma for higher-order languages modulo the conjecture. The conjecture
has been proved up to order-2, which implies that Asada and Kobayashi’s pumping lemma holds
for order-2 tree languages, but remains open for order-3 or higher. In this paper, we prove
a variation of the conjecture for order-3. This is sufficient for proving that a variation of the
pumping lemma holds for order-3 tree languages (equivalently, for order-4 word languages).
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1 Introduction

Kruskal’s tree theorem [8] says that the homeomorphic embedding relation <"¢ on finite
trees is a well-quasi-ordering, i.e., for every infinite sequence of trees mg, 71, 72, . . ., there exist
i < j such that m; <h® ;. Here, 7 <1° 7/ means that there exists an embedding of the nodes
of 7 to those of «’, preserving the labels and the ancestor/descendant relation. Asada and
Kobayashi [2] considered a higher-order version <1¢ of <B¢ on simply-typed A-terms of type
K, and conjectured that <¢ is also a well-quasi-ordering, for every simple type x. Under the
assumption that the conjecture (which we call AK-conjecture) is true, they proved a pumping
lemma for higher-order languages (a la higher-order languages in Damm’s IO hierarchy [4]),
which says that for any order-k tree grammar that generates an infinite language L, there
exists a strictly increasing infinite sequence my <"® m; <P¢ my <he ... such that m; € L and
|T:| < expy,(ci + d), where <€ is the strict version of the homeomorphic embedding, ¢ and
d are constants that depend on the grammar, and exp,,(z) is defined by exp,(z) = = and
exp,,(z) = 2¢xPx (%) The pumping lemma can be used to prove that a certain language
does not belong to the class of order-k languages. They also proved that the conjecture is
true up to order-2 types, and hence also the pumping lemma for order-2 tree languages and
(by the correspondence between tree/word languages [1, 4]) order-3 word languages. The
AK-conjecture is still open for order-3 or higher.

In the present paper, we consider a variation of the AK-conjecture (which we call nAK-
conjecture), where the homeomorphic embedding relation is replaced by <#. defined by
7 <% 7y if and only if, for every tree constructor a, #4(m1) < #4(m2); here #4(m) denotes
the number of occurrences of a in 7. The correctness of the nAK-conjecture would imply the
following variation of the pumping lemma: for any order-k tree grammar that generates an
infinite language L, there exists a strictly increasing infinite sequence mg <# 7 <# mp <% ...
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such that m; € L and |m;| < expy,(ci + d). We prove that the nAK-conjecture is true for the
order-3 case, i.e., that < (the logical relation on simply-typed A-terms of type x, obtained
from <#) is a well-quasi-ordering for any type » of order up to 3. The variation of the
pumping lemma above is thus obtained for order-3 tree languages and order-4 word languages.
To our knowledge, pumping lemmas were known only for tree (word, resp.) languages of
order up to 2 (3, resp.) [2].

To prove the order-3 nAK-conjecture, we define a transformation ()h from order-3 M-

terms to order-2 numeric functions (that are also represented by A-terms), and prove (i)
the transformation reflects the quasi-orderings, i.e., t; <¥ to if 118 <N t,0 for a certain
quasi-ordering <~ on numeric functions, and (ii) <" is a well-quasi-ordering.
Related work. We are not aware of directly related work, besides our own previous
work [2]. Our reduction from the well-quasi-orderedness of order-3 A-terms to that of order-2
numeric functions relies on the inexpressiveness of simply-typed A-terms as (higher-order) tree
functions. Zaionc [13, 14, 15] studied the expressive power of simply-typed A-terms. Pumping
lemmas for higher-order languages have been known to be difficult. After Hayashi [6] proved
a pumping lemma for indexed languages (i.e. order-2 word languages), it was only in 2017
that a pumping lemma for order-3 word languages was proved [2]. We have further improved
the result to obtain a pumping lemma for order-4 word (or, order-3 tree) languages.

The rest of the paper is structured as follows. Section 2 introduces basic definitions.
Section 3 explains the nAK-conjecture and the pumping lemma. Section 4 proves the
nAK-conjecture up to order-3. Section 5 concludes the paper.

2 Preliminaries

We give basic definitions on A-terms and quasi-orderings.

2.1 )\-terms and higher-order languages

» Definition 1 (types and terms). The set of simple types, ranged over by k, is given by:
K =0 | K1 — k2. The order! of a simple type k, written order(r) is defined by order(o) =0
and order(k; — k2) = max(order(xi) + 1,order(xz)). The type o describes trees, and
K1 — Ko describes functions from k1 to ke. A (ranked) alphabet ¥ is a map from a finite set
of constants (that represent tree constructors) to the set of natural numbers called arities.
The set of A\Y™-terms, ranged over by s,t,u, v, is defined by:

t:::x\atl "'tk|t1t2|)\fEZI€.f|Y,{t|t1@t2

Here, z,y, ... ranges over variables, and a over dom(X). The term at; --- t; (where we
require ¥(a) = k) constructs a tree that has a as the root and (the values of) t1,...,
as children. Y, and @ represent a fixed-point combinator and a non-deterministic choice,
respectively. We often omit the type annotation and just write Az.t and Y ¢ for Az : k.t and
Y. t. A A\Y"_term is called: (i) a A7 "d-term if it does not contain Y (ii) a A7 -term if it
contains neither Y nor @; and (iii) an applicative term if it contains none of A-abstractions,
Y, and @. We often call a A7-term just a term. As usual, we identify AY™d-terms up to the
a-equivalence, and implicitly apply a-conversions.

A type environment T is a sequence of type bindings of the form x : x such that I' contains
at most one binding for each variable z. A \Y™-term ¢ has type x under I' if T' Fgp ¢ : & is

1 For clarity, we use the word order for this notion, and ordering for relations such as <, <he ete.
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derivable from the following typing rules.

Y(a)=k Phgrti:o (foreachie {1,...,k}) Thlgrt:n—k

Dyz:k, IVhkgra:k T hsrat; - tg:o0 Dher Ytk
FFSTt1:I€2—>K/ F}_STtQZKJQ F,x:/’ill_s'rt::‘ﬁlz Fl_STtllo Fl_s'I‘tQZO
Thsrtits: k Dhgr AT : k1.t K1 — Ko Fhgrty @ta:o

We consider below only well-typed AYd-terms. Note that given I' and ¢, there exists at
most one type k such that T' Fgr ¢ : k. We call k the type of ¢ (with respect to I'). We often
omit “with respect to I'” if T is clear from context. Given a judgment I' ¢ : k, we define
ALt by: M.t :==t and N[,z : &').t := Al Az.t. Also we define I' — & by: § — x := k and
(Tyz: k)= k=T —= (K — k); thus we have F AT'.t : T’ — s if ' F ¢ : k. Given an alphabet
¥, we write A* for the set of A7-terms whose constants are taken from . Also we define
AF, ={teA”|TFt:s}and A} := A%{H.

For a A\Y"-term ¢ with a type environment T, the (internal) order of ¢ (with respect to
TI'), written orderr(t), is the largest order of the types of subterms of AI'.¢, and the external
order of t (with respect to I'), written eorderr(t), is the order of the type of ¢t with respect
to I'. We often omit I' when it is clear from context. For example, for ¢t = (\z : o0.z)e,
ordery(t) = 1 and eordery(t) = 0. We define the size |t| of a AY"-term ¢ by: |z| := 1,
laty -ty =14 |t + -+ [te], |st] = [s| + |t| + 1, |[Ax.t| .= [t| + 1, [V t] :=[t| + 1 and
|s @t :=|s| + |t| + 1. We call a A\Y™-term t ground (with respect to I') if T Fgr t : 0. We
call t a (finite, 3-ranked) tree if ¢ is a ground closed applicative term (consisting of only
constants). We write Treey, for the set of X-ranked trees, and use the meta-variable 7 for a
tree. We often write = to denote a sequence (possibly with a condition on the range of the

. . —1<
sequence in the superscript). For example, t; =" denotes the sequence ty,...,t, of terms,

—i<m
and [t;/x; ] denotes the substitution [t1/21,. .., tm/Tm].
We sometimes identify a ranked alphabet ¥ = {a; — r1,...,ax — 7} with the first-
order environment ¥ = {a; : o™ — o,...,a; : 0"™* — o} (assuming an arbitrary fixed linear
ordering on X).

» Definition 2 (reduction and language). The set of (call-by-name) evaluation contexts is
defined by:

E:=[lt1-tr|am - mEty -ty
and the call-by-name reduction for (possibly open) ground AY™™d-terms is defined by:
E[(\z.t)t'] — E[t[t'/z]] E[Yt] — Et (Y1) E[ty @ts) — E[t;] (i=1,2)

where t[t'/x] is the usual capture-avoiding substitution. We write —* for the reflexive
transitive closure of —. A call-by-name normal form is a ground \Y™d-term ¢ such that
t —/» t' for any t'. For a ground closed A\Y™-term ¢, we define the tree language L(t)
generated by t by L(t) := {r |t —* w}. For a ground closed A\”-term ¢, £(t) is a singleton
set {m}; we write T (¢) for such 7w and call it the tree of t.

In the previous paper [2] we stated the pumping lemma for the notion of a higher-order
grammar; in this paper, following [9, 10], we use only the formalism by AY"4-terms for simpli-
city. Since there exist well-known order-preserving and language-preserving transformations
between higher-order grammars and ground closed AY™d-terms, we obtain corresponding
results on higher-order grammars immediately.

The notion of a word can be seen as a special case of that of a tree:

14:3
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» Definition 3 (word alphabet). We call a ranked alphabet ¥ a word alphabet if it has a special
nullary constant e and all the other constants have arity 1. For a tree 7 = a1(--- (a, e)---) of
a word alphabet, we define word(rw) := ay - - - a,,, and we define utree as the inverse function
of word, i.e., utree(a; ---a,) := a1(- - - (ane)). The word language generated by a ground
closed A\Y"-term ¢ over a word alphabet, written L, (t), is defined as {word(r) | 7 € L(t)}.

A tree language (word language, resp.) over an alphabet (word alphabet, resp.) X is called
order-n if it is generated by some order-n ground closed AY™-term of ¥; we note that
the classes of order-0, order-1, and order-2 word languages coincide with those of regular,
context-free, and indexed languages, respectively [12].

2.2 Some quasi-orderings and their logical relation extension

» Definition 4 ((well-)quasi-ordering). A quasi-ordering (a.k.a. preorder) on a set A is a
binary relation on A that is reflexive and transitive. A well-quasi-ordering (wqo for short)
on a set S is a quasi-ordering < on S such that for any infinite sequence (s;); of elements in
S there exist j and k such that j < k£ and s; < sp.

As a general notation, for a quasi-ordering denoted by <, we write = for the induced
equivalence relation (i.e., z =~ y if x < y and y < ), and write < for the strict version (i.e.,
x <yif x < yand y £ z). Also, for a quasi-ordering denoted by <, we write ~ for the
induced equivalence relation and < for the strict version. We apply these conventions also to
notations with superscript/subscript such as <%, <3, <¢, <%, <p, and <¢. Further, for any
quasi-ordering on the set of trees of a word alphabet, we use the same notation also for the
quasi-ordering on the set of words induced through utree.

» Definition 5 (logical relation extension). Let X be a ranked alphabet. We call < a base quasi-
ordering (with respect to X)) if < is a quasi-ordering on the set A¥ modulo 8n-equivalence
and every constant in ¥ is monotonic on <. We define the logical relation extension of < as
the family (<,). of relations <, on the set AZ modulo 3n-equivalence indexed by simple
types k where <,’s are defined by induction on k as follows:

t1 <o 2 if t1 < to
t1 <psw t2 if forany t],th, t) <.ty = t1t] <. tath.

