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Abstract

Existing approaches to temporal verification of higher-order func-
tional programs have either sacrificed compositionality in favor
of achieving automation or vice-versa. In this paper we present
a dependent-refinement type & effect system to ensure that well-
typed programs satisfy given temporal properties, and also give an
algorithmic approach—based on deductive reasoning over a fixpoint
logic—to typing in this system. The first contribution is a novel
type-and-effect system capable of expressing dependent temporal
effects, which are fixpoint logic predicates on event sequences and
program values, extending beyond the (non-dependent) temporal
effects used in recent proposals. Temporal effects facilitate compo-
sitional reasoning whereby the temporal behavior of program parts
are summarized as effects and combined to form those of the larger
parts. As a second contribution, we show that type checking and
typability for the type system can be reduced to solving first-order
fixpoint logic constraints. Finally, we present a novel deductive
system for solving such constraints. The deductive system consists
of rules for reasoning via invariants and well-founded relations,
and is able to reduce formulas containing both least and greatest
fixpoints to predicate-based reasoning.
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1 Introduction

Recent years have seen many new approaches for verifying tempo-
ral properties of higher-order programs. At first, these works were
restricted to safety properties [9, 19, 22—-24], termination [13, 27],
non-termination [14], or finite data [17]. Algorithmic reductions
based on higher-order recursion schemes [7, 8] and constrained
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Horn clause solving [3] have enjoyed automation success. Other
works have shown that the automata-theoretic reduction to fair-
termination [26] can be lifted to the higher-order setting [16]. Still
other works have permitted reasoning about angelic-vs-demonic
nondeterminism [25].

Meanwhile there has been a sub-community, whose aim is to
support temporal specifications directly in the type system, in the
form of temporal effects. The promise of this approach is that it may
lead to a more compositional verification strategy, where temporal
reasoning can be done locally (at the level of terms, expressions,
functions, etc.) and combined together via an orchestrating type
system to reason about the overall program [4, 12, 20]. These works,
however, required an over-approximation to cope with the effects of
recursive functions. In particular, the temporal effects in prior work
are simply sets of event traces that coarsely over-approximate the
actual temporal behavior of the program terms either via w-regular
sets [4] or else by allowing recursive functions to have any infinite
effect [12]. These treatments preclude specifying value-dependent
temporal properties as effects, and also, for infinite-state programs,
the over-approximation may result in loss of precision even when
the goal property to be verified is non-dependent.

In summary, while recent works have led to advanced non-
compositional algorithmic approaches, the state-of-the-art is that
we don’t have a clear theory to connect compositional type &
effect-based approaches with algorithmic verification techniques.
Bridging this gap could mean exploiting the best of both worlds.

In this paper, we bridge this gap, presenting methods for al-
gorithmic verification of temporal properties specified as effects.
Our first step is to raise the bar a little higher. We introduce the
concept of dependent temporal effects. Our types have the form
(& (DH, @V)) where we use dependent-refinement types and, as in
prior work [4, 12, 20], the effects are a pair: * corresponding to the
finite effects and ®" corresponding to the infinite effects. Unlike
prior work, we treat these (finite and infinite) effects of program
expressions as predicates on finite and infinite (respectively) event
sequences—i.e., a predicate on 3* and a predicate on 3 -over some
alphabet of events X. As discussed below, the predicates are also on
program values, thus making the effects value-dependent. More-
over, we express these predicates in a fixpoint logic that permits
least- and greatest-fixpoints of predicate variables and has base
theories of integers and finite/infinite event sequences. We can
express, for example, that the effect of a function foo n is given by
the pair (o¥ 7 ) defined as:

foo’

ok Edxl @Y,

oo 2 )x.x € ((Ready - Send") | Wait)®
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The effect predicate @ specifies that there are no finite effects
whereas ®" specifies that the infinite behavior is to repeatedly
generate either (i) a Ready event and n Send events or (i) a single
Wait event. Notice, in particular, that n is a parameter to foo, making
this effect dependent with respect to foo’s argument.

Next, we provide dependent temporal effect typing rules, which
relate the effects of one program part to the effects of others, accu-
mulating proof obligations in the form of constraints along the way.
The recursive function definition rule highlights our treatment, as
well as the benefit of treating effects as finite/infinite predicates. In
prior work, over-approximations of effects were used. Here we in-
stead relate the effect ® of the body of the function e with the effect
of the overall recursive function rec(f, x, e) with two constraints:
a least fixpoint constraint relating finite effects ®# to the finite
effects of rec(f, x, e) and a greatest fixpoint constraint relating the
infinite effects ®" to the infinite effects of rec(f, X, ). These effects
of recursive functions have the form:

o+

foo

= (pXpu(n,x)... ) (n,x) @ = Ax.(vXy(n,x)....)(n,x)
where X, and X, are effect predicate variables (cf. Sec.4.1). Our
treatment of effects as predicates is key to enabling an overall
type system that is able to remain precise, even in the context of
representing infinite behaviors. In our type system, constraints are
also imposed, for example, in instances of subtyping.

The question then remains: how do we solve these constraints?
Addressing this question leads to the next contribution of our work,
which achieves a marriage between type-and-effect-based temporal
specifications [4, 12, 20] and algorithmic verification approaches [8,
9,13, 16, 19, 21-23]. We introduce a deductive system for reasoning
about these fixpoint constraints. The deductive proof rules let us
address least- and greatest-fixpoint constraints that appear in the
typing tree. The rules reduce the fixpoint subformula to reasoning
about invariants and well-founded relations. The use of invariants
and well-founded relations is motivated by their use in safety and
liveness verification of infinite state programs (as mentioned above),
and enables solving constraints that cannot be solved by a simple
unrolling of the fixpoint formula. Also, from an engineering point
of view, one can leverage existing tools to synthesize invariants
and well-founded relations. The particular strategy we employ
depends on the kind of fixpoint (least or greatest) and whether they
occur in negative or positive position in the formula. Our deductive
system then has a collection of further approximation rules, defined
inductively on the structure of the formula, that further reduce the
formulas to predicate-based reasoning.

Contributions. In summary, we make the following contributions:

1. Dependent temporal effects, expressed in a first-order fix-
point logic over theories of integers and finite/infinite event
sequences, wherein those integers can depend on program
values. (Sec. 3)

2. A type system for dependent temporal effects, supporting
programs written in an ML-like language with higher-order
features and ranging over infinite data. (Sec. 4.4)

3. A soundness proof of our type system. (Theorem 4.1)

4. A deductive proof system that employs invariants and well-
founded relations to solve formulas in the fixpoint logic
containing both least and greatest fixpoints. (Sec. 5)

5. A soundness proof for our deductive rules. (Theorem 5.2)
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Organization. In the next section, we give an example and use it to
highlight our main contributions, as well as some further examples
to show the applicability of our work. In Sec. 3 we give our ML-like
language and in Sec. 4 we present our type system and associated
soundness theorem. Our deductive fixpoint proof system is given
in Sec. 5. We conclude with a discussion of related work in Sec. 6.

2 Overview

We now give a summary of our techniques, using the example
shown in Fig. 1. At the end of this section we provide further
examples (Fig. 2) that illustrate the applicability of our work.

Our type and effect system, extended with dependent temporal
effects can be illustrated with this messenger example. This example
simulates a client interacting with a server. The messenger program
calls until_ready which will make a nondeterministic boolean
choice: in one case it will trigger the event Ready and otherwise
it will Wait and again call until_ready. If the Ready event ever
occurs, then until_ready will return, and send_msgs will generate
n instances of Send. Finally, messenger will recur. This program has
no finite traces. Its infinite traces follow the form of the dependent
w-regular expression ((Ready - Send") | Wait)®. Notice that this
effect depends on the input to the program n. Although this example
is simple, it already illustrates a property that cannot be expressed
in prior work [3, 9, 13, 14, 16, 19, 22-25, 27]. In fact, this effect
expression escapes classical LTL or the p-calculus.

We now discuss how our approach can conclude the above de-
pendent w-regular expression, highlighting the contributions along
the way. The typings for the recursive procedures in this example
can be found in Fig. 1. (The full type derivation for send_msgs is also
shown, and the type derivation for until_ready is given in Appen-
dix C.) The overall type for send_msgs is Tsend_msgs = (n: {n | n >
0}) — (unit&®Psend msgs). We assume that the reader is already fa-
miliar with dependent-refinement types such as above, which states
that send_msgs is a function from non-negative integers to unit,
having effects described by ®send_msgs- As in prior work [4, 12],

effects are given as pairs, i.e., ®send_nsgs = (cbélend,msgs’ CIJ:endimSgs)
the first corresponding to the finite effects of send_msgs and the
latter to the infinite effects.

In this paper, we introduce dependent temporal effects. To this
end, we begin by treating each component’s effect as predicates. For

send_msgs, we have:

q)Islend_msgs = Ax.(pXy(nx).(n=0Ax=¢€
Vi # 0 A Jyx = send -y A Xy (n = 1,4))) (n, )
(D:end_msgs = Ax.(vXy(n,x).

n#0A3Jyx=Send-yAX,(n—1y))(nx)

As discussed later, our type system is able to derive this judgment
from the syntax of the program. The first component CD{: end_nsgs
describes the effects of the finite traces of send_msgs via a predicate
Ax._ where x will be a candidate event sequence. The body is a least
fixpoint equation over a predicate variable X,,, parameterized by
variables n and x. The fixpoint’s body has two cases: when n = 0,
then the event sequence is simply empty, denoted e. Otherwise,
the predicate specifies that x will be the Send event, followed by
some event sequence y and that X, (n — 1,y) must hold. Overall,
this fixpoint is applied to variables n and x.
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l (a) Source Code

‘ (b) Typing Rules and Final Effect Approximations

let rec until_ready () = Types
if * then Tuntil_ready = uUnit — (unit &<Duntil,ready)
(event[Readyl; ()) @’JntiL ready = Ax.(pXy (x).x = Ready V Jy.x = Wait - y A X, (y))(x)
else ‘bt‘l/ntil, ready = Ax-(VXV(x)-EIyx = Wait - YA XV(y))(x)
(event[Wait]; Tsend_msgs = (n : {n | nz= 0}) g (Unit &q)send_msgs)
until_ready ()) send_msgs =Ax.(pX,(n,x).(n=0Ax=eVn#0ATJyx=Send -y AX,(n-11)))(nx)
let d :end,msgs = Ax.(vXy(n,x).n # 0 A Jy.x = Send - y A Xy(n - 1,y))(n, x)
e,frec Sgnt;msg?)n - Tmessenger = (n:{n|n=0}) — (unit &q)messenger)
if n = en
else q)ﬁessenger = Ax.(,uX#(n, x).3yLy2x =y1 Y2 A (q)l’mtil,ready : (Dgendimsgs)ﬂ(yl) /\X,u(”: y2))(n,x)
7 ’
(event[Send]; (Phnest ready - q’send,msgs)v(x)v
5end7m595 (n-1)) q)lxessenger = AX.(VXV(I’I, X'). ayl’ !IJZ'X =Y yZ/\/ i )(I’l, x)
(q)until,ready ’ <I>send,msgs) (y1) A Xy (n,y2)
let rec messenger n = Final Effect Approximations
until ready (); ntil oy =xxe Wait® - Ready, Ax.x € Wait®)
send_msgs n; uptit-ready N ;n Py —
messenger n send_msgs (Ax.x € Send”, Ax.1)
Ppessenger = (Ax.L, Ax.x € (Ready - Send” | Wait)“)
l (c) Type Derivation Tree for send_msgs, including Deductive Fixpoint Rules (i)
d n=0 0 d 0+ evisend]; send (n—1) A_B
send_msgs: 7,n=0+F (): oif send_msgs:z,n >0 ev[Send];send_msgs (n—1): oj )
9 i 9 0 J 1 n>0k (unit &(Dsend,msgs)
if n =0 then = <:(unit & @’ )
d_ : >0k . 0j send_msgs
Send-Mmsgs:mn = else (ev[Send];send_msgs (n — 1)) oif g
F rec(send_msgs,n,---): (n:n > 0) = (unit & Psend_msgs)
F rec(send_msgs,n,---): (n:n > 0) — (unit &@;endimsgs)