Furthermore we extend the relation to open terms: for t1,ty € A?W we define t; <r to if
ALt <r_x A'.ta. We omit the subscripts of <,; and <r if there is no confusion.

The next lemma follows immediately from the basic lemma (a.k.a. the abstraction theorem)
of logical relations (see Appendix A for details).

» Lemma 6. Let < be a base quasi-ordering. Each component <, of the logical relation
extension of < is a quasi-ordering. Further, <, is the point-wise quasi-ordering:

ty <poyr to if and only if foranyt' € AZ, 1t <. tot.

Every quasi-ordering for higher-order terms used in this paper is a logical relation extension
(of some base quasi-ordering). The next ordering is used in the previous paper [2].

» Definition 7 (homeomorphic embedding). Let ¥ be a ranked alphabet. The homeomorphic
embedding ordering <"** between Y-ranked trees? is inductively defined by the following
rules:

2 In the usual definition, a quasi-ordering on labels (tree constructors) is assumed. Here we fix the
quasi-order on labels to the identity relation.
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m 2 (foralli<k)  k=¥(a) r=beX o E=%@) >0 1<i<k

amy -y <heX amy -, 7 =<he g

We extend the above ordering to a base ordering by: t; <P ty if T(t;) <P T (t).

For example, br ab <" br (brac)b. The homeomorphic embedding on words is nothing
but the (scattered) subsequence ordering. The following is a fundamental result on the
homeomorphic embedding;:

» Proposition 8 (Kruskal's tree theorem [8]). For any (finite) ranked alphabet ¥, the homeo-
morphic embedding <P on N-ranked trees is a well-quasi-ordering.

Also, we often use the Dickson’s theorem [7] which says that the product quasi-ordering
(component-wise quasi-ordering) of a finite number of wqo’s is a wqo.
The next is the quasi-ordering that is used in the theorems in this paper.

» Definition 9 (occurrence-number quasi-ordering). Let ¥ be a ranked alphabet. For a € ¥
and a Y-tree m, we define #,(m) as the number of occurrences of a in 7, and extend this
to a ground closed A\7-term t by #,(t) := #4(7 (¢)). Then we define a base quasi-ordering
<%0 by

t1 j#l:’a to if #a(tl) < #a(t2)-
Also we define a base quasi-ordering <#> by:
t; <FE ¢, if for every a € ¥, t3 <#2a g

Note that 7 <bhe 7/ implies 7 <#2 7', shown by induction on the rule of jhe; and further
7 <he 7/ implies m <#* 7/ for any & since <1¢ and <7#* are point-wise quasi-ordering. Also
note that <#* = N,ex (=7 9) for any k.

The next quasi-ordering is used just in proofs. We write X for the ranked alphabet
{0—= 0,1~ 0,+ +— 2,x — 2}; we write +¢t' as t +t' and xtt' as t x t’. We define a
set-theoretical denotational interpretation [—] of A by: [o] := N, [k — «'] is the set of
functions from [k] to [£'], [0] := 0, [1] := 1, [+](n)(m) := n+m, and [x](n)(m) :=n x m.
For t1,ts € A?’Nn, we write t1 =p , t2 (or t; =1 £5) if [t1] = [t2]-

» Definition 10 (natural number quasi-ordering). We define a base quasi-ordering <" on the
set AZN by:

t1 <Nt it [ti] < [t2].

3  Numeric Pumping Lemma for Higher-order Tree Languages

Here we explain the nAK-conjecture and the pumping lemma for higher-order tree languages
with respect to <%=,

» Conjecture 11 (nAK-conjecture). For any X and k, <% is a well quasi-ordering.

Our main theorem (Theorem 14) is to show the above conjecture for & of order up to 3.
The above conjecture (and Theorem 14) can be used for the following pumping lemma:

» Theorem 12 (pumping lemma). Assume that Conjecture 11 holds. Then, for any order-n
ground closed \Y™-term t of a ranked alphabet ¥ such that L(t) is infinite, there exist an
infinite sequence of trees my, T, o, ... € L(t), and constants c, d such that: (i) mg <%
7 <*E g <*E . and (i) |7 < exp,,(ci +d) for each i > 0. Furthermore, we can drop
the assumption on Conjecture 11 when n < 3.

14:5
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The proof of the above theorem is obtained as a simple modification of the proof of the
pumping lemma in [2]: see Appendix B.
» Remark. The theorem we prove in Appendix B is actually slightly stronger than Theorem 12
above, in the following three points (see Theorem 39 in Appendix B.2 for details): (i) As
in [2], we relax the assumption of nAK conjecture, so that <7#* need not be the logical
relation; any higher-order extension of the base quasi-ordering that is closed under application
suffices. (ii) As in [2], we use actually a weaker conjecture, called the periodicity, which
requires that, for any Fsr t : K — &k and Fgr s : K, there exist 4,7 > 0 such that t' s <#*
it g <#E $i+2) g <#2 ... (jii) Whilst Theorem 12 states a pumping lemma on <#*, the
generalized theorem states a pumping lemma on arbitrary base quasi-ordering with certain
conditions, which includes <#* and <P° as instances.

By the correspondence between order-n tree grammars and order-(n+1) word grammars [4,
1], we also have:

» Corollary 13 (pumping lemma for word languages). Assume that Conjecture 11 holds. Then,
for any order-n ground closed \Y ™ -term t of a word alphabet X (where n. > 1) such that L,(t)
is infinite, there exist an infinite sequence of words wo, wy,wa, ... € Ly(t), and constants ¢, d
such that: (i) wo <% wy <#* wy <** ... and (@) |w;| < exp,,_;(ci + d) for each i > 0.
Furthermore, we can drop the assumption on Conjecture 11 when n < 4.

4 Numeric Version of Order-3 Kruskal’s Tree Theorem

Here we prove the main theorem (Theorem 14 below), which states that the nAK-conjecture
(Conjecture 11) holds for order-3 types. In this whole section, by a term, we mean a A~ -term,
and we never consider a fixed-point combinator nor non-determinism.

4.1 Main theorem
» Theorem 14. For any alphabet ¥ and any type k of order up to 3, <7 on AZ is a wqo.
The theorem above is obtained as a corollary of the following lemma.

» Lemma 15. For any alphabet ¥, any a € 3, and any order-2 type environment I' (i.e.,
a type environment whose codomain consists of types of order up to 2), the quasi-ordering
j#’f’a on A?@ . s a wqo.

Proof sketch of Theorem 14

For Theorem 14, it is sufficient that <#*? on A¥ is a wqo for every a € ¥ and k with
order(x) < 3, because <7* = Nyexn(279) and well-quasi-orderings are closed under
finite intersection.

For <#% to be a wqo for every order-3 type r, it is sufficient that the restriction
of <#a to A? (ie. <#>9 N(AY x A?)) is a wqo for every order-3 type &, because
t1 <F20 ¢y holds if AS.t1(<E70 (AL, x AL . ))AS.t2, and order(S — &) < 3.
For <#=a N(A? x A?)) to be a wqo, Lemma 15 is sufficient, because ¢, (<#> N(A? x
AQ))tQ holds if 1 21 - 2% jﬁ’oz’a toz1 -2, Where Kk = K1 — -+ — K — o and
I'=21:K1,..., 2k : Ki.

See Appendix C for details. [
Henceforth, we fix arbitrary agx € 3, and show Lemma 15 for a = agx. We prove this
lemma in two steps: First we give a transformation ( ~)h from order-3 terms in A%o (and their
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type environment I') to order-2 terms in A?Eo (and to Ft‘) so that it reflects quasi-orderings:

th <N #" implies ¢ <#:2a8x ¢/ (Lemma 18). Then we show that <Y, on AZ isa wqo
T'f%0 I'o I',o I'o

(Lemma 19). From these two results, Lemma 15 follows immediately.

4.2 Transformation from order-3 terms to order-2 terms

The key observation behind the transformation ()h is as follows. Let s be a closed term of
type o™ — o and t4,...,t,, be closed terms of type o. Then, we have:

#a(Stl"'tm) = X #a(tl)+"'+cm X #a(tm)+d

for some numbers ¢y, ..., ¢y, d that do not depend on t¢1,...,t,. This is because the order-
1 function s representable as a A7”-term can copy only arguments, and the number of
copies cannot depend on the arguments. Thus, if we are interested only in the number of
occurrences of a constant, information about an order-1 function can be represented by a
tuple (c1, ..., Cm, d) of numbers (order-0 values, in other words). By lifting this representation
to order-3 terms in A%o, we obtain order-2 terms in A??’,o.

The actual transformation is non-trivial. Let us first fix I' = @1 :K1, ..., ©m : Km, f1:00 —
0,..., fr: 0% — o. Here, ¢;’s are order-2 variables and f;’s are variables of order up to 1.
Every element of A%o can be normalized to a term generated by the following syntax (which
we call an order-3 normal form):

t:Z:ylfj |t1t2|<pit1---tk|)\y.t.

Here, y is a local variable of order 0. We require that the order of pt;-- ¢ is at most
1. For example, p: (0 = 0) >0 —>0 =0, f:0—=>0—=0, z:0FAy:o0. o(fz)((\y :
o. fYy)y):0 — o — o is an order-3 normal form. It can be checked by induction that
for any order-3 normal form ¢, eorderr(¢) < 1 (with a suitable environment I'). Since any
long Bn-normal form in A%o with order(I' — o) = 3 is an order-3 normal form, considering
only order-3 normal forms does not lose generality. In the rest of this section, we use the
meta-variable t for order-3 normal forms.

We now define the transformation for order-3 normal forms. Given a term ty € A%o, we
transform the term in a compositional manner, by transforming each subterm ¢ typed by:

1 KLy Pm i Rm, f1:00 = o, ., fe:0? s oiy1i0,...,ypiobFti0" >0

to a term e with some suitable type environment. Here, y1,...,y, are order-0 variables that
are bound inside to (rather than t), order(k;) = 2 for ¢ < m, and ¢; > 0 for ¢ < ¢. We call
fi and @, external variables and y; an internal variable. Note that an external variable f;
can be order-0.

We first explain how variables and environments are transformed.

The variables y1, ..., y, will just disappear after the transformation.

For each order-1 variable f; of type 0% — o, we prepare a tuple of variables (¢y, 1, ..., Cf,.q:
dy,). Each ¢y, ; expresses how often f; copies the j-th argument, and d;, expresses how
often agsyx occurs in the value of f;, so that the number of agx in f;ti,...,t, can be
represented by ¢y, 1 X #ag, (61) + - ¢, g0 X Fagy (tg;) +dy, (recall the observation given
at the beginning of this subsection).

For each order-2 variable ¢; of type k; = (0" — 0) = -+ = (0% — o) — (0? — 0)
(where g, > 0), we prepare a tuple of order-1 variables (gy, 1, - - - 9pi.q> P fz%). Basically,
9y,,; and h,, are analogous to cy, ; and dj,, respectively. Given order-1 functions ¢4, ...,

14:7
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whose values are iy, ..., 4 (where each @y is a tuple of size g + 1), for each j < ¢, the
function ¢; t; - - -t copies the j-th order-0 argument g, ;(@1,. .., d)) times, and creates
hy, (U1, ..., 1) copies of the constant agx. The other function variable BLPi is similar to
he, but used for counting an internal variable y; rather than agy.