7= (n:n20)— (unit & (Ax.X,(n, x), Ax.Xy (1, x)))
oif = (unit& (Axn=0Ax=eVn#0AJyx=Send -y AX,(n—-1y),Ax.3yx =Send -y A Xy(n - 1,7)))

En>0= (x € Send” = x € Send™)

E(n=0Ax=eVIyx=Send -yAye Send" ') = x € Send"

m 7H
Fn>0= ((I)send,msgs (x) =2 send,msgs(x))

Fn>0= (x € Send” = x € Send")

A:

B:
E  (p1(n,x) An#0Ax=Send-x’)

E (p1(n,x) An#0Ax #Send-x") = —(x =Send - x”) = (p1(n—1,x") A pa(n,x,n—1,x"))

Xy(n,x);pripa;n#0Ax #Send-x" Tx=Send-x"  X,(nx);pr;p2;n#0Ax=Send x’TX,(n—1x")
E (p1(n,x) An=0) = —(n#0)

Xv(n,x);pl;pz;n=0$n¢0

Xy(n,x); p1;pasn #07x = Send - x” A Xy(n—1,x7)

Xy(n,x);p1;p2;n # 07 Jy.x = Send - y A Xy (n =~ 1,y) En>0= (~(n20)= 1)

Fn>0= (=(n=>0)= 1)

Xv(n,x);pl;pg;TTn #0AJyx=Send -y AX,(n—1y)

P2 0= (Ply negs () = P Lend nsgs (%))

p1 = A(n,x)n>0 p2 2 A(ny,x1,n2,%x2).n1 >nz >0

Figure 1. Clockwise: (a) Source code for messenger; (b) Types & effects for recursive functions along with our final effect conclusions; and
(c) type derivation for send_msgs, including the use of our deductive proof rules () in subtrees A and B.

v
send_msgs

of send_msgs. Not surprisingly, a greatest fixpoint equation is used,
with predicate variable X, again parameterized by n and x. The
n = 0 case is finite and not possible. We will see momentarily that
the other infinite case is also not possible.

The second component ® describes the infinite effects Our typing judgments impose proof obligations in the form
of constraints. Most notably, the type rule for recursive function
definition (cf. T-Fun in Sec. 4) for a function f requires that the
effect of a total application of f be compatible with the effect of the
body of f, which is itself derived from the typing rules. Roughly,

T-Fun works as follows. First, it checks that the body of f has
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l Amortized Complexity

Higher-Order

Web Server Fairness

let rev 1 =

let rec aux 1 acc = match 1 with

| [1 ->acc | h::t ->
event[Tick]; aux t (h::acc)

in aux 1 []
let is_empty (11,12) = 11 = [] && 12 = []
let enqueue e (11,12) = event[Enqg];(1l1,e::12) else
let rec dequeue (11,12) = match 11 with

| [1 -> dequeue (rev 12, [])

| e::11' -> event[Deql; (e, (11', 12))
let rec main (11,12) =

if * then main (enqueue 42 (11,12))

else if is_empty (11,12) then ()

else main (snd (dequeue (11,12)))

let rec zoom () =
event[Zoom]; zoom ()

let rec shrink t f d =
if f () <= 0 then
zoom ()

(event[Shrink]; else
= f() - din
shrink t' (fun x -> t') d)

let t'

let shrinker t d =
shrink t (fun x -> t) d

let rec listener npool pend =
if * & pend < npool then
(event[Accept];
listener npool (pend + 1))
else if pend > 0 then
(event[Handle];
listener npool (pend - 1))

(event[Wait];
listener npool pend)

let server npool =
listener npool 0

main: ((I1,12) : int list X int list) — (unit & ®)
H = Ax #enq (%) + [12] = #1ick (X) = #peq(x) — |I1]
OV = Ax.T

shrinker : (¢t : {t [t = 0}) —
(d:{d|d>0Atmodd =0}) -
(unit & )
OH = Jx.L

®" = \x.x € Shrink'/? - Zoom®

server : (npool : {v | v > 0}) —
(unit & (Ax.L, Ax.¢))
b= x € (3 - (2 \ Accept)"Poot+l)@

= xe (3F Wait)®

Figure 2. Further examples of programs and corresponding dependent temporal effects that we are able to verify using our approach.

finite/infinite effect pair (®#, @), under a typing environment
where a total application of f has some finite/infinite effect pair
(Ax € 2" X, (X, x), Ax € 2 .X, (%, x)). X, and X, are finite and infi-
nite predicate variables, respectively. Given this, the effect of a total
application of the recursive function is then the effect pair (Ax €
*.qu(x, x), Ax € 2°.q, (X, x)) where our type system requires that
qu = pXyu (X, x).9*(x) and q, = vX, (X, x).[qu/X,]P*(x). In this
way, we require that the finite (resp., infinite) effects of the recur-
sive function be given by a least (resp., greatest) fixpoint over a
predicate variable X, (resp., Xy). The type system also generates
constraints in other rules, such as the subtyping rules (S-Quatr,
etc.) of the form (71 & ®1) <: (12 & P2). In these cases, the type
system requires that the finite (resp., infinite) effects <I>l11 (resp., @1)
is approximated by the finite (resp., infinite) effects CD’Z' (resp., @}).

Addressing the recursive function rule in the type soundness
proof is a challenge due to the infinite effects. We use a seman-
tics of types and an infinite sequence of approximations for the
recursive function and its infinite effect. This infinite sequence of
approximations is used to construct the greatest fixpoint.

The types for messenger are given in the second column of Fig. 1.
Let us consider the send_msgs recursive function, whose overall
type is given by the dependent-refinement type Tsend msgs, that
constrains input n to be greater than or equal to 0. The overall effect
®send_msgs has two parts: the finite effect CI>’;' end_nsgs and the infinite
effect @7, o gs° These effect predicates involve predicate variables
X, and X, quantified with a least and greatest fixpoint, respectively.
Notice that X, and X, are parameterized by n, which is a program
variable: the input to messenger. This highlights our support for
dependent temporal effects, showing how they are treated intimately
with the fixpoint constraints on recursive functions.

Solving Fixpoints via Our Deductive Proof Rules. The deduc-
tive rules enable us to conclude the final effects:

CI)l’mtiLready = (Ax.x € Wait™ - Ready, Ax.x € Wait®)

<I>;end,msgs =(Axx € Send”,Ax_J_)
7 -

Ppessenger = (Ax.L, Ax.x € (Ready - Send” | Wait))

Intuitively, until_ready has finite behaviors that repeat Wait finitely
many times followed by Ready. The infinite behaviors of until_ready
are infinite repetition of Wait. send_msgs has only finite behaviors,
specifically, repetition of Send n times, where n is the input to
the overall program messenger. Finally, messenger has only infi-
nite effects, that arises from a combination of the other two func-
tions. Notice that our approach follows the classical compositional
spirit of type systems: conclusions about terms are derived inde-
pendently and then combined together to construct conclusions
about compound terms. Similarly, our conclusion about the depen-
dent temporal effects of method messenger is constructed after we
have reached conclusions about the effects of its callees (including
approximations of these callees).

So, how do we come to these final approximations of all func-
tions? Our sub-typing rules (cf. Fig. 7 in Sec. 4) allow us to introduce
an approximation effect predicate @ of effect predicate ® provided
that we can show that Vx.®’(x) = ®(x). For send_msgs, the sub-
typing appears in Fig. 1, with premises A and B.

Our deductive system comprises rules for reasoning about these
formulas that contained least- and greatest- fixpoint formulas buried
within them. The key idea is to reduce these tricky subformulas to
invariants and well-founded relations, both described as predicates,
and then symbolically manipulate the side-conditions that arise
until they can be handled by base solvers. The process begins with
one of four main rules, under- or over-approximate (as the case
may be) least and greatest fixpoints, depending on whether they
appear in a negative or positive position in the fixpoint formula.
We’ll now look at how two of the rules can be used for the example.
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First, looking at the finite effects of send_msgs, our rules allow us
to show, for example, that Ax.x € Send” approximates CD/_: end_msgs
by using invariant predicates that over-approximate the least fix-
points. This can be seen in the deductive proof rule in subtree
A. We have a formula, where the least fixpoint occurs in a nega-
tive position, i.e., inside chslend,msgs' Our proof rule (Fp-Lrp™) lets
us approximate this buried least fixpoint with A(n, x).x € Send”
by using the pre-fixpoint. In the first premise of the rule, we con-
sider only the fixpoint and must show that when we substitute
A(n,x).x € Send” into the fixpoint formula, the result is approx-
imated by A(n,x).x € Send". In the second premise, we use this
information, eliminating the fixpoint.

Next, looking at the infinite effects of send_msgs, our proof
system lets us show that the goal effect approximation Ax.L of
CI>sVemLmSgS holds. This is done by, first, over-approximating the
greatest fixpoint subformula that occurs in a negative position us-
ing a predicate and a well-foundedness check. Note that the typing
judgments accumulate the invariant that n > 0, and that it is in-
corporated into the deductive proof rule in subtree B. The rule
(Fp-Grp™) lets us replace the GFP formula (vX (¥).¢/)(t) by some
predicate —p1 (£). There is a side condition, however, that we must
also provide a relational well-foundedness predicate p which wit-
nesses that —p; over-approximates vX(X).T A . In the send_msgs
example, we use the predicate =(n > 0) to approximate the GFP
formula in @:en d_msgs® What remains is the side-condition, where
we use pz = ny > nz > 0 to witness that —p; over-approximates
n#0A3dyx=Send -yAX,(n—-1y).

We treat this side-condition of witnessing predicates’ approxi-
mations itself as a judgment (denoted X (X); p1; p2; T T¢) as well as
an analogous least-fixpoint judgment (denoted X (x); p1;p2; L | ¥)
in another series of proof rules. These rules are inductively defined
over ¥, letting us discharge this obligation syntactically down to
predicate reasoning, as can be seen in the rest of proof subtree
B. Specifically, we use a rule for conjunction (Apx”-A), existential
quantification (Apx'-3), and then conjunction again. Each rule
has premises for each sub-formula(e) and predicate-oriented side
conditions. We will discuss these rules in Sec. 5.

Other Examples & Applications. The messenger example is in-
tended to be a small example that highlights some of the main
aspects of our work. In Fig. 2 we provide the source code and effect-
based temporal properties for more examples, demonstrating the
applicability of our approach. (The types for these examples are
given in Appendix C.) We now discuss each program.

Amortized Complexity. This example involves functions that ma-
nipulate a pair of integer lists. The main loop will nondeterministi-
cally enqueue a new integer, via enqueue which adds the element to
the 12 list. If main finds that the list is empty, it terminates. Other-
wise, it iterates, but only after applying dequeue to the list. dequeue
shuffles elements between 11 and 12: if 11 is empty, it moves every-
thing from 12 to 11 and, otherwise, it dequeues by returning a pair
of the dequeued item and the new queue (11’,12). Here, #a(x) is
the number of a’s in x. The temporal effect ® of main asserts that,
when the program terminates, the number of enqueues plus the
length of 12 is equal to the number of dequeues minus the length
of 11, which is equal to the number of Tick’s.

Higher-Order Functions. The second example shrinker contains
a higher-order function shrink. The example is adopted from a
similar example in [12]. Here, shrink takes an argument f which
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(events) a =€ X
(expressions) e == x | n | vy opvy | rec(f,x,e) | v1 vz | evlal
| ifzo thenej elsees | let x=e1 inep

(values) v == x | n | rec(f,x,e) 0 (where [9] < |x])

(simple types) T ==int | T} = Ty
Figure 3. Syntax of L

is a function from unit to int, and an integer argument d. Then, it
recursively calls itself by passing a function that returns d less than
the given function, until f returns a non-positive value. Here, t is
a ghost parameter that is used to represent sufficient information
about the passed function (see., e.g., [24]). The effect ® asserts that
shrinker never terminates, and its infinite executions emit the
event sequences Shrink'/d . Zoom®. That is, shrink is called t/d
times, followed by infinitely many calls to zoom.

Server Fairness/Liveness. The function listener in this example
simulates a non-terminating loop within, e.g., a web server, that
awaits new incoming connections (Wait), accepts them (Accept)
and dispatches them to an appropriate handler (Handle). Argument
pend is the number of clients that have been accepted but not yet
dispatched and argument npool is an upper bound on the amount
of clients that can be accepted but yet undispatched at a given time.
The use of * indicates a non-deterministic boolean choice.