For a type environment

=1k, s 0m: Bm, f1:00 = o0,..., fe:0¥ =0
where #; = (0% — 0) — -+ — (0%i — 0) — (07 — 0) (gp, >0, i=1,...,k), we define:
- i<moo i<y
i< gt A~ i 3 \/ ;< i -
I = g‘PiJ]_q 7h%’h’% Dol ottt 0 ) Cfuj]_q ;dy zo

We now define the transformation of terms. A term ¢ such that
1 RLy s Om i Rm, f1:00 = o, ... fe:o? > oiy1:0,...,ypiobFt:0" >0
is transformed to a tuple (vy,...,v,;w1, ..., w,;e), using the transformation relation

O1iR1, - ooy PmiKm, f1:010 = 0,0, frio® — 0jy1:0,. ., ypro B E D (V1. Up W, ., WS E)

defined below. Here, each component is constructed from variables cy, ;,d¢,, 9, 5, R,y P,
above and X, +,0,1. The output of the transformation consists of three parts, separated by
semicolons: a (possibly empty) sequence vy, ..., v,, a (possibly empty) sequence wy, ..., w,,
and a single element e. The term v; represents how often y; is copied, w; represents how
often the j-th argument of ¢ is copied, and e represents how often the constant agy is copied.
The terms v; and w; are auxiliary ones for this transformation, and e plays the role of £
explained in Section 4.1.

The transformation relation is defined by the following rules, where I' = 1 1 K1, ..., Om :
Km, f1:01 = o0,..., fr:0% — o is fixed.

(IVAR)
Tiyi:o,...,yniobFy; >(0,...,0,1,0,...,0;;0)

—_—— N

j—1 n—j
(VAR)

Liyiio,oo,yniok fip(0,...,05¢f1, ..y Cp 05 d5,)
——
n
Diyp:0, . yynio bt (V1,00 U5 w1, ..., wps€) r>1

Iiyi:0,...,yp:0obtan> (v),...,0 ;€

1 Yn 2 (1 n ) (APPO)

. . . /! /. . /
Tiy1:0,.. ., yn 0 tita > (V1 +wiv], ..., Uy + w10 Wa, ..., Wy e + wie)

Tiyrio,...,yn 0t > (05055 e5) Uy = (Wj; e5) (for each j € {1,...,k})
1Z’j7j/ = (Iﬁj;vj,j/) (fOI‘ each j € {1,. . ,k’} and j/ S {1, .. ,n})
k > 1 and the type of tj is order-1
Dy io,ccyyniob @ity -+t >

(}Alw (u/171, e ,u/k71) ey h% (U/Ln, e ,u’k,n);

—

9o 1 (U1y - ULy oy Gsqs ULy -, Uk); Dy (U, .., Uk))
(Arprl)
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F;yl:Ov"'ayn:ovyn+1:OFtD(vla"'7vnavn+1;wla"'7wr;e)

(LaM)
Tiy1:0,0 0, ¥Yn i 0F AYnp1 8D (01,00, Uni Upg1, W1y .o ., Wes €)

Rules (IVAR) (for internal variables of type o) (VAR) (for order-1 variables), and (LAM)
should be obvious from the intuition on the tuple and the translation of an environment.
Rules (ApP0) and (ApP1) are for applications of order-1 and order-2 functions respectively.
(Note however that in (APPO), ¢; itself may be an application of order-2 function, of the
form pt11---t1%.) In (APPO), note that t1¢2 creates wy copies of (the value of) ta, so that
the number of copies of y; can be calculated by v; + wyv], where v; and v} are the numbers
of copies created by ¢; and ts respectively. Rule (ApP1) is based on the intuition explained
above about the translation of order-2 variables. Note that the same function ﬁ%. is used
for counting y1, ..., yy,; this is because ¢; does not know y; (in other words, ¢; cannot be
instantiated to a term containing y; as a free variable), so that the information for counting
y; can only be passed through arguments Jj,jr.

It should be clear that if T';yq:0,...,yp:0 F > (v1,..., 0051, ..., Wy €) then v, wjr, e €
A?fﬁo and the order of T'% — o is no greater than 2.

» Example 16. Let ' = ¢: (0 — 0) = 0 = o, f : 0 — 0. Then, we have
= g%l,hcp,fup 10?2 = o, cri,df o

and t := Ay.p(p f)y is transformed to
= hy(gea(eri,ds) ho(esi,dp)) + 9o (96,1 (cra0dy) holcpasdy)) x 0

by the following derivation:

F;y:ol—fD(O Cfl,df) (VAR)

Tiy:ob o fo (hy(csa,0);
Liy:iok (e f) > (hy

(Appr1)
(Apprl) (IVAR)

9o1(cra,dy)ihg(cra,dy))
w); h

(U'); g1 (10); hyp (1)) Liy:obyr(1550)
(APPO)
Ty ok oo f)y v (ho(@) + g (@) x 1; 1 h (ﬁ)+gw,()><0)
= (Lam)
i Ayo(@ £y > (G h (@) + gpa (@) X 1; hy (1) + gp,1 (1) % 0)

where 4 = g,1(cr1,df), by (cf 1,dy) and @ = gy 1(cpa,dy), fzw(cf 1,0). The terms in the
bottom line of the derivation, h o(T@) + gp1 (@) x 1 and t% = hy, (@) + g,.1 (%) x 0, have type o
under the environment I'¥, and eorder()\l““.t“) = order (I — o) = 2.

The next example is a slightly modified one involving an external variable x : o instead of
the internal variable y : 0. We have

(F,:z?:o)h =TI% dy:o
and t' := p(p f) x is transformed to
1% = hy(gpn(cradp) holer,dp) + go1 (961 (cr1rdp), hy(epa,dp)) X do

by the following derivation:

(VAR)

I'z:o;F 0; id
ook of <fjc<o f;( C(fl ;)>h< 2 A
,riok @ fr cr,1,0);9,1(cr1,dg); holcr1,dy
- - ‘ (ApP1) (VAR)
T,z: 01 o(¢ f) b (i (@); g1 (@): h (D)) I'z:ojk x> (055dy)
T,2: 03k @(p f)a v (hy(@') + g1 (i) X 0; 3 hy (@) + gp1 (i) X da)

where @ and @ are the same as above. O

(APPO)

14:9
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Lemma 17 below says that the transformation preserves the meaning of ground terms.
Here we regard constants in X as variables of up to order 1, and we define a substitution
65 by:

) —a€X,i<ar(a) ——a€X\{anx}
0% = [1/cas . 1/da,., 0/d, ™,

(Recall that agx € ¥ above is the constant arbitrarily fixed at the end of Section 4.1.)
» Lemma 17 (preservation of meaning). If Xt > (;;e), then we have #q4, (t) = [e5].

The above lemma follows from a usual substitution lemma (on internal variables) and a
subject reduction property; see Appendix D for the proof.
The correctness of the transformation is stated as the following lemma.

» Lemma 18 (ordering reflection). Let: ¥ be an alphabet; agx € X; T' be an environment of
the form

F=v1 61, -, Om: Em, fr:00 = o0,..., fr:0¥* 0

where order(k;) =2 and q; > 0; t,t' € A%o; and
it (5se) Ot > (55¢€).
Then we have:
e N B A
The proof of the above lemma is given in Appendix D, where we use Lemma 17 and
substitution lemmas on external variables.
4.3 <Y on order-2 terms is a wqo

The main goal of this subsection is to prove the following lemma.

» Lemma 19 (=Y on order-2 terms is wqo). For ' = f; : o — o,..., fn : 09" — o, the

quasi-ordering jlﬁ{o on A?NO s a wqo.

Lemma 15 follows as a corollary of Lemma 19 above and Lemma 18 in the previous
subsection:

Proof of Lemma 15. Let tg,%1,... € Alq)o be an infinite sequence. We have the infinite

sequence eg, €1,... € A??’o such that T;F ¢; > (55e;), and by Lemma 18, ¢; j#’oz’“ﬁ" t; if

. <N ,

€i —Tt,0
#,2,a6x :

have t; jno t; as required. [J

ej. By Lemma 19, there indeed exist 4,7 (i < j) such that e; jlﬁhp ej. Thus, we

To prove Lemma 19, we restrict (without loss of generality) A?NO to the set of S-normal
forms (which we call order-2 polynomials), generated by the following grammar:

PII:0|1|P1+P2|P1XP2|fP1"'Pq

Here, in f P, --- P,, f should have type 0? — o. We write P} for the set of all order-2
polynomials, and write P} | for A", N PY. Note that the arity of f may be 0, so that, for
example, fi(f2 x (f2 +1)) € PY§ Thus, for Lemma 19, the following suffices:

fi:0—o0,f2:0,0"
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» Lemma 20 (<X on order-2 polynomials is wqo). For I' = f; : 0% — o,..., f, : 09" — o,
the quasi-ordering <X _ on P} _ is a wqo.

The idea for proving this lemma is as follows:

An order-2 polynomial is regarded as a tree. Thus, by Kruskal’s tree theorem (Pro-
position 8), the set PII\{O is well-quasi-ordered with respect to the homeomorphic embedding
=<be.EwUl - Unfortunately, however, the relation P; <he:=UI" Py does not necessarily imply
jll\l’o; for example, if P, =1 and P, = f1(1), then P; <he*VT Py holds but Py jll\l’o P, does
not, because f; may be instantiated to Az.0. Similarly for P, = fs and P, = f x 0.

To address the problem above, we classify the values of f € Pll\lyo (i.e. elements of
Az

Sa.) into a finite number of equivalence classes A, ... A®) and use the classification

to further normalize order-2 polynomials, so that P; j?e’ENUF P implies P, jll\l,o P> on the
normalized polynomials. For example, in the case of P, = 1 and P = f1(1) above, the values
of f1 are classified to (i) those that use the argument, (ii) those that return a positive constant
without using the argument, and (iii) those that always return 0. We can then normalize
P, = f1(1) to f1(1) (in case (i)), f1(0) (in case (ii)), and 0 (in case (iii)), respectively. (In
case (ii), any argument is replaced with 0, because the argument is irrelevant.) Thus, we can
indeed deduce Py 5%0 P, from P; j?e’ENUF P, when the value of f7 is restricted to just those
in (i); and the same holds also for (ii) and (iii). It follows that the restriction of the relation
jlkf’o to each classification of the values of fi,..., fr € dom(T) is a wqo. Since the number of
classifications is finite, by Dickson’s theorem (recall the sentence below Proposition 8), jlﬁ{o
(which is the intersection of the restrictions of jlﬁ’o to the finite number of classifications) is
also a wqo.
We first formalize and justify the reasoning in the last part (using Dickson’s theorem).

» Definition 21 (finite case analysis). For ' = f1 : k1,..., fn : kn, we call a finite case
analysis of T' a family (A?);<n jes, of sets such that AZ" = U<, A] for each i < n. For
(Ai)i<n such that A; C AYY, we define a quasi-ordering <[ ). on AR as follows:

t =21, =Vt € Ay, by € Ayl [t[ti) fili] < Tt/ f)i]
We often omit the subscript I' of jlﬁl,(Ai)i and write jI(NA,;),;'

The following lemma follows immediately from the fact that the intersection of a finite
number of wqo’s is a wqo (which is in turn an immediate corollary of Dickson’s theorem).
(see Appendix E for omitted proofs in the rest of this section).

» Lemma 22. ForT' = f1 : k1,..., fn : Kn and a finite case analysis (Ag)iS7L7j6Ji of I, if
j?AJ_Q:)i on A?No is a wqo for any “case” (j;)i<n € Hign J;, then so is <N on A?No
Thus, to prove Lemma 20, it remains to find an appropriate decomposition AE}' =Uj<y, Ag

(where k; is an order-1 type 0? — o), and prove that j(NAji)‘ is a wqo.

Henceforth we identify an element of A2,  with the corresponding element of the
polynomial semi-ring N[z1,...,z4]. For example, Ax1.Az2.((Ay.y)x1) + 2 X x2 is identified
with the polynomial z1 + 23 (which is obtained by normalizing and omitting A-abstractions,
assuming a fixed ordering of the bound variables). For t € A2, we write poly(t) for the
corresponding polynomial.

We define the equivalence relation ~ as the least semi-ring congruence relation on
N[z1,..., 2, that satisfies (i) @ ~ 1 if a > 0 and (i) 2 ~ x; if j > 0. For example,
223w + 3w12% + 21 +4 ~ 3122 + 21 + 1, and the quotient set N[z1]/ ~ consists of:

[O]Nv [1]N’ [$1]N, [xl + 1]~7

14:11
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and N[z, 23]/ ~ consists of
[0]~, [1n~s [21]m, [T2] s [m122] 0, [T ], [TF@2] o, [I4@122] s [0 422, - [IF21 2201 22] o

In general, P(P([q])) (where [¢] denotes {1,...,q} and P(X) denotes the powerset of X)
gives a complete representation of the quotient set N[zq,...,z4]/~, ie.,

N[xl,...,xq]/w{[ > :17p1~~xpr}N

{p1<---<pr}e®

@ eP(P([qm}.

Through poly : A?f’_m — N[z1,...,24], we can induce an equivalence relation on AEqN_m
from ~ on N[z, ..., z,], and let Ag’ be the equivalence class corresponding to @, i.e.,

poly(t)~ D apa, ). (1)

{p1<--<pr}ted®

A% = {t e AZr,,

q

Then we have A?JLO = u¢ep(p([q]))Ag>. Now, given I' = f1 : 0" — 0,..., fp : 09" — 0, we
have obtained a finite case analysis of I' as (AJ )i<n.0cp(P(jq])); for (®s)s € [Lic,, P(P([ai])),

we write j%i)i for jTAq’i) . Thus it remains to show that jl(“q,_)_ on PIN . is a wqo for each
a; )i i)i ,

(@); € [Ti< P(P((a:)))-

The following lemma justifies the partition of polynomials based on ~.

» Lemma 23 (zero/positive). For any T' = f1 : o — o,...,fn : 07 — o, (®;); €

[li<, P(P([¢:])), and T = P : o, we have either P jl(\ibi)i 0orl j%i)i P.

In other words, the lemma above says that, given an order-2 polynomial P, whether
Plt1/f1,...,tn/fn] evaluates to 0 or not is solely determined by the equivalence classes
t1,...,t, belong to.

» Example 24. Let I := f : 02 — o, and ® := {0, {1,2}} € P(P([2])), which denotes the
equivalence class [1 + z723].. We have 1 jg f P1 P, for any P, and Ps, since any element of
the equivalence class is of the form a + - - - for some natural number a > 1.

Based on the property above, we define the rewriting relation —(4,),, to simplify order-2
polynomials by replacing (i) subterms that always evaluate to 0, and (ii) arguments of a
function that are irrelevant, with 0.

» Definition 25 (rewriting relation and (®;);-normal form). For I' = f; : o® — o,..., fp :
o’ — o and (®;); € [[,<,, P(P([a])), we define the relation —f, ) by the following two
rules.

P —0,, 0if P <{4, 0and P #0.
fg P1 qu _>(()<I>i)i fg P1 Pk,10Pk+1 s Pqe if (l) Pk 75 0 and (ii) for all ¢ S (13(

such that k € ¢, there exists p € ¢ such that P, j(Nq)i) 0.

We write Py —(a,), P1 if P; = E[P]] and Pj —(y,) Py for some E, Fj and P[, where the
evaluation context E is defined by:

E:=][]|E4+P|P+E|EXP|PXE|fP...PB_1EPy ... P,
We call a normal form of —(4,), a (®;);-normal form.

Intuitively, the condition (ii) in the second rule says that whenever the k-th argument Py
is used by f, it occurs only in the form of Py x P, x --- (up to equivalence) and P, always
evaluates to 0; thus, the value of Py is actually irrelevant.
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» Example 26. We continue Example 24. Recall T = f : 0> — o and ® = {0, {1,2}}.
Consider the order-2 polynomial f1(1 x 0). It can be rewritten to f 10 by using the first
rule (and the evaluation context E = f1[]). We can further apply the second rule to obtain
f10 —4 f00, because k = 1 satisfies the conditions ((i) and) (ii). In fact, if 1 € ¢ € D,
then ¢ = {1, 2}; hence, the required condition holds for p = 2. Note that 00 is a #-normal
form; the first rule is not applicable, as f00 ﬁg 0 by the discussion in Example 24.

The following lemma guarantees that any order-2 polynomial can be transformed to at
least one equivalent (®;);-normal form.

» Lemma 27 (existence of normal form).

1. —(s,), is strongly normalizing.
~N
2. If P —(a,), P then P =g, P".
We can reduce the wqoness of j%i)i to that of jlge,ENur by the following lemma:

» Lemma 28. For I' = fi : o — o,..., fy : 0% — o, (®;); € [[;,,P(P([as])), and
(®;);-normal forms T = P', P : o, if P! <be:=vl P then P! jl(\zbi)i P.

The proof is given by a simple calculation using Lemma 23 and that the given (®;);-normal
forms P’, P do not satisfy the condition for the rewriting —(4,),

Now we are ready to prove Lemma 20.

Proof of Lemma 20. By Lemma 22, it suffices to show that <{, . on P}, is a wqo for each
(®:)i € [T;<, P(P([g:])). By the Kruskal’s tree theorem, <> on P}l | is a wqo, and
hence the sub-ordering <'*¥YI" on the subset

{P e PIN%O | Pis a (®;);-normal form} C Plﬁlyo

is a wqo. Therefore by Lemma 28, jl(\ibi),; on {P € Pll\{o | Pisa (®;);-normal form} is a
wqo. By Lemma 27, {P € Py, | Pisa (®;);-normal form} and P} ,—both modulo 8-
equivalence—are isomorphic (with respect to jl(\ibi)i and jl(\lcpi)i); hence jl(\ibi)i on PIN’O is a
wqo. [

5 Conclusion

W have introduced the nAK-conjecture, a weaker version of the AK-conjecture in [2], and
proved it up to order 3. We have also proved a pumping lemma for higher-order grammars
(which is slightly weaker than the pumping lemma conjectured in [2]) under the assumption
that the nAK-conjecture holds. Obvious future work is to show the nAK-conjecture or the
original AK-conjecture for arbitrary orders. Finding other applications of the two conjectures
(cf. an application of Kruskal’s tree theorem to program termination [5]) is also left for future
work.
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A  Preliminaries for Appendix

» Definition 29 (contexts). The set of contexts, ranged over by C, D, G, H, is defined by
C:=[]|Ct|tC | A\z.C where t ranges over A~"d-terms. We write C[t] for the A™"d-term
obtained from C by replacing [] with ¢. Note that the replacement may capture variables;
e.g., (Ax.[])[z] is Ax.z. We call C a (I, k)-(T, k)-context if T tgr C : k is derived by using
axiom I Fgr [] : k. We also call a (0, x')-(0, )-context a k’-k-context. The (internal) order
of a (I, k")-(T, k)-context, is the largest order of the types occurring in the derivation of
I Fer C @ k. A context is called a A7 -context if it does not contain @. The size |C| of a
context C'is defined similarly to that of A\Y™d-terms, with |[]| := 0.

» Definition 30 (linear term / pair of contexts). For a A™7-term « : k Fgr ¢ : 0, we call t linear
(with respect to x) if x occurs exactly once in the call-by-name normal form of t. A pair
of A™-contexts [] : k gy C o and []: k bgr D : & is called linear if z : k gy C[D[x]] : o
is linear for any ¢ > 0 where x is a fresh variable that is not captured by the context
applications.

» Definition 31 (higher-order grammar). A higher-order grammar (or grammar for short) is
a quadruple (X, NV, R,S), where (i) ¥ is a ranked alphabet; (ii) A/ is a map from a finite
set of non-terminals to their types; (iii) R is a finite set of rewriting rules of the form
A — Azy.---Axgt, where N(A) = k1 — -+ — kg — o, t is an applicative term, and
N,z1:K1,...,m0: kg Fgr t : 0 holds; (iv) S is a non-terminal called the start symbol, and
N (S) = o. The order of a grammar G is the largest order of the types of non-terminals. We
sometimes write Xg, Ng, Rg, Sg for the four components of G. We often write Axy -+ xp — ¢
for the rule A — Azy.--- Az .t.
For a grammar G = (X, NV, R, S), the rewriting relation —¢ is defined by:

(A—>/\1‘1."'>\{Ek.t)€R ti—>gt2 iE{l,...,kJ} Z(Q)Zk
Atl s 1 —G t[tl/ml,...,tk/xk] aty -ty —G aty -+ tiflt;thrl st

We write —¢ for the reflexive transitive closure of —¢. The tree language generated by
G, written £(G), is the set {w | S —¢ 7}. We call a grammar G a word grammar if its
alphabet is a word alphabet.

As explained after Definition 2, we have:
{£(G) | G is an order-n tree grammar} = {L£(t) | t is an order-n ground closed \Y™-term}

for any n.

» Definition 32 (frontier language / br-alphabet). The frontier word of a tree m, written
leaves(7), is the sequence of symbols in the leaves of w. It is defined inductively by:
leaves(a) = a when X(a) = 0, and leaves(am --- 7;) = leaves(my) - - - leaves(ry,) when
Y(a) = k > 0. The frontier language generated by ¢, written Licaz(t), is the set: {leaves(n) |
7 € Lieas(t)}. A br-alphabet is a ranked alphabet such that it has a special binary constant
br and a special nullary constant e and the other constants are nullary. We consider e
as the empty word e: for a ground closed AY"-term with a br-alphabet, we also define
L5eas(t) = (Lrear(t) \ {e}) U{e | € € Licar(t)}. We call a tree m an e-free br-tree if it is a
tree of some br-alphabet but does not contain e.

Proof of Lemma 6. Since every constant is monotonic on < by definition, the basic lemma
of logical relation holds, which exactly means that <, is reflexive, from which the transitivity
and being point-wise follow. [J
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B Proof of the Pumping Lemma

As explained after Theorem 12, the proof of this theorem is just a simple modification of the
proof of the pumping lemma in [2]; the (essentially) modified points are Lemmas 34 and 43
below. We first gives some lemmas which are independent of orderings. Then, as explained
in Remark 3, we show some generalized pumping lemma, where we generalize <#> to an
arbitrary quasi-ordering with certain conditions. Lastly, we show that Theorem 12 is an
instance of the generalized pumping lemma.

B.1 Lemmas independent of ordering

The next lemma is exactly the same as Lemma 11 in [2].

» Lemma 33 ([2]). Given an order-n grammar G such that L£(G) is infinite, there exist
order-n linear A\ -contexts C, D, and an order-n closed A\ -term t such that

L AT(CID*M)) | k= 1} € L(9)
2. {T(C[D*[t]]) | k > 1} is infinite for any strictly increasing sequence ({x).

In [2], we also used a similar lemma to the above, which reasons about the length of a
particular path of a tree. We slightly modify this lemma as follows.

We annotate each constructor a as a‘? as follows: We write ¥4 for the alphabet {a{" —
k| (a— k)€ X, 0<i<k}) Then we call i of a'? a direction and call a \Y™d-term /
context of alphabet ¥y direction-annotated.