One critical property is that every accepted connection is even-
tually handled, i.e., that the pool of pending clients eventually
becomes empty. This is, however, not true in general since infin-
itely many new clients may preempt handling pending clients. The
property must be instead weakened to include a fairness constraint
that all infinite event streams satisfy (2% - (X \ {Accept})"Poot+1)e,
i.e., that there will always eventually be a time when new connec-
tions won’t be accepted for npool + 1 steps. (Technically, this does
ensure that the pool of clients always eventually becomes empty,
even though less than npool + 1 steps may be needed.)

These examples demonstrate an interesting connection of our
method and works that have been focused on resource analysis and
cost semantics. One way of thinking about the execution time of
a program is by considering the events generated by the program
(as we discuss in Sec. 3, we require programs not to have infinite
event-less executions). Our dependent temporal effects are capable
of expressing specifications of programs that limit the number of
events that could possibly be generated, a phenomenon that corre-
sponds to an upper bound on computation time. We believe that
there is interesting future work to be explored at the intersection
of these two research tracks.

3 Target Language

The syntax of an ML-like (i.e., typed, higher-order, and call-by-
value) functional language £ is shown in Fig. 3. Here, n, x, and a are
meta-variables ranging respectively over integers, term variables,
and events. X represents a finite set of events. We write x for a
finite sequence of variables and |x| for the length of x. We also
write € for the empty sequence. We use a meta-variable @ (resp.
) to represent a finite (rep. infinite) sequence of events. We write
@ - 7 (resp. @ - ®') for the concatenation of the finite ® and the
infinite 7 (resp. finite ®’) sequences. op represents binary integer
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(formulas) ¢ == T | L[ A1) | ~¢ | g1 A2 | $1V ¢2
| ¢ :>¢2~|Vx68.¢|3x€§.¢|X(f)
| (uX(%: 8).9) () | X (X: S).9) (1)
(terms) t == x | f(t) (predicates) p == Ax € S.¢
(sorts) S e {Z,3%, 2}

Figure 4. Syntax of fixpoint logic

operators such as +, —, X, =, and <. We assume that boolean and
unit values are encoded as integers (e.g., true = 0 and false = 1).

We assume that expressions are simply-typed. An expression
ev[a] raises the event a. An expression ifzothene; elsees reduces
to e if v = 0 and ey otherwise. We abbreviate let x=e; ines as ey; e2
if x does not occur in ez. An expression rec(f,x, e) represents a
(possibly recursive) function f with the arguments x (where |x| > 1)
and the body e. We assume that rec(f, X, e) is productive: if a run
of the function is non-terminating, it exhibits an infinite sequence
of events. The assumption can be easily enforced by inserting a
dummy event command in the beginning of each function definition.
Note that, for simplicity, we omit non-deterministic choice * and
algebraic data structures such as lists, which are used in our running
examples, from the language L. It is easy to extend our type system
in Sec. 4 with these features (see, e.g., [23, 25]).

The operational semantics of £ is defined by the set of inductive
and coinductive rules for deriving judgments of the forme || v & @
and e | L &7. The former is for terminating evaluations and means
that the evaluation of e terminates with the final result value v
producing the finite sequence of events @. The latter is for non-
terminating evaluations and means that the evaluation of e diverges
producing the infinite sequence of events 7. The rules are analogous
to the ones from [12] and described in Appendix A.

4 Type System
4.1 First-Order Fixpoint Logic

The types in our dependent-refinement type system embed predi-
cates in the first-order fixpoint logic over integers and finite and
infinite event sequences. Fig. 4 shows the syntax. Meta-variable X
represents predicate variables. A(t) represents atomic formulas such
as the equality on integers and sequences. f represents constants
such as integers n, the empty sequence €, and singleton sequences a
as well as functions such as the sequence concatenation and integer
arithmetic operators. We write T and L respectively for tautology
and contradiction. The formula pX (x: ‘7')(;3 (resp. vX(x: ’7~')¢) rep-
resents the least (resp. greatest) fixpoint (of the function AX.Ax €
‘7'.¢). We assume that X in pX(x: ‘7~')¢ and vX(x: ‘7')45 occurs
only positively in ¢. We sometimes omit sorts when they are ob-
vious from the context. We define (Ax.¢)(#) 2 [t/X]$ and write
p1 C p2 if Vx.p1(X) = p2(x) holds. We also write —Ax.¢ for AX.—¢.
We write |= ¢ if ¢ is valid. We define the formal semantics of this
first-order fixpoint formulas in Appendix H. We write fv(¢) (resp.
fpv(¢)) for the set of free term (resp. predicate) variables in ¢. We
also define fv(Ax.¢p) = fu(¢) \ {x} and fpv(Ax.¢) = fpv(9).

4.2 Syntax of Types and Effects

The syntax of types and effects is shown in Fig. 5. An effect @ is a pair
of predicates Ax € X*.¢, and Ax € .¢,, which may contain free
term and predicate variables. We write & (resp. ®V) for Ax € X*.¢,

Yoji Nanjo, Hiroshi Unno, Eric Koskinen, and Tachio Terauchi

(effects) @ == (Ax € T*.¢y, Ax € 3€.¢y)
(effect qualified types) o ::= (7 & D)
(dependent refinement types) 7 == {x | ¢} | (x:7) > 0
(type environments) ' == 0 |, x: 7

Figure 5. Syntax of types and effects

(resp. Ax € £“.¢,). H specifies a set of valid finite event sequences
for terminating runs. On the other hand, ®" specifies a set of valid
infinite event sequences for non-terminating runs. We define the
concatenation ®; - @, of effects ®; and @, as follows.!

(Ax € X*3x;,x € X5 x=x1 - x3 A fD’f(xl) A <I>g(x2),
Ax €@y (x)V(Fyestze3x =y -z AP (y) A DY (2)))

We also define a special effect @, = (Ax € ¥ .x = ¢, Ax € 3¥.1).
Note that @, is an identity with respect to -, that is, ®,, - ® =
@ - D, = D for any ®. We often abbreviate (7 & ®,,;) as 7.

An effect qualified type is of the form (7 & ®) where 7 is a depen-
dent refinement type (described below) and ® is an effect. Roughly,
the qualified type (7 & ®) is the type of expressions e such that, 1.)
for all terminating run e |} v & ®, v conforms to the type 7 and ®
satisfies ®¥, and 2.) for all non-terminating run e {} L &1, @ satisfies
®". Sec. 4.3 formally defines the semantics of the qualified types.?

An integer refinement type {x | ¢} is the type of integers x that
satisfy the formula ¢. We often abbreviate {x | T} as int. A depen-
dent function type (x : T) — o is the type of functions that take an
argument x of the type 7 and behave according to the return type o.
Note that the scope of x is within o, and hence effects in ¢ can de-
pend on the argument x. For example, ((x : int) — (int&®;)&dy)
is the type of expressions that exhibit event sequences conform-
ing to ®; when evaluated, and cause event sequences conform-
ing to ®; when applied to some integer argument x. We write
(x:7) > (&@) for (x1 : 71) > ((x2:72) = (- (xn 1 ) >
(1&®D) - &D,,) & Dyy), that is, the latent effect of partially ap-
plying the function is ®,,;. Note that a type of such a form can be
given to a recursive function rec(f, X, e) where |x| = |7] as partial
applications to f (i.e., applying less than |x| many arguments) do
not raise any events. We abbreviate (x : 7) — o as 7 — o when x
does not occur in o.

A type environment T is a sequence of variable bindings x : 7.
We define T'(x) £ rif x : 7 € . We abbreviate I, v: {v | ¢} as T, ¢
if v ¢ fv(¢) and v never occurs elsewhere. Note that type bindings
in type environments and arguments of function types are of the
form (x : 7) instead of (x : o). This is because the target language
L is call-by-value, and hence variables are always bound to values
whose evaluation never exhibits temporal effects.

We define auxiliary functions sty(o), fv(o), and fpv(o). sty(o)
represents the simple type corresponding to the qualified type o.
fv(o) (resp. fpv(o)) represents the set of free term (resp. predicate)
variables that occur in ¢. The definitions are standard and deferred
to Appendix B We extend the notions to type environments and
define sty(T), fv(T'), and fpv(T) in the obvious way.

!Note that this generalizes the concatenation of non-dependent temporal effects from
previous works [4, 12].

?Readers familiar with type and effect systems may find the qualified type notation
atypical. We use the notation to simplify the presentation: for example, subtyping and
subeffecting can be defined at once.
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[Tro] £ {e]|V0estyl).(0 ET)= 0(e) € [0(0)]}
Vo,w.(e | w& o) =
[(r&®)] = {eesty@ | (we [) A (=D (@)) A

(Vr.(e L&m) = (F2"(m))
[x 1 ¢3] = {n |k [n/x14}

[(x:7) > o] = {westy(r > o) | vw’ € [r].ww’ € [[w’/x]o]}

Figure 6. Semantic typing

We remark that our type and effects are essentially the exten-
sion of the types from the previous work on dependent-refinement
type systems [12, 19, 22, 23, 27, 29] with dependent temporal ef-
fects which are first-order fixpoint logic predicates on program
values and (finite and infinite) event sequences. Note that, as in
the previous work, the dependent types are restricted to facilitate
(semi-)automated reasoning via modern SMT and constraint solv-
ing techniques. Namely, the types can only depend on non-function
and effect-free terms.

4.3 Semantic Typing

To formalize the type soundness theorem (cf. Theorem 4.1), we
define the semantics of qualified types. Fig. 6 defines the seman-
tics. Here, w is a meta-variable ranging over closed values (i.e.,
fv(w) = 0). We write e € T if the expression e has the simple
type T. Similarly, we write w € T if the closed value w has the
type T. We write 6 € E for a simple type environment E and a
closed value substitution 6 if dom(0) = dom(E) and 6(x) € E(x)
for any x € dom(E). Also, we write 0 |= I if dom(6) = dom(T)
and V(x : 7) € T.0(x) € [6(r)] hold.

Note that [T + o] denotes the set of open expressions that behave
according to ¢ under an environment conforming to I'. Similarly,
[o] (resp. [r]) denotes the set of closed expressions (resp. values)
that behave according to o (resp. 7). For instance, for 7 = (x : {u |
u>0}) > ({v]|v>x}&d) where ® = (Az € Z*z € a*, Az €
3% .1), [[r] are the set of closed functions from integers to integers
which, when given a non-negative integer x as the argument, raises
the event a x many times and returns an integer greater than x.

We also define the semantics of subtyping relation as follows,
which says when a (qualified) type is a subtype of another in the
given type environment.

[TFor<:op] 2V0 € sty(D).(0 ET) = [0(01)] C [0(02)]
[T+ 71 < 2] £ V0 € sty(T).(0 £ T) = [6()] € [6(z)]

Sec. 4.4 shows the rules for deriving subtyping judgments.

4.4 Typing Rules

Fig. 7 shows the typing rules. The rules derive judgments of the
form T F e: o, saying that e behaves according to o under a value
environment conforming to I'.