We define a function path which extracts the path from a direction-annotated tree:
we write ¥, for the word alphabet {a; — 1 | (a = k) € £, 1 < i < k} U{e — 0},
and define the function path from trees of ¥q to trees of 3, by the following induction:
path(a'” 7y ---7,) := a; path(n;) if i > 0 and path(a‘” 7 ---7) := e. We also define
rmdir as the function that removes all the direction annotations.

We call a direction annotated tree m 0-annotated if all the directions in 7 are 0; then
we define a direction annotated tree 7 to be (direction-)well-annotated by the following
induction: a9y --- 7, is well-annotated if 7; is O-annotated for any j; and alP g
(¢ > 0) is well-annotated if 7; is 0-annotated for any j # i and 7; is well-annotated.

The next lemma is modified from Lemma 12 in [2]; we just added the natural condition
of well-annotatedness (condition 3 below).

» Lemma 34. For any order-n linear A\ -contexts C, D and any order-n closed A\~ -term
t such that {T(C[D*[t]]) | k > 1} is infinite, there exist direction-annotated order-n linear
A7 -contexts G, H, a direction-annotated order-n closed N7 -term u, and p,q > 0 such that

1. rmdir (7 (G[H"[u]])) = T(C[DP**4[t]]) for any k > 1
2. {|path(T(G[H*[u])))| | k > 1} is infinite for any strictly increasing sequence (£ ).
3. T(G[H*[u]]) is well-annotated for any k > 1.

Proof. We replace the rule (PDT-CONST) used in Appendix A.5 of [3] with the following
one:

14:17
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ar(a) =k
O, P& ¢, . (F;,M;,0)>c; = s; for each j € {1,...,k}
M=MUY - dM; 0€Ujcq, g M
0e M; ifi>0
Compn({({O}, 0), (F1, 61), ey (Fk, Ck)}, M) = (F, C)
O14 -+ 0, FUr gty ooty (F,M,0)pc=a' sy - sy,
(PDT-CoONST)

Here, we allow i to range over {0,1,...,k}. The new condition “0 € M; if i > 0” ensures
directions to be well-annotated. All the remaining parts of the proof are completely analogous
to those in [3]. O

The next lemma is exactly the same as Lemma 13 in [2].

» Lemma 35 ([2]). Given order-n A\~ -contexts C, D, and an order-n closed A7 -term t such
that

the constants in C, D, t are in a word alphabet 3,
{T(C[D%[t]]) | i > 0} is infinite for any strictly increasing sequence (£;);, and
C and D are linear,

there exist order-(n — 1) X7 -contexts G, H, order-(n — 1) closed X7 -term u, and some
constant numbers ¢, d > 1 such that

the constants in G, H, u are in the br-alphabet {a — 0 | a € dom(X) \ {e}} U {e —
0,br — 2}.
fori >0, T(G[H[u]]) is either an e-free br-tree or e, and

€ (T(G[H'[u]]) = e)

ci+d —
word(T(CID™HID) = {1eaves<fr<c[Hi[un>> (T(GIH ) # )

G and H are linear.

B.2 Generalized pumping lemma

Here we give the generalized pumping lemma. First we abstract the nAK-conjecture and the
AK-conjecture, using the following notion: we call a parametrized quasi-ordering a family of
quasi-orderings (Sf)g,i parametrized by a ranked alphabet ¥ and a simple type « where
<¥ is a quasi-ordering on the set of closed A~-terms of type » and of alphabet ¥ modulo
Bn-equivalence.

» Condition 36 (Parametrized well-quasi-ordering). Let (<Z)y . be a parametrized quasi-
ordering.

<% is a well-quasi-ordering; i.e., for an infinite sequence t1, s, ... of closed A ~-terms of
type K, there exist i < j such that t; <> t;.
(<2), is closed under application, i.e., if ¢ §§1_)52 t' and s SEI s’ then ts SEZ t's.

The nAK-conjecture (the AK-conjecture, resp.) says that (X7#%)s, ((=h¢¥)s ., resp.)
satisfies Condition 36; note that the second condition on closedness under application is
satisfied by any logical relation extension. Also note that the AK-conjecture implies the
nAK-conjecture, since (=2¢¥) C (=#¥) as explained in Section 2.2.

Similarly to [2], for the pumping lemma in the current paper, the following weaker
property called the periodicity is sufficient.
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» Condition 37 (Periodicity). Let (<¥)x . be a parametrized quasi-ordering.
For any Fgr t : kK — Kk and Fgr s : K, there exist 4, j > 0 such that
the <Dt g <Pt g <L
(<), is closed under application.

Condition 36 implies Condition 37 (cf. [2]), and we use the latter in the proof of the generalized
pumping lemma (Theorem 39).

In the generalized pumping lemma, we consider an arbitrary parametrized quasi-ordering
that satisfies (Condition 37 and) the following condition, which is satisfied by (=X#*)s ,; as
shown in Section B.3. The next condition is essentially a condition on (<¥)s rather than

(%)
» Condition 38. Let (<¥)y . be a parametrized quasi-ordering.

1. For any order-0 linear A\~-contexts C, D and any tree 7 such that D # [], we have
C[D[n]] £5 C[n].

2. Let Xy, Xbr, and Xyq be an unranked alphabet, the br-alphabet of ¥, and the word
alphabet of ¥, respectively. For e-free br-trees m and 7' of ¥y, if 7 <Z»r 7’ then

utree(leaves(r)) <>vi utree(leaves(r’)).

3. Let ¥ be a ranked alphabet. For well-annotated trees 7 and 7/, if 7 <2¢ 7/ then
rmdir(7) <2 rmdir(7).

4. Let ¥ be a ranked alphabet. For well-annotated trees m and «’, if = N?d ' then
path(n) ~oP path(7’).

On Condition 38-1, note that a linear pair of order-0 A~ -contexts is nothing but a pair of
trees except that each of them contains just one context-hole [] of type o. In [2], we used
that <he¥ satisfies the above four conditions. Conditions 38-2 and 38-3 corresponds to
Lemmas 14 and 15 in [2], while Conditions 38-1 and 38-4 are trivial and hence implicit in [2];
note that Condition 38-4 is trivial if <Z is ordering (i.e. antisymmetric) for any ¥, as <he:*

is.
Now we give the generalized pumping lemma:

» Theorem 39 (generalized pumping lemma). Let (<¥)x. ., be a parametrized quasi-ordering
that satisfies Conditions 37 and 38.

Then, for any order-n grammar G such that L(G) is infinite, there exist an infinite sequence
of trees mo, ™1, o, ... € L(G), and constants c, d such that: (i) mo <> 7 <> 1 <> .-+, and
(i) |m;| < exp,,(ci +d) for each i > 0.

Of course, we also have the generalized version of Corollary 13. The above theorem follows
immediately from Lemma 33 and the next lemma. The proof of the next lemma is essentially
the same as that of Lemma 16 in [2] except for the explicit use of Condition 38-4.

» Lemma 40. Let (<¥)x . be a parametrized quasi-ordering that satisfies Conditions 37
and 38. Let n be a natural number and X2 be an alphabet. For any order-n linear \™ -contexts
C,D and any order-n A\~ -term t such that {T(C[D[t]]) | i > 1} is infinite, there exist c, d,
7, k> 1 such that

T(CIDH)) <3 T(CIDTF]) <F T(CIDTF2RH]) <5 -
IT(CIDIHHR[H])] < exp,(ci+d)  (i=0,1,...)
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Proof. The proof proceeds by induction on n. The case where n = 0 follows immediately
from Conditions 37 and 38-1. We discuss the case n > 0 below.

By Lemma 34, from C, D, and t, we obtain direction-annotated order-n linear A~ -contexts
G, H, a direction-annotated order-n A~ -term u, and jg, kg > 0 such that

rmdir(7(G[H'[u]])) = T(C[D¥**o[t]]) for any i > 1 (2)
{|path(T (G[H"[u]]))| | i > 1} is infinite for any strictly increasing sequence (£;);.  (3)
T(G[H"'[u]]) is well-annotated for any i > 1. (4)

Next we transform G, H, and u by choosing a path according to directions as path does,
i.e., we define G, Hp, and u, as the A7 -contexts/term of ¥, obtained from G, H, and
u by replacing each o' with: (i) Az;...zp.asz; if i > 0 or (ii) Azy ...z if i = 0, where
¢ =3(a). For any i > 0, we have

path(T(G[H'[u]))) = T(Gp[Hy'[up]])- ()

By (3) and (5), {T(Gp[Hy" [up]]) | i > 0} is infinite for any strictly increasing sequence
(4;);. Also, the transformation from G, H to G, H, preserves the linearity, because: let
N be the normal form of G[H*[z]] where x is fresh, and N, be the A~-term obtained by
applying this transformation to N; then G,[H,'[z]] —* N, and by the infiniteness of
{T(GplHy [up]]) | i > 0}, N, must contain x, which implies N, is a linear normal form.

Now we decrease the order for induction. We write ¥; for the br-alphabet version of 3,
ie, ¥ ={a;—~ 0] (a—k)eX, 1<i<k}U{er 0,br+— 2}. By applying Lemma 35
to Gp, Hp, and up, there exist order-(n — 1) linear A~-contexts G, H;, an order-(n — 1)
A7 -term u; of alphabet ¥;, and some constant numbers ¢/, d’ > 1 such that, for any 7 > 0,
T (Gi[H; [uy]]) is either an e-free br-tree or e, and

€ (T(Gi[H Tul]]) = e)

) ) 6
leaves(T(G{H [ul) (T(CH ) £0).

word (T (Gp[Hp® " [up]])) = {

e

By (3), (5), and (6), {T(Gi[H;'[w]]) | i > 1} is also infinite.
By the induction hypothesis, there exist j; and k; such that

T(GIH [w]]) <3 T(GH/ M [w]]) <2 T(GH 5 [u)]]) <2 -
By Condition 38-2 and (6), we have

T(GP[HPC/j1+d/ [up]]) <r T(GP[HPC/(lerkl)er/ [up]]) <Ze T(Gp[Hpc/(j1+2k1)+d/ [up]]) < ...
Let j; = ¢'j1 +d’ and k| = ¢'kq; then
TGl Hy [up]]) <5 T(Gp[Hy V5 [up)]) <5 TG [Hy ¥ up]]) <3 -+ (7)

o

Now, by Condition 37, there exist jo > 0 and ks > 0 such that
H2 [u] Szd 2tk [u] Szd HI2+2k2 [u] Szd e (8)

Let j3 be the least js such that j3 = ji + i3k} = ja + mg for some i3 and mg, and k3 be the
least common multiple of k{ and ks, whence k3 = m1k} = moks for some my and ms. Then
since the mapping s — 7T (G[H™°[s]]) is monotonic, from (8) we have:

T(GIH"[u]]) <5 T(GIHP 2 [u]]) <o T(GIHP 2 [u]]) <5 -
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Since j3 + iks = j3 + (im2)ka, we have

T(GH”[u]]) <3¢ T(GIH T [u]]) <T¢ T(GIH TR [u]]) <T4 -+ (9)
Also, since js + iks = 7, + (i3 + im1)k/, from (7) we have

T(Gp[Hp" [up]]) <o T(GplHp™ ™ [up]]) <5@ T(Gp[Hp 25 up]]) <Fv -+ . (10)
Thus, by Condition 38-4, (5), (9), and (10), we obtain

T(GIH?[u]])) <g* T(GIH? 2 [u]]) <g¢ T(GIH? 5 [u]]) <F --- . (11)

o

By Condition 38-3, (2), and (11), we have

T(C[DP M [i]]) <3 T(C[DP s thalkof]]) <F T(C[DPFUst2Ralboi]]) <o (12)
We define j = jo + kojs and k = koks; then we obtain

T(CIDI[H) <3 T(CIDT*H)) <5 T(C[DTF2[H]]) <5 -+

Finally, we show that | T(C[D7**[t]])| < exp,,(ci+d) for some c and d. Since C and D are
single-hole contexts, |C[D'*[t]]| = |C|+(j+ik)|D|+|t|. Let ¢ = k|D| and d = |C|+j|D|+|t|;
then |C[DI**[t]]| = ci + d. It is well-known that, for an order-n \~7-term s, we have
|T(s)| < exp,(|s]) (see, e.g., [11, Lemma 3]). Thus, we have [T (C[D’**[t]])| < exp,,(ci+d).
O

B.3 Proof of the pumping lemma on <#

Finally, Theorem 12 follows from Theorems 14, 39 and the next three lemmas, which just
say that (=7#*)x . satisfies Conditions 38-2, 38-3, 38-4 (Condition 38-1 is clear).

» Lemma 41. Let Xy, Xy, and Xwq be an unranked alphabet, the br-alphabet of ¥y, and
the word alphabet of S, respectively. For e-free br-trees m and 7' of Sy, if 1 <#>er 7/
then utree(leaves(r)) <# >4 utree(leaves(r')).

Proof. We can show that #,(7) = #.(utree(leaves(r))) for any a € ¥, and any e-free br-
tree . Hence we obtain utree(leaves(m)) <#*wvd utree(leaves(r’)). We prove the remain-
ing strictness by contradiction. Suppose that utree(leaves(r)) ~# > utree(leaves(r’));
then #,(m) = #4(’) for any a € X, Since we can show that 3 5 #4(7) = #or(7) + 1
for any e-free br-tree 7, we also have #p,(1') = #ue (7). Thus we have m ~#*b 7/ which
contradicts the assumption. [J

» Lemma 42. For trees 7 and 7', if # <% 7/ then rmdir(r) <% rmdir(7’).

Proof. We can show that #,(rmdir(m)) = > ;<54 #ao () for any direction annotated

tree 7. Hence we have rmdir(7) <#* rmdir(7’). By the assumption, we have #,¢ (1) <
Ho (') for some a € ¥ and 0 < j < X(a), and also #,u) (7)) < #40 (7') for any
0 < ¢ < ¥(a). Then we have

#o(rmdir(m)) = Z Han (m) < Z H#oo (') = #o(rmdir (7).

0<i<%(a) 0<i<%(a)

Therefore we have rmdir(7) <#* rmdir(7’). O
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» Lemma 43. For well-annotated trees m and 7', if m ~% >4 7' then path(r) ~#>r
path(r’).

Proof. Let a € ¥ and 1 < < 3(a), and it suffices to show that # ) (7) = #4, (path(r))
for any well-annotated tree m, by induction on 7. Let 7 = b my - -7, If j = 0, then
#.0) (1) = 0 = #,,(path(r)). If j > 0, then let § := 1 if o) = o and § := 0 otherwise;
then #,0) () = 6 + #40) (7)) = 0 + #a,(path(r;)) = #a, (path(r)). O

C Reduction from Theorem 14 to Lemma 15

We show Theorem 14 by Lemma 15, in three steps. First, we focus on each constant a € >:

» Lemma 44. For any alphabet X and any type k of order up to 3, if <7 on AZ is a
wqo for each a € X, then <¥* on AT is a wqo.

Proof. Since <#* and <#* are point-wise quasi-orderings for any function type &, we
have t; <% t, iff for any a € 3, t; <% t,. Hence by Dickson’s Theorem, if <#> is a
wqo for any a € ¥, so is <%, O

Next, it suffices to consider the subset of terms that contain no constant:

» Lemma 45. For any alphabet ¥ and any a € %, if the sub-quasi-ordering <> on AE
(C AZ) is a wqo for any type k of order up to 3, then <#>% on AZ is a wqo for any type k
of order up to 3.

Proof. Let ¥ = {a; + r1,...,a; — 71 }. For given sequence (u;);en of terms in AZ| consider
the sequence (Aag,...,a.u;); in AQEHK. By the assumption, there exist ¢ < j such that
Aat, ..., G jg’f,ﬁf Aai,...,ag.uj. Then we have

u; =g (Aa1,...,a5.;) a1 -~ G jf’z’“ (Aa1,...,aku) a1 -+ G =8 Uy,

where for a constant a we write @ for Az1,...,Txq).ax1 - TxE). U

Finally we consider open ground terms rather than closed terms:

» Lemma 46. For any alphabet ¥ and any a € 3, if j#’oz’a on Ai’l o U5 a wqo for any order-2
type environment ', then jf’z’“ on AE is a wqo for any type k of order up to 3.

Proof. Let Kk =Kk, — -+ — K — o be a type of order up to 3, and I' := 27 : K1,..., 2k : Kg.
Then, for any term t € Ag, we have tz1 -z, € Ai’l o> and

t) <#HEa if and only if t 21 2 j#”oz’a to 21 2k

since <#* is closed under n-equality. Hence it follows from the assumption that <#:* on
A? is a wqo. O

D Proofs for Section 4.2

The main goal of this section is to show (Lemma 17 and) Lemma 18; the former is used to
show the latter. Below we write

Diyr:o,...,yn:obFt>(...) =l (¥, W;e)

. ot (T
if there exists (v’;w’;€’) such that

F;y1:o,...,yn:ol—tb(;’);u_};e’) and (m;m;[[e']])z(m;m;[[eﬂ).
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D.1 Preservation of meaning of ground terms

Here we show Lemma 17.

» Lemma 47 (weakening and exchange on internal variables). Ift contains no order-2 variable
and

Tiy1:0,.cc,ynio bt (v, ., 0p5w01, ..., W5 €)
then we have
Tiy1:0,0 oy Yn:0,Ypyr o bt (V1,0 00,0, w1, ..., wy;€)

for any yns1, and

Liy1:0,000,9i10,%i42:0,%i41:0,4i43:0,...,Yp 01
> (711,...,Ui,vi+2,vi+1,vi+3...,vn;wl,...,wr;e)
for any i.

Proof. The proof is given by straightforward induction on ¢; note that (App1) never happens.
O

» Lemma 48 (strengthening on internal variables). If t contains no order-2 variable and
iy:o,y1:0,0.,yn:o b t> (v,01,...,05;W1,. .., WE; €) y ¢ FV(1),

then v =00 0 and we have
Tiy1:0,..,ynco bt (v, . op; w1, ..., wg;€).

Proof. The proof is given by straightforward induction on ¢; note that (APP1) never happens.
d

» Lemma 49 (substitution lemma on internal variables). If

iy to,y1:0,. . ypio bt (Vv U we, ., W €)
Tyt e (5e)
then we have

Yiyr:io,.. ., ynio /Y] (L)) =l (V1. Uy W, .., Wy e +0'e)

Proof. The proof is straightforward as usual substitution lemmas, and proceeds by in-
duction on ¢ and case analysis on the last rule used for X;9' : 0,57 : 0,...,yp, :0 F ¢ >
(V01,0 Ups W, .. Wes ).

Case of (IVAR) where ¢t = ¢/ follows from Lemma 47.

Case of (IVAR) where t = y; and case of (VAR): In this case, y ¢ FV(t), and the goal
follows from Lemma 48.

14:23
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Case of (ApPP0): In this case, we have:

t=1t11o

Yy t0,y1:0, .. Yp o bt > (U], 011,y V1 s WO, W, - -, WS €7)
S5y t0,y1:0, .. Ypio bty > (Vg V21, ., V2055 €2)

v =] + wovy vj=v1; +wove,; (j=1,...,n)

e =e1 + wpes
By induction hypothesis, we have:

Siyriio,..ynzob [t /Yo () = (i, v we, w, . weser + vle)
Siy1:0,. . yn o b oty () = (v, vanises + vhe)

and by (APP0O), we have

Siy1:0,. . ynio b [t /Y 6t /Y] e () =1
(V1,1 + Wov2 1, ..., V1 n + Wo2 i W, - .., Wy (€1 + Vi€) + wo(ez + vhe))

. . /3N
= (V1. , Vn; W1, ..., Wy e+ 0'e)

as required.
Case of (ApP1): This case does not happen since ¢ contains no order-2 variable.
Case of (LaM): In this case, we have:

t = AYn+1.8

Y5y 1 0,Y1:0, ., Un 10, Yns1 0 S (V01 U, W W, L W )
By induction hypothesis, we have

MY Y1:0, .., Yn 0, Yns1:0 b s[t’ /Y] (0.) =l (V15 ey Uy W1 W2y - wps e +0'e)
and by (LaMm),

Siy1:0, e Ym0 Ayngrs[t /Y] () =0 (on, . v w, we, L wes e + 0.
as required. [

We write —, for head reduction, i.e., —»y, is defined by the following rules:

ti—>ht;
Ay t)t'ty -ty —n tt' /Y|ty -tk zty ooty —p 2ty - L g

K2

» Lemma 50 (subject reduction). If
Skt (re) and — t—mp t'
then
ikt s () =0 (e

Proof. The proof proceeds by induction on order-3 normal form ¢. Now the head of ¢ is either
a € X or Ay.tg. The former case is clear by induction hypothesis and we consider the latter
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case. Let t = (\y.tg)ty - tg, where k > 1. Since t —y, t/, we have t/ = tg[t1/y]t2 - t.

By the derivation tree of ¥;F t > (;;e), there exist e; and w; such that:

Siy ok to > (wiwa, ..., w;en)
Sibti>(Gie)  (i=1,...,k)

e=-¢y+wie; +- -+ wreg.
By Lemma 49, we have

Siktolte/y] > () = Gwa, ..., wiseo + wier)
and hence

Sk toltr/y)ts - te o () =l (reo +wier + -+ wrex)
i.e., we have X;F ¢/ & (...) =l (;;¢) as required. O

Proof of Lemma 17. By Lemma 50, we can assume that ¢ is S-normal, i.e., t is a tree
consisting of constants in 3 (but recall that ¥ is now regarded as an environment). The
proof proceeds by induction on tree t. Let ¢ be of the form aty --- tg, and let Z;F ¢; > (55 ¢;)
for each 7 < k. Then we have:

[e057] = [(da + cq,1€1 + - - - + Caper)057]
= [(dab5™) + (e165™) + - - - + (exf5™)]
= [daf35] + #aa, (t1) + -+ + Fan (tr)
= Haax (t)
O

D.2 Substitution lemmas on external variables

To show Lemma 18, we also use substitution lemmas for external variables. We give two
substitution lemmas, on order-1 variables and on order-2 variables. The following two lemmas
are trivial.

» Lemma 51 (weakening and exchange on external variables). If
zl:nl,...,zkzlik;yl:o,...,yn:oFt>(7;ﬁ;e)
then we have
z:f{,zl:ml,...,zk:/@k;yl:o,...,ywol—tb(?;ﬁ;e).
for any z and K, and
21 KLy ey 2 Ky 2502 Kia 0y Zid1 S Rid 1y %03 Kid 3y vy 2k KK Y10, ., Ypio E D (7;?;6)
for any 1.
» Lemma 52 (strengthening on external variables). If
z:/i,zlzm,...,zk:/ik;yl:o,...,yn:ol—t>(7;ﬁ;e)
and z ¢ FV(t), then

z1:Hl,...,zk:/ﬁk;yl:o,...,yn:ol—tb(ﬁ;ﬁz;e).
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Now we show the substitution lemma on order-1 variables. We define IV < I' if I contains
2 : kK whenever IV contains z : K.