We describe the typing rules. The rules T-ConsT for typing inte-
ger constants, T-VINT for typing integer-type term variables, and
T-VFuN for typing function-type variables, T-Op for typing integer
operations, T-Ir for typing conditional branches are straightfor-
ward extension of those from the previous work on dependent-
refinement type systems [12, 19, 22, 23]. Note that ®,,; is assigned
as the effect of the expression in T-Const, T-VINT, T-VFUN, and T-
Op because these expressions always terminate and raise no events.
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Trn: ({x|x=n}&d,,) T-Const

sty(T(x)) = int
F'rx: {ulu=x}&d,,)

sty(T(x)) # int
TFx: (T(x)&Dy,)

T-VINT T-VFun

x ¢ () Ufu(Py) Trep: (r1&®1) T,x:tmybkey: (2&Py)

T'tletx=e;iney: (2 & D1 - D) TLet
Tror: ((x:7) > (7' &D)&Dyy) T roy: (1&D,4)
7 T-App
T'+oy02: [02/x](7" &D)
Trop: (int&®@,y) Troy: (int&D,4)
TFopopog: ({x|x =01 0pua}&®,y)
Ilo=0rter:0 TLo#0tey: o I
I'+ifzouthenejelseey: o -F
d=(MxeZx=alxeZ?l)
I'revial: ({x|x=0}&D) TEVENT
‘[} =(x:7) = (& (Ax € Z*. X, (X, x), Ax € 2. Xy (X, x)))
If: TJ’[,E:?I— e: (1&D)
qu :ilX (x,x).®H(x) qv= V{v(i x)~[q;1/Xy]<D~V(x)
Tp = (x: % — (& (Ax € Z¥.qu(x, x), Ax € 9.qy(X, x)))
TF rec(f,%,0): (17 & Byg)) TFon
F're:op Trop<:ion T F 1 = ¢
T-Sus S-INT
Tke:op Tr{ul|¢1}<:{ul| ¢2}
F|T F Vx € 350K (x) = le?:/(x) ]
FCro<itg Ik [THVYxeX?0/(x) = @)(x)]
-QUAL

Tr (&) <: (12 &D2)

IF'rtm<iq T,x:mbkor<:oy

Tr(x:1) D or1<: (x:12) > o S-Fon

Figure 7. Typing and subtyping rules

T-FuN types recursive function definitions. As described in Sec. 2,
the main idea here is to introduce predicate variables X, and X,
respectively representing the finite and infinite effects of the re-
cursive function f being typed. Then, the rule types the body of
the function, e, under the environment that f has these temporal
effects (expressed by the binding f : ‘[}), to obtain the qualified

type (7 & (PH, @V)). Then, the latent effect of the function can be
obtained by, for the finite part, taking the least fixpoint of ®* (i.e.,
qu = pXu(x, x).9"(x)), and the greatest fixpoint for the infinite
part using the least fixpoint solution for X}, appearing in the for-
mula (i.e., vXy (X, x).[g,/Xu] Y (x)). The rule adopts the one from
[4] and extend it to dependent type and effects.

The rule T-LET for typing let expressions extends a similar rule
from the previous work [4, 12]. Note that concatenation is used
to obtain the effect of the expression in the conclusion, correctly
accounting for the fact that the possible event traces of the ex-
pression are the concatenation of those of e; and e;. T-APP types
function applications, and is a straightforward extension of those
from the previous work on dependent-refinement type systems
and (non-dependent) type-and-effect systems. As in a standard
type-and-effect system, the latent effect of the function, ®, becomes
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FV o ELORSOXI =y e IR
oy L PTVALID FCT[(pX (%).9) (D]
= [0R9)/XIy v CHIERYT
F CH(vX(X).9) (£)] o
X@:pupuT Lanf() v Clp O] FWRG)
F CH(X (D)) (B)]
X(®):prip TTnnf () + C[=p1 (D] WF(p2) -
Fp-Grp

FCT[(vX @) ) (D]

Figure 8. Proof rules for the fixpoint logic

the effect of the function application. Note here that the variable
x may occur in the latent effect, which is substituted by vz in the
conclusion to account for the dependency. T-EVENT types event
raising operations and is self-explanatory. Finally, T-Sus is the
subsumption rule.

Fig. 7 also shows the rules for deriving subtyping judgments.
There, auxiliary functions |I'| and [T + ¢] are defined by:

0] =7  ITx:{y | ¢} =TI A [x/yl$
(Trg] =Tl =¢  [Lx:(y:7r)—> o] =[T]

The rules S-INT and S-Fun for subtyping refinement integer types
and dependent function types are equivalent to those from the
previous work on dependent-refinement type systems. The rule
S-QuaL is for subtyping effect qualified types. It asserts that the
type part of the qualified types 7; and 72 are in the subtyping
relationship. Further, it checks that the left effect ®; is a subeffect of
the right effect ®,. The subeffecting relation checks that the finite
(resp. infinite) part of ®; logically implies the finite (resp. infinite)
part of ®,, under the assertions implied by the type environment I'.
For example, in the typing of messenger from Sec. 2, a subtyping
judgment T + (7 & Psend msgs) <: (int & (Dgend,msgs) is discharged
where I = n : {x | x > 0}, 7 is the refinement integer type
obtained for send_msgs n, and ®send msgs and d);end,msgs are from

Fig. 1. S-QuAL checks the subtyping by asserting the validity of n >

w fH H
0= VxeX .@Sendimsgs(x) = CD'Sendimsgs(x) andn >0 = Vx €
2L msgs (X) = P’ {end_nsgs (X)- Sec. 5 shows the deductive

system for solving such predicate fixpoint logic constraints.

We show that the type system is sound, that is, the judgments
derived by the typing rules respect the semantics. We define pred-
icate substitution p to be a finite map from predicate variables to
closed predicates.

Theorem 4.1. IfT + e: o, thene € [p(T) + p(o)] for any predicate
substitution p with dom(p) = fpv(T') U fpv(o).

We remark that the soundness holds for any background first-
order theory supporting basic integer arithmetic (i.e., those in £)
and concatenations of finite and infinite string over a finite alphabet.
Hence, our system can reap the benefits of recent advances in
automated deduction for various theories on integers, finite and
infinite string, and combinations thereof [1, 5].
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5 Deductive Proof System For First-Order
Fixpoint Logic

We now present our deductive system for the first-order fixpoint

logic introduced in Sec. 4.1. The deductive system is intended, but

not limited, to be used to discharge proof obligations that arise

during the process of type checking and inference for the type

system presented in Sec. 4.4.

The deductive system comprises rules for reasoning via invari-
ants and well-founded relations, and is able to solve formulas con-
taining both least and greatest fixpoints. The key idea is to soundly
approximate formulas with fixpoints as formulas without fixpoints,
which may be checked by off-the-shelf first-order theorem provers
(SMT solvers) supporting the theories of integers and finite and
infinite strings over finite alphabet [1, 5].

A judgment I ¢ of the deductive system means that ¢ is valid.
The derivation rules for - ¢ are shown in Fig. 8. There, meta-
variable ¢ ranges over formulas not containing fixpoint formulas
(i.e., those of the form (uX (%).¢) () and (vX (X).¢)(t)). The formula
nnf () is the negation normal form of ¢, and |= WF(p) means that
the predicate p = Ax.¢ is well-founded, that is, the arity of pis 2xn
for some n and there is no infinite sequence #1, %3, ... such that
[t/ = n and p(t;, ti+1) holds for all i > 1. C* (resp. C7) is a formula
context whose hole occurs in a positive (resp. negative) position.

We now describe the rules. The rule Fp-VALID checks the va-
lidity directly, and is applied when the given formula does not
contain fixpoint formulas. Fp-LFp~ over-approximates a least fix-
point X (x).i that occurs in a negative position with a pre-fixpoint
Ax.y’ of the function AX.Ax.y. Note here that ¢ and /” do not con-
tain fixpoints. An example of Fp-LFP™ can be seen in Sec. 2, where
we discuss proof subtree A. Meanwhile, Fp-Grpt is a dual rule and
it under-approximates a greatest fixpoint vX(x).y that occurs in a
positive position with a post-fixpoint AX.y/" of AX.Ax.¢).

By contrast, Fp-Lrp* under-approximates a least fixpoint that
occurs in a positive position with a predicate p;. Here, the auxiliary
judgment X (X); p1; p2; ¥’ | ¥ is used to check that the well-founded
predicate py witnesses that p; under-approximates the least fixpoint
pX(x).y’ = ¢. In a dual manner, Fp-GFp~ over-approximates a
greatest fixpoint that occurs in a negative position with a predicate
—p1. The auxiliary judgment X (X); p1; p2; ¥/’ T ¢ checks that the
well-founded predicate p; witnesses that -p; over-approximates
the greatest fixpoint vX (x).¥" A . An example of Fp-GFp~ can be
seen in Sec. 2, where we discuss proof subtree B.

The rules in Fig. 8 reduce fixpoints to predicates but, in two cases,
lead to side conditions that the predicates indeed approximate the
fixpoints. These conditions are treated themselves as judgments in
the auxiliary relations X (X); p1; p2; ¥/’ | ¥ and X (X); p1; p2; ' T ¥,
defined in Fig. 9. There, we maintain the invariants that ¢ is in
the negation normal form, ¥” does not contain X, and X may oc-
cur only positively in . The rules let us then manipulate the
judgments to further reduce to predicate reasoning. The rules
ApxH-A and ApxH-V are similar to standard ones for first-order
logic. Apx#-V splits a judgment with the succedent of the form
Y1 V Y into two judgments: one with the succedent i; and the
antecedent conjuncted with ¢/] and the other with the succedent
2 and the antecedent conjuncted with 1, for some 1] and ¢, such
that ¢/ V ; holds provided the original antecedent does. Apx#-3
generalizes ApxH-V to judgments with the succedent of the form
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XX)pupsy’ Ly

Ep1(®) Ay = p1(D) Ap2(X,1)
X(%): p1;pasyy L X(7)

XE)spupsy lyn X(X)spupsy | e
XX pup2¥ L va A
Emi(x)AY) = v ) c{x} X¢fpvy))
XX);p1ip2 ¥ A L (i=12)
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XX p1ipas¥’ 1Y
Ep1(X) AY = p1(D) Ap2(X,1)

X (X); pr; pas ¥ 1 X (D)
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px"-REC

Epi()AY) = @1V, ) c{xt Xé vy
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x" g fu(y') U fuy) UA{x} U fu(p1) U fu(pz)
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x" & fu(y’) U fu() U {x} U fu(pr) U fu(p2)

= pxV-3
X(X);pi;p2: ¥’ 13IxY

Figure 9. Fixpoint approximation rules

x.y. Apx#-Bask exploits an external validity checker for formu-
las without fixpoints to discharge a judgment with the succedent
¥, by assuming the predicate variables (including X) that occur
in ¢ uninterpreted. Apx#-REc checks that the arguments  to the
recursive occurrence of X satisfy p; and the pair (¥, ) satisfies
the well-founded predicate p, for any sequence of arguments X of
X, in order to ensure that X is interpreted as an unbounded but
finite unfolding of X (%).y. The rules ApxV-+ are defined in a dual
manner to Apx#-x, Note that the roles of A and V (also V and 3) are
switched. In the send_msgs derivation in Fig. 1, we used the greatest
fixpoint rules for conjunction (Apx"-A), existential quantification
(Apx"-3), and conjunction again.

Lemma 5.1 shows that the approximation rules correctly un-
der/over approximate least/greatest fixpoints. The soundness result
(Theorem 5.2 immediately follows.

Lemma 5.1. Suppose thaty is in negation normal form, X & fpv(y/’),
and = WF(p2). We have:

LifX);prspz; ¥ LY, then = p1(X) = (uX(X).~9" Vi) (),
2. ifX(X); prs ps ¥’ 19, then = (vX(X) Y A P)(X) = =p1(%).

Theorem 5.2. IfI+ ¢, then |= ¢.

The decidability of the deduction problem depends on the back-
ground first-order theory. It is undecidable for the fragment used
by our type system (indeed, it is already so with just linear integer
arithmetic). See Appendix H for details.

6 Related Work

Verification of higher-order programs is an active topic of research.
In recent years, numerous approaches have been proposed for
automatically (or semi-automatically) verifying a wide range of
temporal properties, including safety properties [6, 9, 18, 19, 22-24,
30, 31], termination [13, 27], non-termination [3, 14], and properties
expressed in linear p-calculus [12, 16].

However, the existing proposals employ rather disparate tech-
niques to verify the different classes of properties. For instance,
the safety property verification method of [9] applies predicate ab-
straction with CEGAR to iteratively reduce the problem to that of
higher-order model checking [7, 17], whereas the termination veri-
fication method of [13] and linear p-calculus verification method of
[16] are based on a reduction to binary reachability analysis via pro-
gram transformation. By contrast, we propose a unified type-based
approach to verify an expressive range of temporal properties given
as dependent-refinement types carrying dependent temporal effects.
The class of properties supported by our method subsumes those
considered in the previous work mentioned above aside from the
non-termination property handled by [3, 14]. (Non-termination is
not within the scope of our work because it is a branching property.
See below for further discussion.)

An important classes of properties that are not addressed in this
paper are branching properties, such as those expressible in the
branching p-calculus. Sound and complete methods for the class
exist for well-typed finite-data higher-order programs (i.e., higher-
order recursion schemes) [8, 17]. For infinite-data higher-order pro-
grams, a recent work by Unno et al. [25] proposes a type system that
can uniformly deduce some restricted forms of branching properties
such as conditional non-safety and conditional non-termination.
However, their work does not address general temporal properties
(even for the linear subclass). We leave the extension to branching
properties as future work.

The dependent effects of our work are inspired by temporal
effects from the previous work on type-and-effect systems for tem-
poral property verification [4, 12, 20]. Like in our work, temporal
effects facilitate compositional reasoning whereby the temporal
behavior of program sub-terms are summarized as effects and com-
bined to derive those of larger parts. However, the effects there were
non-dependent and also often coarsely over-approximate the actual
temporal behavior. For instance, [4, 20] only allow (w-)regular sets
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of event sequences, and [12] (without oracles) always assigns 3¢
as the infinite effect part of a recursive function. Our work extends
the effects to dependent effects, which are fixpoint predicates on
event sequences and program values that can precisely capture
the temporal behavior, thereby enabling precise specification and
verification of rich value-dependent temporal properties.

Our dependent temporal effects are first-order predicate fixpoint
logic formulas on event sequences and program values. While fix-
point logics such as p-calculus are prevalent in temporal property
verification, most existing works only focus on the propositional
fragment (even for verification of infinite state systems [12, 16]),
and few considers temporal properties specified in a general predi-
cate fixpoint logic. In [21], a system for deriving entailments in a
predicate fixpoint logic using well-founded induction is presented.
However, verification is not within the scope of their work.

An orthogonal direction of extension to the fixpoint logic is
to include higher-order propositions (or predicates) [15, 28]. In a
recent work, Kobayashi et al. [11] have proposed to apply such
higher-order fixpoint logic (HFL) for verification of higher-order
programs. Similar to our approach, they encode the verification
problem as problems in the fixpoint logic. More concretely, their
approach encodes the given higher-order program as a HFL formula
so that the verification problem is reduced to a model checking
problem for HFL. However, their work does not present concrete
means to solve the obtained fixpoint logic problem (besides the case
for the propositional fragment which they show to be equivalent
to model checking of higher-order recursion schemes [10, 11]),
whereas we propose a deductive system for solving the fixpoint
logic constraints generated by the type-based verification process.
On the other hand, compared to our work that uses first-order
fixpoint logic, the use of higher-order logic may prove advantageous
in being able to more naturally model verification problems for
higher-order programs, analogous to the recent proposal of higher-
order constrained Horn clauses for safety verification of higher-order
programs [2]. We leave as future work for a deeper investigation
of the relation.

7 Conclusion and Future Work

We have presented a novel method for reasoning about the temporal
properties of higher-order programs. We use a type-based, compo-
sitional approach that is, in contrast to prior work [12], nonetheless
amenable to algorithmic verification. Also, our treatment with effect
predicates and predicate variables, has led to least/greatest-fixpoint
typing rules that do not sacrifice precision, as was the case in other
prior work. We also present a deductive fixpoint proof system that
allows us to introduce approximations in the form of invariants
and well-founded relations.

In future work, we plan to build on our type system and develop
type inference algorithms, automating our type system and deduc-
tive fixpoint proof system. We also plan to explore relationships
between our dependent temporal events and works on resource
analysis, as discussed with the amortized complexity example at
the end of Sec. 2.
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A Operational Semantics of £

The big-step operational semantics of £ is defined in Fig. 10. There
[op] represents the binary integer function denoted by op. For
example, [+](3,4) = 7. The relation e || v & ® means that the
evaluation of the expression e terminates with the final value v
producing the finite sequence ® of events. By contrast, the relation
e I L & 7 means that the evaluation of e diverges producing the
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[opl(v1,02) =0
m RT-VaL W RT-Opr
x| =fo] [rec(f.x.e)/f.v/x]ejv&a

rec(f,x,e)ov Jv&®

RT-Arp

e1lov&o
ifz0thenejelsee; Jv &

RT-IFTRUE

n+0 e lov&a
ifznthenejelseey J0& o

RT-IFFALSE

e1lo&o [v/x]ex | v’ &y
letx=e;ine; J 0’ & @1 - @2

RT-LET

———— RT-E
evial l0&a RT-EVENT

|x| = o] [rec(f.x.e)/f.v/x]eNt L&x

rec(f,x,e)off L&

RN-Arp

et MTLé&rn
ifzOthenejelsee; | L&

RN-IFTRUE

n+0 e fTLlL&x

ifznthenejelseex T L&

RN-IFFALSE

erfTL&rm

RN-LET1
letx=ejiney T L&

et Jov&ao [v/x]lea ] L&
letx=ejine | L&@ 7

RN-LET2

Figure 10. The big-step operational semantics of £

sty((r&®)) = sty(r)  sty({x | §}) = int
sty((x : 1) = o) = sty(r) — sty(o)

fol(z&®)) = fu(n) U fu(®@)  fu({x | ¢}) = fu(d) \ {x}
fo((x:1) = 0) = fu(r) U (fv(0) \ {x})
(@) = f(PF) U fu(@7)

fov((r&®@)) = fpv(r) U fpv(®)  fov({x | ¢}) = fpv(¢)
fov((x : 1) — o) £ fpv(r) U fpv(o)
fov(®@) = fpv(PH) U fpv(DY)

Figure 11. Auxiliary functions on types

infinite sequence 7 of events. Note that the derivation rules for
e | v & @ are defined inductively, while those for e f} L & 7 are
defined coinductively. The rule RT-EVENT evaluates ev[a] to 0,
raising the event a.

B Auxiliary Functions

Fig. 11 defines the auxiliary functions sty(o), fv(o), and fpv(o).

sty(o) represents the simple type corresponding to the qualified

type o. fv(o) (resp. fpv(o)) represents the set of free term (resp.

predicate) variables that occur in 0. We extend the notions to type
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environments and define sty(T), fv(T), and fpv(T) in the obvious
way.

C Types for Other Examples

The types of the functions in the examples are listed in Figures 12,
13, and 14. There, 7o, represents a type of a function foo, @4
represents the effect of foo, and @ represents an approximation
of ®r,, sufficient for type checking.

D Proof of Theorem 5.2

We first prove Lemma 5.1 which states the correctness of the fix-
point approximation rules. The following are lemmas used to show
Lemma 5.1.

LemmaD.1. Iff ¢ = (WX (3).41)(3) and ¢ = (X (3).42) (3.
then = ¢ = (uX(%).41 A 2)(®)

LemmaD.2. IfE ¢ = (pX(X).¢)(X) andE ¢ = (y = '), then
F¢= uX(Xx)y)Ex)

LemmaD.3. IfF ¢ = (uX(%).[x'/x]¢)(F) andx’ & fo(y)) U{F},
then |= § = (X (3).¥x.9) (%)

LemmaD4. IfE ¢ = (uX@).(0" Ay") = [x'/x]¢)(F) and
E(pAY) = Iy, thenf ¢ = (uX(F) 4" = 3xy)(3).

LemmaD.5. IfE (vX(x).¥1)(X) = ¢ and | (vX(X).¥2)(X) = ¢,
then = (vX(X).41 Vi) (%) = ¢

Lemma D6. IfE (X@H)(D) = ¢ and ~§ = () = §),
then | (vX(2)4") (%) = ¢

Lemma D.7. IfE (vX(X).¢" AY” A [X'/x]¥)(X) = ¢ and E
(=¢ AY’) = Ix" Y, then E (WX ()4’ AVx)(R) = ¢

LemmaD.8. IflE (vX(X).[x"/x]¥) (%) = ¢ withx” ¢ fu(y)U{x},
then = (vX(x).3x.)(X) = ¢ for somet

Proof of Lemma 5.1.
1. By induction on the derivation of X (¥); p1; p2; ¥’ | ¢.

e Case Arx*-BasEe: We have | p1(X) A ¢’ = . Therefore,
we get £ p1(X) = —¢’ V. Because X in =)’ V ¢/ is a free
predicate variable, by substituting pX (x).—/’ vV ¢/ to X we
get E p1(%) = [uX(X).~y" vV ¢/X](=y" V ). Because
[(1X ).~y VY /X (=9 V) i (uX(X). =YV ) (X), we
obtain |= p1(x) = (uX (%)~ vV §)(X).

e Case Arx*-REc: We have
~y=X@) o
- E (p1(x) AY) = (p1(D) A pa(X,1))

We define 1/; as following:

Yo =1
Yier =~V [2/x]¢

By F pi(X) Ay = pi(D), we get F p1(X) A Y =
-y’ v [t/x]p1(t). Repeatedly, we get = p1(X) A ¢’ =
g/ E/RI (7 v - (/7191 D)), But by | pa () A
Y’ = pa(x,t) and | WF(p2), | —[t/x]'p1(t) for some
i. So E p1(*) A ¢’ = 3Fi.y; holds. Therefore we get
EpG)AyY = \a} ;. By Lemma E.4, we obtain

i=0

p1(X) AY = (pX(%).~y’ v X(£))(X). Therefore we have
Fp1(x) = =y’ V (pX(X).~y’ v X(1))(%), and then by
PV (pX(X).~Y VX (D) () = (pX(X)-~y vV X (D) (X)
we get - p1 () = (X ().~ v X(D) ()
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Taux = (I : int list x int list) — (a:int list x int list) — ({I" | [I’| = |I| + |a|} & Paux)

b = Ax.(uXu(Lax)l=0Ax=eVI£0ATyld x=Tick-yA|'| = |l| -1 Ald'| = |a| + 1 A Xu(l',a’,y)) (L a x)
Doy = Ax.(vXy(Lax)l #0A 3yl a" x =Tick-y Al'| =[l| =1 Ala’| = |al + 1A Xy (I, @’ y)) (L a, x)

@ = (Axx € Tickl,/lx.T)
Trev = (15 int Uist) > ({u | ful = I} & Pre)
DOrey = [0/a]Paux

q)l

rev

=(Ax.x € Tickl,/lx.J_)

Tis_empty = (I, [2) : int list X int list —» ({u |u=(l1 =0) A (I2 =0)} & Pis_empty)
Dis_empty = (Ax.(uXyu((D, I2), x).x = €) ((l, I2), x), Ax.(vXy (I, I2), x). L) (11, 2), X))

d

’
is_empty

=0y

Tenqueue = (e : int) — (I, 1) : int list xint list — ({(l1,1;) | I;] = 1+ |l2|} & Penqueue)
Denqueve = (Ax. (X (e, (I, I2), x).x = Enq) (e, (I1, l2), x), Ax.(vXy (e, (I1, I2), x). L) (e, (l1, 2), x))
(Dénqueue = (Axx = m: Ax.L)

Taequeve = ((I1, 1) : int Uist x int list) — ({(e, (L, I)) |L=0AL =L AL =0VL #0AL =1 =1 AL} = I} & Pgequene)

1 =0A3y1,y2.x = y1 - y2 A [/ ®he, (y1) A Xpu(l2, 0, y2)V

) (I, 12), x)

H _
(Ddequeue = Ax‘(”Xﬂ((lLlZ),x) L £0Ax= Deq
q):i/equeue = A (vXy ((I, 12), %)y = 0 A By1, ya.x = y1 - y2 A [l /1Py (y1) A Xy (12, 0,42)) ((I1, I2), X)
q)cliequeue = (Ax.x € Tick’ -Deg, Ax..1)

Tnain = ((I1,2) : int list X int list) — (unit & ®pain)

(Fyr,y2x =y1 - y2 A [42/e]q)§nqueue(yl) AXy((l, I +1),y2)) Vv

m

q)v

q)/"ain = Ax.(pXy (I, I2), x).

main

(hi=0Alb=0AXx=¢)V

(ll =0AL #0A Eyl,yz.x =y1-Yy2 A d)dequeue(yl) /\Xp((lz -1, 0),yz))V

) (11, 12), x)

(1 #0 A Jy1, y2.x = y1 - Y2 A Pgequeve (Y1) A Xy((ll = 1,5),y2))

=Ax.1

Figure 12. Types and effects for the Amortized Complexity example in Figure 2.