» Lemma 53 (substitution lemma on order-1 variables). Suppose

’ ’
fl:0% — o, fl:0% = o, T;y1:0,...,yniob s> (v],..., v wh, ..., w;e€)
I is order-1
Diyiios yn ot > (Vi1 Vini Wity - oo s Wi gr3 €4) (i< k)

/
=1k, s0m: Bm, f1:00 = o0,..., fe:0¥ =0 ' <T.
Let
— Si<hj<d, ——i<k
0:= {wi,j/ CfL e/ dy
N, ———i<k,j<q; ———i<k ——f'¢{f/|i<k}

plridisr = [wi,j/cf{J vxifdg,0/dg }

Then we have

i<n

— i<k —yj<r
Ty :o,...,y,L:oFs[ti/f; } >(...) =l ((’U;&)—F(G/Q(vi’j)i) ;wjb ;6'0).
» Remark. We state the above lemma in the form of simultaneous substitution because we
cannot repeat the form of substitution in the lemma; observe that s[t;/f1] is not (in general)
an order-2 normal form any more. The above lemma is used at two places below (in the
proofs of Lemmas 54 and 18).

Proof. The proof proceeds by induction on s and case analysis on the last rule used for
/AN I g I . / ) 1ot
flioft —o,..., fri0% — o0, T;iy1:0,...,yp 0 s> (v],..., 0 wi,...,w;e€).

Cases of (IVAR) and (VAR) where s ¢ {f] | i < k}: By using Lemmas 52 for f] and 51
for IV and T, we have

. . . / /. / . !
Tiy1:0,..,yniob s> (v, .o v, wy,. .. w,;€).

Now v}, w}, and e’ do not contain ¢/ ; nor dg/; hence (—)6 does not affect v7, wj, and ¢’.

Thus it suffices to show ¢/0(Y:)i = 0. In the case of (IVAR), ¢/ = 0. In the case of (VAR)

where s = f' (¢ {f! | i < k}), we have €/§(Vis)i = d;6(Via)i = 0.

Case of (VAR) where s = f/ and ¢ < k: In this case, it suffices to show that (v 1,..., 0 n; Wi 1, ... s Wi g/ €i)
J<n —sj<r

in the judgment of ¢; in the assumption is equal to ((vé@) + (e/vii)i) ;w;0 ;e’@)

in the goal. This is routine; for example,
(1);-9) + (e/g(vi,j)i) = (06) + (dfile(vi,j)i) = vi .

Case of (APPO): In this case, we have:

S = 8189

1. o4 [N 14 oo . / It / Lol
friof — o, frio® = o, T y1 0, yn ok 51D (V] 15000, V] 3 WY gy, WY g5 €])
/N 1L ay v - ‘o / I

fiiof — o, frio® = o, Iy 10, Yok 52> (Vg g, 00,0555 €3)

r_ VA .

v; =V Wy Uy (j <n)

/' .

W; = Wy 41 (J<r)

/ / / /
e =e; +wp €.
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By induction hypothesis, we have:

sk ] / 1 (v )i =n —isrl
F;yliowuaynZO'_Sl[ti/fi } >(...)= ((Ul,jg)"‘(ele B w0 %619)

— i<k Jj<n
Liy1:0,...,9yn:0F 89 [tz/fz’ } p(...) =M ((védﬂ) + (eh@Wiadiy ;6’29).

By applying (ApP0), we have

WA e (=0

— SIS i<
(05,50 + (€1070) + (w} 10) ((vh,,0) + (R0 ) swish  5(eh0) + (wh10)(cho)).

F;y1:o,---,yn:oFS1[ti/f£

Then it suffices to show that the above tuple in the right hand side is equal (with respect
Jsn —j<r
to =11 to ((’U;Q) +(e9Wi)i) s whd ;6’9). It is clear on w}6 and e’d. On the first

component, we have

(136) + (¢/07)

=11 (0],6) + (1w} 1) (05 ,6) + (L6C) + (w] ,02)4) (eh(")

and

10) ((v3,;0) + (6’20(“1‘,7‘)1'))
10)(vh ;0) + (w10 (eh8Ve)7).

Hence it remains to show w’1’19(”ivﬁ')i =l w 160. This immediately follows from the fact
that, if T;y1:0,...,yn 0 s> (V... 05wy, .. wy;e’) and T is order-1, then v} and

r e n?

w} do not contain any variable of the form d_, which can be shown easily by induction
on s.

Case of (ApP1): This case does not happen since s contains no order-2 variable.
Case of (LAM): In this case we have:

5= AJpny1.5
AN I q oo . . ’ ’ P oo
fiioT = o, . frio® = o0 Isy1 0, . Yn 0, Ypyr 0o b s > (Vi . 0, W Ws, ..., w€)
By Lemma 47 we have

F;yl:07"'7yn107yn+1:0}_tiD(Ui,la-~~7vi,na05wi,1v~~~awi,q§;6i) (i <k)

and by induction hypothesis, we have

i<k
I‘;yl:o,...7yn:o,yn+1:o}—s’[ti/fi’ } > (...) =M

i<n —2<i<r
((v;9)+(6’9(”i’j)i) () 0) + (60); w!d ;e')

Now the goal is

1<k Ji<n __yi<r
5 (o) = (o) + (/o) i ¢'0)

—
Liy1:0,...,ynio b Ayn+1.s/[ti/f{
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which needs the following;:

sk I
Iiyiio,.,yn 0, Y10k s {ti/fz‘ }D(---)=

i<n —2<j<r
(T i 0

The remaining gap, €/6(®: =[I 0, follows from the fact that, if T;y1:0,...,yn:0F s>
(W), ... v wh, ... wh;e') and T is order-1, then [¢/8(9)¢] = 0, which can be shown easily

by induction on s. [J

Next we show the substitution lemma on order-2 variables. We first define some special
substitution for order-3 normal forms, which we use in the substitution lemma.

We call T' order-1 if I' contains only variables of order up to 1. Also we call an order-
3 normal form ¢ an order-2 normal form if t contains no order-2 variable; we use the
meta-variable s for order-2 normal forms in the rest of this section. For an environment

I'=x1:K1,...,Zy : Kn, we define:

Dlse:i=Xpp1 : Kot1s- - Tn : K Dl<g:=21: K1,..., %0t Ke.
For an environment I' = 21 : K1,...,Zy : K, and terms w, uq, . .., u,, we write u[(u;);/T’] for
the (usual) simultaneous substitution ului /1, ..., U, /Ty

For t and I'F s : 0" — o where I is order-1, we define double substitution t[{AI'.s//z] by
induction on t as follows, where the type of z must be I' — o” — o and we write s’ for AI'.s:

F1s' 2] =8’ GE f = 2) or f (it f # 2)
(t1t2)[s ) 2] := t1[s' 2] ta[s' )} 2]
(AT[>e-s[(ti[s'/ 2])i<e/Tl<e]) (tesals'f2]) -+ (tels')2])
(pty -+ tr)[s')2] == (p = 2,4 :=min{|T|, k})
p(ta]s')2]) -+ (t[s )] 2]) (v # 2)
(\y.t)[s' 2] :== \y.(t[s' ) 2]) (we assume y # z and y ¢ FV(s') by a-renaming)
It is clear that t[s’//z] =g t[s’/z]. Also it can be easily shown that t[s’/z] is an order-3

normal form, by induction on ¢. For this note that: (i) it is easily shown that, if ¢ and ¢’
are order-3 normal forms and f is a variable of order up to 1, then t[t'/f] is an order-3

normal form, by induction on ¢; (ii) in the case of (¢t; --- tx)[s’/z] and when ¢ = z and
IT'| > k, the environment I'|s, (= I'|>) consists of only the ground type o, because order-3
normal form @ty --- t; has a type of the form o™ — o, which is now [|s¢ — 0" — o; hence

AL|s¢.8[(ti[s'J/2])i<e/T'|<e] is an order-3 normal form.

» Lemma 54 (substitution lemma on order-2 variables). Suppose

ik, Tyyri0,. 0, yniob > (V1. ., Up w1, ... e €)
T=p1:Kk1, s 0m: Bm, f1:00 = 0,..., fe:0¥ =0
n:(oqllHo)%...%(oq;%o)%(oqlﬁo) q. >0

Lo, I"sF s> (Gwy, ..., wyse’)

I'=fl:0% —o0,....ft:0% <o  Tgis order-1 o <T.

Then we have

Diyr:0,. . yn ot .s)o] > (...) =l (W0, W0, eh)
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——j<d’ —— fedom(Ty) ~
6 :— [AF'“.w;/gw L AT g, AT 07d; °}/h4

i<k
and recall T'* := <cfi,’j : 3J§qi,dfi/ o )

Proof. The proof proceeds by induction on ¢ and case analysis on the last rule used for
ik, Tiy1:0, 0, yno > (V1. ., 0n5w1, ..., wpse). (All the cases except for (APP1) are
in fact straightforward.)

Cases of (IVAR) and (VAR): By using Lemma 52 for ¢, we have
Tiy1:0,.c,yn:obtD (V1. ., 0n5w1, ..., wese).

Now v;, w;, and e do not contain gy, j, hy, nOT fzw; hence 6 does not affect v;, w;, and e.
Thus we have the required judgment.

Case of (ApPP0): In this case, we have:

t =11ty

p:r,iy1:0,. . yn:obt1 > (12171,...,vlm;wl,l,...,wl)r_,_l;el)
vk, Tiyr:0,. ., yn o ta> (Va1,...,02.0;;€2)

Vj = V1,45 +w1,1’02,j (] S n)

Wy = Wi,541 (<)

e=e1 + wi,1€2.
By induction hypothesis, we have

Tiyr:0,..,yn:oF 1A sfo > (..) =10 (077570, w1 )"~ 0; €10)

T;91:0,. .. Un 0 b ta[ A5 )] > (...) =l (@jgnﬁ; ;e90).
By rule (APP0O), we have

iyr:0,. . yn:oF (tt) A sf] > (...) =l

<n s 2<j<r+1
O;wr; 0 (

(V1,7 + wi1v2; e1 +wiiea)d) = (0°="0;w,""0;e0).

Case of (APP1): The case where the head variable of ¢ is not ¢ is straightforward, so we
concentrate on the case of ¢. By the rule (AppP1), ¢ is of the form ¢ty --- ¢3. Since the
type of ti is order-1 and ¢;, > 0, k&’ = k. Thus, we have:

t=pl1 - U
0k, Ty :0,.00,yn 0 bt > (U505 €;) w; = (W;; €;) (for each i € {1,...,k})
7;1'71‘/ = ('Lﬁﬁvi,i’) (fOI' each i € {1,,]{:} and i’ € {1,...,71})

T=he(W11,. . uWk1)s s B (W, W )
U_)': g%l(’(fl,. .. ,’L_[k), . ,g%qr(ﬁl, e ,’Jk)
e:h¢(ﬁ'1, 717:;3)

14:29
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Then we have:
!/ / ! / /1Sk

HAC.s/¢] = s[(GA-s/elici /Tl<a] = s[LIAT s/ f]

By induction hypothesis, we have

Tiy1:0,.. ., yn:oE LA s/ (...) =l (¥;0; W, 0; e;0) (1 <k)
and by Lemmas 47 and 51, we have

I To;y1:0,...,yn:ob s> (0,...,0;wy, ..., wse).
Hence by Lemma 53, we have

. - si'<n
. . . / /ZSk M 1n(vir0)i<k o0
Tiyr:0, .., yn 0o b st A8/ 0]/ f; >(...)= (6 ;w'fy; e’y

where
————i<k,j<q; ———i<k
91 = {wi7jt9/cf£7j ,eiﬁ/dfif :|
i ——— i<k, j<q; ——i<k ——f¢{f;li<k}
agr,) sk {wi,jﬂ/cflg,j 71'i/dfi/ ,0 df

Thus it remains to show that

./

(17'9;1[1’9;69)2(6’911}"’”' ik ;w’91;e/91).