e Case ArxH-A: We have
— V=Y Ay
= X&@pupasy’ L
= X(X);pi;p2s ¥’ L
By LH. we obtain
- Epi1(®) = X&)~y V)(x)
- Ep® = (X @)V ) (3
By Lemma D.1, we obtain | p1(X) = (upX(%).~¢' Vi1 A
Y2) (%)
e Case ArxH-V: We have
— Y=V
- E@mE AY) = (Y] V)
- fy) € {x}
- X ¢ fov(y))
= Xxspupasy Ay L
-i=12
By LH., we get
Ep1(x) = (X&)~ AY) V) E) fori = 1,2 By
Lemma D.1, we get E p1(*) = (pX&).~¢' Vv (Y1 v
1) A (Y2 V =1;))(x). Therefore, we have F p1(x) =

(X (X) =YV (Y1 V =)) A (2 V =15) A (Y] V 15)) (%)

Because |= (=" V (Y1 V ¥{) A (Y2 V i) A (Y] V i) =
(p1(*) = ¢’ Vv (¥1 V ¢¥2)) and Lemma D.2, we obtain

Epi(x) = (uX@).~y" vV (1 V2) ().

e Case Aprx#-V: We have
- l// = Vx.l//l
= X(x)pisp2sy’ L [x'[x]
— X ¢ o) U fo(gn) U {F) U fo(pa) U folpa)
By LH., we get | p1(X) = (uX(x).~¢" V [x'/x]y1) (%)
By Lemma D.3 and that x” ¢ fv(y1) U {x}, we have |=
P1(X) = (uX(x).=¢" Vv Vx.41) (%)
e Case Aprx#-3: We have
- l// = Hx.lﬁl
- E@®)Ay) ="y
- ") c {x} U {x'}
- X ¢ fpv(y”)
= XG)spupasy’ AP L X [xlih
- x" ¢ fo(y’) U fu(yr) U {x} U fu(pr) U fu(pz)
By LH.,, we obtain F p1(X) = (uXX).(¢' Ay") =

[x"/x]¢1)(X). By LemmaD.4, we have |= p1 (X) = (uX(%).y' =

Jx.in) (%)

2. By induction on the derivation of X (X); p1; p2; ¥/’ T .

e Case Arx"-Base: We have E p1(X) A ¥/ = —i. We
then get E p1(¥) = -y’ VvV =¢. By contraposition, we
get E Y’ Ay = —p1(X). Because X in /' A ¢ is a free
predicate variable, by substituting vX(x).y’ A ¥ to X
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Tzoom = Unit — (unit & ®zoom)
O on = Ax.(pXy (x).Jy.x = Zoom - y A X (x))(x)
D) on = Ax.(vXy(x).Fy.x = Zoom - y A Xy (x))(x)
O o= Ax.L
@) on = Ax.x € Zoom®
p1 =A((), x).x ¢ Zoom®
approximated by our deductive system with MO, x, (), y). 3,y € ¥, c1,02 € 3, x2,y2 € 3¢
bz x=x1-Cc1 X2 AY=y1-cz-ya Alxr| > [y =0
Tshrink = (£:{t | £ 20}) = (f:runit > {u|u=1t}) > (d:{d|d>0Atmodd=0}) — (unit & Dsprink)

<I>f;hrink = dx.(uX(t,d,x).(t <OA DL, (x)) V (t >0 A Jy.x = Shrink -y A Xu(t—d,d,y)))(t,d, x)

Ol rink = A (vX(8,d, x).(t S OA D00 (x)) V (t > 0 ATy.x = Shrink - y A X, (t - d,d,y)))(t,d, x)
H —

O ik = AxL

@Y rink = Ax.x € Shrink'/? . Zoon®

pr=Axx¢ Shrink!/? - Zoom®

P2 = A(t1,d1, x1, t2,da, x2).t1 > 2 2 0
Tshrinker = (£ : {t |t 20}) = (d:{d|d>0Atmodd=0}) — (unit & Dshrinker)

approximated by our deductive system With{

q)élhrinker = Ax'('uX(t’ d, x)'(bgh rink(x))(t’ d, x)
<I>;/hrinker = Ax'(VX(t’ d, x)'q)lslhrink(x))(t’ d, x)

’ H
D shrinker = Ax'cpshrink(x)

<I),shrinker = AX.CD:h rink(x)
Figure 13. Types and effects for the Shrinker example in Figure 2.

Tlistener = (npool: {v|v > 0}) — (pend: {v| v > 0}) — (unit & Piistener)

(pend < npool) A Jy.x = Accept - y A X(npool, pend + 1,y)V

dﬁistener = Ax.(uX(npool, pend,x).| (pend > 0) A Jy.x = Handle - y A X(npool,pend — 1,y)V )(npool, pend, x)
(pend < 0) A Jy.x =Wait -y A X(npool, pend,y)
(pend < npool) A Jy.x = Accept - y A X(npool,pend + 1,y)V
;i tener = Ax.(vX(npool, pend,x).[ (pend > 0) A 3y.x = Handle - y A X(npool, pend — 1,3)V )(npool, pend, x)
(pend < 0) A Jy.x = Wait -y A X(npool, pend, y)
T _
@ listener — Ax.L

D' ictener = Ax.x € (3% - (2 \ Accept)"POOUPENTLY® — - ¢ (3* . Wait)?

p1 = A(npool, pend, x).—(x € (Z* - (2 \ Accept)"POOLFPENd+lY©0) — ¢ (3* . Wait)®
approximated by our deductive system with _ A(npooly, pendy, x, npooly, pendy, y).3x1, y1 € 2*, x2,y2 € X,
2= x=x1-Wait-xp Ay=y;-Wait-ys A |x1]| > |y1| = 0

Tserver = (npool : {v | v > 0}) — (unit & Pserver)

@é’er\,er = Ax.(,uX(npool,x).[O/pend]fb‘fistener(x))(npool, x)
Dlorver = Ax.(vX(npool, x).[0/pend] P} iener () (npool, x)
OCerver = Ax.L
@’ Jorver = Ax.[0/pend]®’ gy e (%)

Figure 14. Types and effects for the server example in Figure 2.
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: : A B
until_ready : 7+ ev[R];(): or until_ready: 7 ev[Wl;until_ready (): o F (UNit & Puntit ready) <: (Unit &q);ntﬂiready)
until_ready : 7 + ifz = then (ev[R];()) else (ev[W];until_ready ()): (unit & ®ifz)
b until_ready: unit — (unit &@;ntiliready)
Type Derivation for until_ready Funtil_ready: unit — (unit &@antﬂ?ready)
Epi(x) =xeW R
E(x=RVIyx=W-yAyeW -R)=xecW R Ipi(x)=>xecW: R
A: F (X, ()X =RV Iyx =W-y A X,(9)(x) > x e W R
FEpi(x) Ax#W-x) = (x=W-x") FE (p1(x) Ax=W-x") = (p1(x") A pa(x,x7))
Xy(x);p1;pasx 2 W-x"Tx=W-x’ Xy (x); p1; pasx = W-x" T X, (x”)
Xy (x); p13p2;s T Tx = W-x" A Xy (x")
Xy(X);p1;p2; TTIyx =W-y A Xy (y) F=p1(X) = x € W®
B: F (vXy(x).Tyx =W-y A Xy (y)(x) = x € W?
T2 (Ax.Xy(x), Ax. X, (x)) or = (unit & (Ax.x =R, Ax.1))
L[ Axx=RVIyx=W-yAX,(y) AxJyx =W-y A X,(y)
Dif, = = = H 2 ; Ay x =Wy AXuly
e Ax.Fyx =W-y AX,(y) ow = (unit & AxJyx=W-y AX,(y)
Dlntitl ready = (Ax.x €W -R Ax.x € W) - o[ A (pXu(x)x =RV Iyx =W-y A Xu(y))(x)
p1=Axx g W° until-ready Ax.(vXy(x).Fyx =W-y A Xy(y))(x)
p2 = Axq, xo.(first position of non-W in x1) > (first position of non-Win x1) > 0

Figure 15. Type derivation for until_ready.

we obtain = [vX(x).y" A Y/X](Y" AY) = —p1(x). Be- =p1(X). Because = p1(x) = (V' A (Y1 Vi) = (¥ A
cause [vX(R).9/ A Y/X1(0" A ) Iff XE.Y A ), (V] A1) V (4 A §2) A (] V ) and D.6, we obtain
we obtainf= (VX (X).4" A ) (x) = —p1(%). F X&)y AWV ) (X) = -p1(x)

e Case Arx"-Rec: We have e Case Arx"-V: We have
-y =X B -y=v1Vvyr
- p1®) AY = p1(D) Apa(XT) - X®@)spi:pasy’ Tih
In a similar to Apx"-REc, we have | p1(¥) A ¢/ = Ji.y);. - X(X);p1ip2: ¥’ T2
We define // = =i/, that is By LH., we obtain

, - F (X@)Y A1) (x) = =p1(x)
Yo=T - F(X@y AY2) @) = p1(3)
Vi =y AExY] By Lemma D.5, we have £ (vX(%).¢" A (Y1 V #2))(X) =
- X).
By Epi(X) Ay = Fiyi, wegetl=pr1 () Ay = Ei.ﬂlh’. . Cpalsi_iPXV-V: have
Therefore, we have | p1(x) A ' = =Viy]. So, we - ¥ =Vxih
obtain E p1(X) A Y = = 7\ /. By Lemma E.5, we - E i) AY) = A" y”
i=0 - ) c{xu{x’}

getEpi(X)ANY = —|~(VX(J?).¢/ A X (1)) (X). Therefore, - X ¢ fpv(y”)
E Y A (X ()" AX(1))(X) = =p1(x) holds. Finaly, we - X&) p1ipny AV T X xlya
obtain = (vX(%).y” A X(£)) (%) = —p1 (%) = %" ¢ fo(§) U fu(yn) U {F} U fol(p1) U fu(ps)

e Case Apx”-A: We have By LH., we obtain = (vX(X).¥" A ¢ A [x'[x]¢1) (%) =
Y= Ay -p1(X). By E (p1(X) Ay’) = 3x’.y"" and Lemma D.7,
- E@E AY) = (Y] V) we get (VX (X).0 A Vxn)(X) = —p1(%).

- fV(¢{) c {x} e Case ApxV-3: We have

- X ¢ fpv(y)) ~ - ¢ =3x

= XX)spip2s ¥ AU T - X(X);p1; pos ¥’ T [x /x]vn

Q=12 = X ¢ foly’) U oY) U F} U folpr) U folpa)

By LH., we obtain £ (vX(X).¥' Ay AY3)(X) = —p1(x) for By LH., we obtain | (vX(%).¢’ A[x/x]y1)(X) = —p1(F).

i = 1,2. Therefore, by Lemma D.5, we get E (vX(X).¢" A By LemmaD.8 and x” ¢ fv(i/1)U{x}, we obtain | (vX(X).¥'A
(Y] A1) V (Y5 AY2))) (%) = —p1(X). Therefore, we have Ax1) (X)) = p1(3).

E XY AW AV (Y AY2)) AV Y5) (X)) =
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Theorem 5.2 follows from Lemma 5.1.

Proof of Theorem 5.2. By induction on the derivation of I ¢.

e Case Fp-VALID: We immediately obtain |= ¢.
e Case Fp-LFp~: We obtain
- ¢ =C [(uX(X) ) (D]
- F Ay /Xly = ¢
- v ORIV B
By LH., we obtain | C™[[¢/x]¢’]. It then follows that |=
(pX(X).9) (%) = ¢’. Thus, we get | C~[(uX(%).9) (D)].
e Case Fp-Grp™: We have
- ¢ = C X @ 9) (D]
- BV = R XTY
SR CHIERYT
By LH., we get = C*[[t/x]¢’]. Therefore, we have |= ' =
(vX(%).9)(X). We thus get |= C*[(vX (%)) (8)].
e Case Fp-Lrp™: We obtain
- § = CHEXE $) D]
= X(X);p15p2; T | nnf ()
- C*[p1(1)]
- | WF(p2)
By LH., we get = C*[p1(¢)]. By Lemma 5.1, we obtain
P1(X) = (uX(X).9)(X). We thus get | C*[(uX (X).9) ()]
e Case Fp-Grp~: We have
~ X(®:piipz T T nnf ()
= FCT[=p1(2)]
- | WF(p2)
By LH., we get = C™ [-p1(¢)]. By Lemma 5.1, we obtain

(vX (X).1)(x) = —p1(x). Therefore, we get = C~[(vX (X).¥) (1)].