For each i < n,

w@ = Bw(lzll,i’v - ,J’k,i,)g
= ()‘F/h.e’ {(Td;fEdom(Fo)}) (610) (v1,/0) - - (Bg0) (vg.ir0)
= [migk,quév'Ui,i’(g/dfi’igk, O/dffedom(pg)]
On the other hand,
e'ﬁy’i,we)igk _ {Umiék,jéqé)Ui)ila/dfi/igk,O/dffé{f{\igk}}
—¢ {Wigk,jﬁqi,Ui,i/a/dﬂﬁk’ O/dfdeom(Fo)}

where the last equation holds because we have:
(To, T ¢ :o.

Next, for each i/ <r (=¢'),
wyl = (gp,i (U1, ..., U)) 0

= (A"l (016) (1) ... (5i0) (exd)

| ————i<kj<e ———»i<k
= wj [wi,je/cf;,j ceifl/dy

/
== wi/el .
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Finally,
ed = (hy(t,. .., uL))0

= ("¢ (610) (e10) ... (50) (exh)

[————i<k,j<q] ——»i<k
=e [wiﬁ/cf-'.,j ,eif/dy

= 6/91 .

Case of (LAM): Since (LAM) changes just the position of the first semicolon, the proof is
given clearly by using induction hypothesis.

O

D.3 Ordering reflection
Finally we show Lemma 18:

Proof of Lemma 18. Let X, T;;F s;: 0™ — o (i = 1,...,m) be order-2 normal forms such
that I'; — o™ — o = k; and the last type of T'; is not o. Let s, = AT';.s;; thus s € AE@,. Also,
let 3; 5, : 0% — o (i =1,...,k) be order-2 normal forms (in A, _, ). It suffices to show
that

tsifpilicml5i/ Flisk <G00 Vs @idicml5i/ fili<k (13)
By Lemma 51 we have

LY Hte(55e) [t (55¢€),

and also
Y < (@ig1: Bigls-eosPm  Km, J1:01 = 0,..., fe: 0% = 0,X)
for each i € {1,...,m}; therefore, by using Lemma 54 repeatedly, we have

fr:o™ = o,..., fr:0% = 0,5k t[shfoilicm > (..) =l (;;e01---6,,)
fiio® = o, .., fr:0% = o0, N[l foidicm > () =1 ;€01 - 0,,)

where 6; is the substitution given in Lemma 54 corresponding to [s}/¢;]. Also, by Lemma 53,
we have

Sik tlsifoidicml5i/ filick > () =1 (€01 - 0,0)
Syt [ pilicm[5i/ filice > (.. ) = (51€/01 - 0,,0)
where 6 is the substitution given in Lemma 53 corresponding to [s;/ fdigk- Here note that
U;FV(0;) UFV(0) C dom(X%) = dom(0%™), where we define FV([tj/:cjj}) =U,;FV(t;) in
general. Then we have:
(13) <= #a, (tsif eilism(5i/ fili<k) < #an([sif ili<ml[5i/ fili<k)
< [(eby - 0,0)055<] < [(€'61---0,,0)055] (" Lemma 17)
= [e(01057) -+ (Om b5 ) (005)] < [e(01055) - - - (Om 5™ ) (005™)]

—J —J
where we define [t;/z; 10" := [t;60'/x; ] in general. The last condition follows from the
assumption e <3, ¢’ O
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at ‘ axs a2a2 cee ‘
R i 0| {2
a1 a171$1x2 a172m1x2 R
poly(t) = 1,2 | 12, .2 (1222 P([q])

A3 | Qg 11Ty Qg 9T1T3

{13 {12}
Figure 1 Partitioning of a polynomial (with ¢ variables) into 2¢ parts, when ¢ = 2

E Proofs for Section 4.3

Here we give the omitted proofs in Section 4.3.

;< Ll
Proof of Lemma 22. Let A : AT, — (AZ) (Mo )
by t — (t,...,t). Consider <N on the domain set and the product quasi-ordering of

be the diagonal function defined

( <N i ) on the codomain set, which is a wqo by Dickson’s theorem. This
(A3%)i (j'i)iEHiSn[mi]

function reflects the quasi-orderings since AZY = UjgmiAg for each ¢ < n; hence the domain
is a wqo. O

On the decomposition A2, = Uq;.ep(p([q]))Ag) introduced after Lemma 22, we explain
two properties, which are used in the proofs below.

First, each Z{P1<'“<pr}€q> Tp, -+~ Tp, in (1) is not just a representation of the equivalence
class Ag’ but further the minimum one in Ag’: i.e., for any t € Ag’7 we have

> @y ey, =N opory(r) =l ¢ (14)
{p1<-<pr}eP
Next, note first that for any ¢t € A2, . the polynomial poly(t) can be represented as
follows (see also Figure 1):

o)=Y (X @ at).

{p1<--<pr}eP(lq]) i1,ir21

Then, for each ® € P(P([q])) (i-e., © C P([g])), we have the following equation:

A;{’ = {t € AT, | there exists (aZl,_”’ipr’){pl<_..<pr}€¢7i17_”7“21 such that:

poly(f)= D, ( > ala, %), and
{P1<“'<pr}6‘1> 11,000 21
for each {p; < -+ < p,} € ® there exist 41,...,4%, > 1 such that agllf.'f,',’f:.r > 1}.
(15)

Equation (15) can be shown as follows: let us write the right hand side as B;b

have ‘/XOELIN_>o = U¢€p(p([q]))3f; hence it suffices to show that Bg’ C Ag’ for each ®, which is
straightforward.

; then we

Proof of Lemma 23. The proof proceeds by induction on P. We consider only the case that
P is of the form f, P, --- P,,; the other cases are trivial. By induction hypothesis, for each
P < qe, we have either P, <\ 0 or 1 < P,. From now we show that we have 1 <{, ) P
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if there exists {p] < --- < pl.} € Ppsuch that {pj <---<p.} C{p<q/|1l j%i)i P,}, and
we have P jl(\ibi)i 0 otherwise.

Suppose that there exists {pj < --- < pl.,} € ®y such that {p} <--- <pl,.} C{p <q|
1 jl(\{bi)i P,}. Let t; € A} (i < n). We have

[(fePr -~ Py)[ts/ fili] = [t [Pt/ fili] - - - [P [ti/ fili]

> S0 (B [t/ Sl [Pl fild] (- (14))
{p1<---<pr}ed,

> [Py [ti/ fili] - - HPp;, [ti/ fili] (Apy < <pu}edy

> 1 (AR < <Py Cip < a1 1 =s,, B}

Next, suppose the other case that, for any ¢ = {p1 < -+ < p,} € ®y, there exist j(¢) < r

such that Py, <), 0. Let t; € A2 (i < n). By (15), poly(te) is of the form

PlsesPr 81 | o0
E ( E Ay i Ty xp'r').

{p1<-<pr}EDy  fi1sesir>1

Then we have:

[(fe Pr -+ Py)lts/ fili]
= [te] [P1ts/ filil - - - [Py [t/ filil
[poly (o)l [Prlts/ fili] -+ [Py [t/ fili]
= Y (X @B/ 1B [/ £

{p1<-<pr}€Pr  i1,..,0r2>1

Z ( Z aflopr 0% H [P, [ti/fi}i]]ij) (- Pojey jl(\zbi)i 0)

o={p1<--<pr}eP; 1,021 Jelr\{i(e)}
=0 (ije =1)

O

Proof of Lemma 27. On the former part: We define a function h from order-2 polynomials
to natural numbers as follows:

h(O) =0 h(l) =1 h(Pl +P2) = h(Pl) +h(P2) + 1

Then h(P) =0 iff P =0, and we can easily show that P —g,), P’ implies h(P) > h(P’).
On the latter part: We show only the base case that P _>(()<I>7;)» P’, and then the first

i

rule of P —7g ) 0is clear. Let P = f; P, --- Py, and assume the two conditions (i) and (ii).
Let t; € Aii and we show that

[(fe Pr--- Py)lti/ filicnl = [(fe Py - Po—1,0, Pryr -+ Py,)[ti/ fili<nl.- (16)

By (15), poly(te) is of the form:

P1y.-es Pr i1 .. -
§ ( E ail,...,ir xpl xl%)'

{p1<-<pr}€®y i1,...,0p2>1

14:33
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Then for Equation (16), it suffices to show that for any ¢ = {p1 < --- < p,.} € @, such that
k = py, for some h,

ST Py, [t/ 0 - [Py [t £

1, ,i7»21
= S0 @ PP [t/ fD 0 - [Py [t/
i1yeyip>1

Note that the right hand side is just 0 since i, > 1. By condition (ii) in Definition 25, for any
¢ ={p1 <--- <pr} € Py such that k € ¢, there exists j(¢) < r such that P, I(\T<I>7:)1 0,
and hence the left hand side above is also 0. [

Proof of Lemma 28. The proof proceeds by induction on the derivation of P’ <}E‘e ur P and
case analysis on the last rule used for P’ <§e ur P. The case of (HE-PRES) is straightforward.
In the case of (HE-SkiP), let P’ =¥ . P, and P = h Py --- P,, where h is a Constant in
Yy or a variable, and ¢ > 0. By induction hypothesis, it suffices to show Py = ((b )i P. We
perform a case analysis on h.

Cases where h = 0 or 1: This case does not happen since g > 0.
Case where h = +: Clear.
Case where h = x: Since P (# 0) is a (®;);-normal form, P = P; x P, ﬁ%%)j 0 (otherwise
P _>E)<I>1)i 0 happens). Hence P, ﬁ%i)i 0 for both 7, equivalently (by Lemma 23),
1 jl(\ibi)i P; for both ¢. Then we have P j%i)i P x Py, = P.
Case where h = fo (¢ < n): In this case ¢ = gqo and P = f; P, --- P;,. The case
Where P, = (q> )i 0 is trivial, and we consider the case where P ﬁ(q) )i 0. To show
P, =< _( o feProes Py let ty € A2i (i < n), and we shall show that [Py[t;/f]:] <
[(fe Py - Py)lta/ filil-

Since f; Py -+ Py, is (®;);-normal form and Py ﬁ%i)i 0, the condition (ii) in Defin-
ition 25 must not hold, i.e., there exists ¢’ € &, such that k € ¢’ and ¢' C {p € [q] |
1 %N ) b »}- By (15), poly(t,) is of the form:

PlsesDr 81 o0
Z ( Z i1 esir Tp1 xm)
{p1<-<pr}€Pp i1,...,ir>1
and furthermore, for ¢' = {pj < --- < pl.} above, there exists 4,...,i., > 1 such that
p I p
a7 > 1.
3 19 ,Z

Therefore we have:

[(fe P -+ Py,)[ts/ filil
Tted [P1[ts/ fidi] - [Py [ti/ filil
S (X IR/ 1B /)

{p1< L<pr}EPy  i1yeip>1

> TR b S [P, [/ FLTY (o the case of  and ... 1)
> [Pelts/ fili] (. af,ll)’ f“ >1, 1 jI(Vq)i)i Pp; (G<r), ked, i, >1)
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