]

E Proof of Theorem 4.1

LemmakE.1. If|= [T + @], then |= 0(p(¢)) for any predicate substi-
tution p and value substitution 0 such that fpv(T)Ufpv(¢) C dom(p)
and 6 = p(T).

Lemma E.2 (Soundness of Subtyping).
o IfT + o1<: 09, then[[p(T) + p(o1) <: p(o2)] for any predicate
substitution p with dom(p) = fpv(T') U fpv(o1) U fpv(o2).
o IfT + 1y <: 12, then [[p(D) + p(11) <: p(12)] for any predicate
substitution p with dom(p) = fpv(T') U fpv(r1) U fpv(ra).

Proof. By mutual induction on the derivations of T' - 71 <: 73 and
T + o1 <: 03. Let 0 be a value substitution such that 6 | p(T).

e Case S-INT: We have
-n={ul|drt o=A{ul| $2}
-k [T F¢1 = ¢2]
By Theorem 5.2 and Lemma E.1, we get |= 0(p($1 = ¢2)).
Wethenget {n | [n/u]0(p(¢1))} € {n |F [n/u]0(p($2))}.
By the definition of [{u | #}], we obtain [{u | 0(p($1))}] <€
[{u | 6(p($2))}]- Therefore, we have

[p(T) F p({u | ¢1}) <: p({u | ¢2})]

e Case S-Fun: We have
-n=x:1) >0, n=(x:1) >0,
r
- rl-‘fzj.l'l, )
—I',x:rzl—(rl<:(72
By LH., we get

LICS ’18, July 9-12, 2018, Oxford, United Kingdom

= [p(T) F p(z3) <: p(z))]
= [p(T.x: 5) v ploy) <t p(oy)]
We then get
[0(p(z)] < [0(p(z]))] (1)

and V6’ € sty(T,x : 7,).(6" E p(T,x : 13)) = [6'(p(o]))] €
[6’(p(03))]. Therefore, we have

vw' € [0(p(e)].[0(p([w"/x]a)] € [0(p([w'/x]op))]  (2)
Suppose that Yw’ € [0(p(z]))].w w’" € [0(p([w’/x]a]))]
for w € sty((x : 7{) — o). Then, by (1) and (2), we have
Yw’ € [8(p(r)))].ww’ € [0(p([w'/x]c;))]. Therefore, we
get
{w VW € [0(p(r))].w w” € [0(p([w/x]o)))]}
C{w | vw e [0(p(z)]-ww € [0(p([w'/x]oy))]}

By the definition of [z], we have [ (x : 8(p(z]))) — 8(p(a7))] S
[(x : 0(p())) — B(p(0})]. We then get [0(p((x : 7)) — a})] €

[6(p((x : 75) — 07))]. Therefore, we have
[p(D) F p((x: 7)) = 0]) <t p((x : 77) = 03)]

e Case S-QuaL:

- 01= (1] &®1), 02 = (17 & D2)

-Trr <1
- F T+ Vo2 (o) = @) ()]
—- T+ V70! (1) = &) (1)]
By LH., Theorem 5.2, and Lemma E.1, we obtain

[6Co(x)] < [6(p())] ®)
F Va.0(p(P) (o) = ¥ (a))) 4)
EVr.0(p(2] (1) = @, (7)) ©)

Let e € [0(p((z] & @1)))]. By the definition of [o], we have
(Vo,w € sty(r])).e | w&ao = (w € [0(p(r))] A (0 E
@ (@) A (Yre T Lax = (0 F p(@!(n)). By
(3), (4), and (5), we get, (Yo,w € sty(r])).e | wao =
(w e [0(p(N] A (6 | p(@y (@) A (Yre ft L& =
(0 | p(®@,(r)))) 1t follows that e € [0(p(z; & P2))]. We get
[(r; &®1)] C [(r; & D2)]. Therefore, we have

[p(T) + p((7] & @1)) <: p((75 & P2))]
m}

Lemma E.3 (Effect Composition). For any ®1 and ®,, we have:
e Forany @1 and @2, if = lell((Dl) and E @‘g(wz), then = (P -
02)H (@1 - @2).
e Forany @1 and ma, if = <D‘l11(@1) and |= @} (2), then |= (®1 -
;)" (@1 - m2).
e Forany m, if E @] (1), then = (@1 - ®2)"(m1).

Lemma E.4. Let F = AX . Ax.y with X may occur only positively in
o

Y. We have pX (x).y © \/ F'(Ax.1).
i=0

o o

Proof. |= F(\/ F*(Ax.L1)) £ \ F'(Ax.L) is obtained by the conti-
i=0 i=0

nuity of F, which is proved by induction on the structure of y. O

Lemma E.5. Let F = AX.Ax.y with X may occur only positively in

. We have 7\ FIQX.T) CvX(%).y.
i=0
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Proof. = A FI(AX.T) C

contmulty of F, which we get by induction on the structure of

2 O

Lemma E.6. Let 7, = (x:7) — (1& (Ax € " X,(x,x),Ax €
3 X, (x,x))) and p be a predicate substitution with dom(p) =
ST\ Xy X} Suppose thate € [p(f - p/(v}), ¥ 7) + p(r6 pf (@)]
for any p” with dom(p’) = {X,,, X, }. We then have rec(f,x,e) €
[[(p(Tf) & Dyg)], where

o G = HX(E ). ()

o Gy = VX0 (F 0).[qu/ Xl (x)

o 77 =(x:7) > (7& (Ax € 2".qu(X, x), Ax € 29 .qv(X,x)))

F( /\ FY()X.T))) is obtained by the co-

Proof. By Theorem 5.2 and Lemma E.1, for any predicate substi-
tution p” with dom(p”) = {X};, X, } and value substitution 0 with

0Ep(f: p’(r}’c),f:?), we obtain

Yw,@.(6(e) L w& ) = w e [6(p(x)]A E 8(p(p" (®))) ()
(©)
Vr.(0(e) 1 L&) =k 0(p(p’ (@) () (7)

We first show
Yw, a.(rec(f, X, e) 0(x) | w& @) = w € [0(p()]A F 0(p(gu(x @)
To this end, we define v}’ and p/' as follows:
= rec(f.x, e")

rec(f, %, [0} /f1e’)

= AT x).L

p
0
of = = A%, x).[p

[Xu] @ (x)

vy, = rec(fX [0 /fle)  pl; = AEx).[p] /Xul @ (x)

Here, e is a closed expression such that e# || w & @ does not hold
for any w and @. By mathematical induction, we will prove that for
all i, w, ©:

(041 0%) b w& @) = w e [0(p(0)]A E 0(p([p} /X, (@)))
(8)
e We show that (8) holds for i = 0. Because e is closed, we
get 0(e#) = e = [0}/ f,0(%)/X]e". By (6), we get
Vw, @.([0™uo/f, 0(x)/x]e" | w&s @) =
w e [0(p()]A E 0(p(p’ (@) (@)

Let p’ = {X,, = pg,XV — A(x,x).T}. Then, by RT-Arp,
we obtain Yw,@.(v) 0(%) | w&®) = w € [0(p(r)]A

O(p([p# 0/ Xu1®H))(@).
e We assume that (8) holds for i = k and prove that (8) holds
for i = k + 1. We have Yw, (D.(v;:+1 0x) f waw) = we
[0(p(o)]A E 0(p( [pZ/Xﬂ]CID”((D))). It follows immediately

that V;‘r.(vz+1 0(x) § L&) =F 0(p(Ax.T)(r)). We then
get

vy, 0(%) € [0(p(r & (Ax € Z7.[p} /X, ] (x), Ax € 2°.T)))]

Therefore, we have Uk+1 € [[Q(p([piﬂ/Xﬂ,/l(f,x).T/XV]TJ’[))]].
By (6) with p’ = {X,, — pzﬂ,Xv — A(X,x).T}, we obtain

Yoji Nanjo, Hiroshi Unno, Eric Koskinen, and Tachio Terauchi

Y, 0.(0(e) I wed) = w & [0(p()]A E plIpL,, /X104 (@).

Because we have

Uy € [0 (1}, /X AE )T/ X)),
we obtain Vw, .(6( [0}, ,/fle) | weo) = w € [0(p(2)]A |
p([p;;r1 /Xu]19#)(@). Therefore, we get
0 I ws o) = w e [0(p(N]A k p([pl,, /X]8") (@)
Suppose that rec(f,x, e) 0(x) | w & @. By the construction of v‘lfl,
we get Ei.vf 0(x) | w&o.

By (8), it follows that w € [0(p(7))] A 3i. | G(p(pf()?, ®))). By
LemmaE.4, = \/ 0(p(p! (%, @))) implies = 0(p (X (%, x).01(x)) (%, @)).
Therefore, we lg:gt

Vw, @.(rec(f,x,e) 0(x) | w& o) =
w e [0(p(0)]A E 0(p(uX (X, ) ¥ (x)) (X, @)
We next prove
Vr.(rec(f,x,e) 0(x) I L &x) = 0(p(qv(x, 7))

To this end, we define o7 and p;’ as follows.

u
Yw, ca,(z;k+2

of = rec(f.x,e”) =A(x,x).T
of = rec(f.x, [v7 /f]e) = A(x, x).[pg /Xv]®" (x)
viy = rec(f.x [of /fle)  piy = AR x).[p] /Xv]®" (x)

Here, e is a closed expression such that e” | L & 7. By mathemat-
ical induction, we prove that for all i, 7, 7/, w, @:

(0], 0) 1 L&x') = 0(p([qu/Xu pi IXv]2Y (7)) A
(0, 0(x) U w&o) = w e [0(p(0)]A F p(gu) (0(x), @) o
9
e We show that (9) holds for i = 0. Because e” is closed, we
get 0(e™) = e = [of/f,0(x)/X]e™. By (7) and (6), we have
V' ([0 /.0 [F1e" | L& 1') =k 0(p(p"(@)(x).
We get Vw, 0. ([0, 0(F) /F]e | wsd) = w € [0(p(0)]A F
9(p(p'(<1>“)))(cv)-Letp’ = {Xy = qu. Xy = p}}, by RN-Arp
and RT-Arp, we obtain
Vﬁd (o] 0(x) 1 L&x") =F 0(p([qu/Xu. py /Xv]2" (1))
an
Vi, 0.(70(%) | wed) = w € [0(p(D)]A E p(q) (0, o).
e We assume that (9) holds for i = k and prove (9) holds
for i = k + 1. We have Vr, 71".(0]’;_1 0x) 1 L&) =F
0(p(1gu/ X pf /X010 (2'))) and ¥, w, &.(oF,, O(F) I wé
o) = w e [0(p()]A E p(gu)(0), o). We then get
UII<T+1 € [0(p(r & (Ax.qu(X, x),Ax.[qﬂ/Xﬂ]pZ+1(x))))]].There-
fore, we get v/’;l € [[Q(p([qﬂ/Xﬂ,pZ+l/Xv]r}))]]. By (6) and
(7) with p” = {X}; = qu, Xy = Pr, ) we have
- VYw,0.(0(e)  w&o) =
w e [0 (NI E p(au/ Xy by, /X019) ()
- V. (0(e) 1 L&m) =k pllgu/XppY,, /X019Y) (1)
Because Z)Z_H € [0(p( [qﬂ/XP’pllclﬂ /Xy] T}))ﬂ holds, we have

Yw, @.(0([vf,,/fle) L w& @) = w € [0(p(1)]A E 0(p(qu(x.x)))
Vr.(0(log,,/fle) T L&m) =k p(lqu/Xu piyy /X1 27) (@)
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Therefore, by RT-App and RN-APp, we get
Yw, @.(rec(f, X, [v,,/fle) 0(x) L w&o) =
w € [0(p(r)]A E 0(p(qu(X,x)))
Vi (rec(f, % [of,,/f1e) 0 i L &m) =
F p([qﬂ/xﬂ5p]‘c/+1/x"]q)v)
We then get Vw, (D.(vl’;z@(?c) U wao) = we [0(p(r)]A E
0(p(qu(x.x))).
We get V. (o7, 0(F) 1 L&) =k p([g/ X P, /X 10Y).
By (9), we have

Vi, ' (v 0(0) 1 L&ax") =E 0(p([qu/Xu. pi 1X]@" (7))

We then get Vi, , (o], 0(X) T L&x") = 0(p([qu/Xulp},, (X, 7).

Suppose that rec(f, x,e) 8(x) I L&zx. By the construction of o7, we

getVi.E!ﬂ’.vﬁr/le(@ I L&r. We then get Vi. = 0(p([qv/Xv1p},, (X, 7))

By Lemma E.5, = 7\ 0(p(lgu/Xvlp} (x, 7))) implies
E0(p((vX(x, xl):.O[qﬂ/Xﬂ]CD"(x))(f, x))). Therefore, we get
Vi (rec(f, % €) 0 1l L&) =k 0(p(qu(E 1))

Thus, we obtain
rec(f,x, e) 0(x) € [p(r & (Ax € 3*.qu(X, x), Ax € %9, (X, x)))]

By the definition of [[(x : 7) — o],
we obtain rec(f, X, e) € [(p(7f) & Pya)]- m|

Proof of Theorem 4.1. By induction on the derivation of T + e: o.
Let 6 be a value substitution such that 6 | p(T).

e Case T-Const: We have

-e=n

—o=({x|x=n}&dyy)

There is no & such that n ff L & x because no rule for
NonN TERMINATING RUN applies to n. Then, we get Vz.(n
L&) =F q):al(”)'

Also, RT-VAL is the only rule for TERMINATING RUN that ap-
plies to n. Therefore, if n | w& ®, thenw = nand @ = e.
We then get Vo,w.n | w&o = (Fw=nA CI>5al(m)).
We have n € [({x | x = n} & ®,,)]. Because 8(n) = n and
G(P({x | x = n}&@y) = ({x | x = n} & @), we
have 0(n) € [0(p({x | x = n} & ®,4))]. Thus, we get n €
[p(T) F p({x | x = n} & Dygp)].

Case T-Fun: We have

- e=rec(f.x,e'), 0= (17 &Pyq)

- T]’c =(x:7) = (r&(Ax € " X, (X, x), Ax € 3 X, (x,x)))
-I,f: T},J?: Tre: (1&D)

- pu= ﬂXp(fs x).QH(x), py = vXy (X, x).®"(x)

-1 =(x:7) — (r&(Ax € 2" .qu(X, x), Ax € £¥.qv(X,x)))
By LH., we get 0(e’) € [0(p(f : 7/, x:7)) F O(p(r &D))].
Because X}, and Xy in TJ/(. and @ are free, they can be substi-

tuted with any predicates.
Therefore, for any predicate substitution p” with dom(p’) =
(X Xy}, 0(e") € [0(p(f : p" (7). X : D) F O(p(z & p"(®)))]
holds. By Lemma E.6, 0(rec(f,X,e")) € [0(p(zr) & Pyqp)]-
Therefore, we get rec(f,x,e") € [p(T) + p(77 & Dyqp)]-

e Case T-VINT: We have
-e=x
—o={ulu=x}&0y)
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- sty(T'(x)) = int
We have 0(x) € [p({u | u=0(x)} & D,y)], because 0(x) is
an integer value. Because 0(x) € [0(p({u | u = x} & Dy))],
we have x € [p(D) + p({u | u=x} & Dyy)].
e Case T-VFun: We have
-e=x
- 0= (I'(x) &)
- sty(T'(x)) # int
By the definition of 0 |= p(T'), we obtain 0(x) € [0(p(I'(x)))].
Because 6(x) is a value, 0(x) € [0(p(T(x) & ®,4))] holds.
We therefore get x € [p(T) F p(T(x) & D,41)]-
e Case T-LET: We have
- e=1letx=e;ine;
- 0=(12&P; - Dy)
-Ttrep: (r1&P7)
-T,x:11+Fex: (12 &D))
- x & fv(r2) U fu(®2)
By LH., Theorem 5.2, and Lemma E.1, we get
- Vw,0.(0(er) | ws) = w € [6(p(r)]A E 0(p(@")) ()
= Vr.(6(er) T L&m) = 0(p(21)) ()
- Yw,o,w1 € [0(p(11))].([w1/x]0(e2) | w&®) = w €
[[w1/x16(p(z2))]A E [w1/x16(p(@})) (@)
- Vr,wy € [[9(,0(‘[1))]]
([w1/x]60(e2) Tt L &) = [w1/x]60(p(D})) ()
RT-LET is the only rule for TERMINATING RUN that applies
to let x=0(e1) in 0(ez). By Lemma E.3, we get
Yw, @.(letx=0(e1) inB(e2) | w&o) = w € [0(p(r2))]A E
0((p(®1-@2))*)(@). RT-LET1 and RT-LET2 are only rules for
NONTERMINATING RUN that apply to let x=60(e1) in 6(e2).
— Case RN-LETI:
We obtain Vr.(letx=0(e1)in0(e2) f} L&r) = 0(p(2))) (7).
By Lemma E.3, we get Vr.(let x=0(e1) in 0(e2) T L &
m) =E 0(p((P1 - ©2)")) (7).
— Case RN-LET2:
By Lemma E.3, we obtain Vrz.(let x= 6(e1) in 8(e2) 1
L&m) =E0(p((D1- P2)")) (7).
Therefore, we have Vr.(let x=0(e1) inf(e2) | L&) =
O(p((@1 - @2)")) (7).
We then get 0(let x=e; in e2) € [0(p(12 & D1 - D2))]. We
thus have let x=e; inez € [p(T) F p(12 & D1 - D2)].
e Case T-Aprpr: We have
— €=10102
- 0= [oy/x](7" & D)
~Trop: ((x:7) > (7' &®) &Py
-Troy: (1&D,y)
By LH., Theorem 5.2, and Lemma E.1, we get

0(v1) € [0(p((x : 1) = (7 &@)) & Pya))] S [O(p((x: 7) — (7' &P)))]
Therefore, we have
Vi’ € [0(p(0)]-0(01) w' € [[w'/x10(p(z’ & B))]
0(v2) € [0(p(r&Pyq)] € [0(p(7))]
We then get 0(v1) 0(v2) € [[0(v2)/x]0(p(z" & D))]. We have
0(v1 v2) € [0(p([v2/x](z’ &D)))]. We then get
v102 € [p(T) F p([02/x](z" & @))].
e Case T-Or: We have
- e=0v 0pv
—o={x|x=0v10pv2} &Dyp)
- Tror: (int &)
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- Troy: (int&D,q)

By LH., we obtain

v1 € [T (int &P,y andoy € [T + (int & D,4;)]. Because
there is no rule for Non TERMINATING RUN that applies to
0(v1 op va), there is no 7 such that 8(v; opovz) L & 7. We
then get Vr.(0(v1 opv2) T L&) =F G(p(tbzal))(n). Also,
RT-Op is the only rule for TERMINATING RUN that applies
to 0(v1 op v2). Therefore, if 0(v; opv2) | W& @, then w =
[op] (6(v1), 8(v2)) and @ = €. We have Yo, w.0(v1 opv2) |
w &0 =k w = p(Lopl (0(01), 6(02))) A O(p(@)) (0). We
then get (o1 0p ) € [0(p({x | x = 01 op oz} & @) It

follows that v op oy € [p(T) + p({x | x =01 opv2} &D,4)].

Case T-Ir: We have
— e=1ifzou thenej elsee;
- o=(r&D)
-T,0=0Fe;: (1&D)
-T,0#0Fey: (r&D)
By LH., Theorem 5.2, and Lemma E.1, we get
- E0(v) =0AYw,@.(0(e1) | wa®) = w € [0(p(1))]A E
0(p(2")) (@)
- E0() =0AVr.(0(e1) T L&m) = 0(p(2)) ()
- E0(v) £ 0AVw, @.(0(e2) | wao) = w € [0(p(7))]A E
0(p(2")) (@)
- E0(v) #0AVr.(0(e2) T L&) =k 0(p(@Y)) ()
RT-IFTRUE and RT-IFFALSE are the only rules for
TERMINATING RUN that apply to 8(ifz v thene; elseez) =
ifz 0(v) then O(eq) else O(ez).
— Case RT-IFTRUE: By = 0(v) = 0,
we get Vw, @.(1fz 8(v) then 6(e1) elseO(ez) | w& o) =
w e [B(p(e)]A k 6(p(0) ().
- Case RT-IFFALSE: By = 6(v) # 0,
we obtain Yw, @.(1fz0(v)thenf(e1)elsel(ez) | wao) =
w e [B(p(D]A F 6(p(04) ().
We then get Vw, @.(6(ifz v thene; elseey) | w& @) =
w € [0(p(r)]A E 0(p(®*)(®@)). Also, RN-IFTRUE and
RN-IFFALSE are the only rules for NONTERMINATING RUN
that apply to ifz 6(v) then 0(e;) else O(ez).
— Case RT-IFTRUE: By = 0(v) = 0,
we obtain Vr.(ifz0(v) thenf(e1)elseb(er) | L&) =k
0(p(@")) (7).
— Case RT-IFFALSE: By |= 6(v) # 0,
we have Vr.(ifz 0(v) thenO(ey) elsef(er) | L&) =k
0(p(@")) (7).
We then get Vz.(ifz 6(v) then f(eq1) else f(e2) | L &
1) =k 0(p(P")) (). We then get 0(ifzouthenejelseey) €

[6(p(r & D))]. We obtain ifzothenejelsees € [p(T) + p(r & D)].

Case T-EVENT: We have

— e=-evl[a]
—o=({x]|x=0}&(IxeT*xeaixeE¥.1))

Because there is not rule for NoN TERMINATING RUN that
applies to O(ev[al]), there is no 7 such that ev[a] | L &
. We obtain Vr.(0(evla]l) | L&) =k 9(/)@)\1:(11(”)))'
Also RT-EvENT is the only rule for TERMINATING RUN that
applies to O(ev[al). Therefore, if f(ev[a]) | w& o, w =
0 and ® € a. We obtain Yw,®.(8(ev[al) | w & o) =k
O(p(w = 0 A (Ax € Z*.x € a)(@))). We get O(ev[al) €
[(p({x | x=0}&(Ax € Z*.x € a,Ax € =¥ .1)))].
Therefore, we have
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evial € [p(D) F p(({x | x =0} & (Ax e Z*x € a& Ax € Z¢.1)))].
e Case T-SuB: We have

-o0=0y

-Tre:or

-Troyp<:oy

By LH., we obtain e € [p(T) + p(o1)]. By the definition,

we get V0 € sty(T).(0 F p(T)) = 0(e) € [0(p(01))]. By

LemmaE.2, we have V0 € sty(T).(0 E p(T)) = [0(p(01))] €

[6(p(02))]- Therefore, we get VO € sty(T).(0 £ p(T)) =

0(e) € [0(p(02))]- Thus we have e € [p(T) + p(o2)].

F Example Typing Derivation

Figure 16 shows an example typing derivation.

G Example Fixpoint Approximation

Figures 17-19 show example under-approximations of least fix-
points. Figures 20-21 show example over-approximations of great-
est fixpoints.

H Semantics of First-Order Fixpoint Logic

We define the predicate sorts 7 and the partially ordered set (D, Cs
) and (Dq, Cq) inductively by:

(predicate sorts) 7 == e | S—oe

D. £ {T!J-} E‘ £ {(T’ T)’ (J-! T)? (J-3 J—)}
Dy 27 Cz = {(n,n) |neZ}
D5 =357 s 2 {(0,0) | @ € 3"}
Dy £ 3% CY 2 {(m ) | w € ¢}
Dz 2{feDz |Vddye Dgdi Cgdr = f(di)Ca f(d)}

C7 . 2 {(f.9) |Vd € D5.f(d) Ca g(d)}

and, we define conjunction and disjunction of f,g € D% | as
follows:

fNz,,g22de Dz, .f(d)Ag(d)
fuz,,g2ide Dz, .f(d)Vg(d)

Note that (Dz_,,E& |,
rem H.1). The least and greatest elements of Dz_| | are Ax.L1 and

) forms a complete lattice (See Theo-

AX.T respectively.

We now define the formal semantics of the first-order fixpoint
logic as Fig 22. sortsof (A) and sortsof (f) are the sorts sequence of
arguments of A and f respectively.

Here, the least/greatest fixpoint operatorslfp{?_" and gfp(f_)'
are defined by:

W7 (F) £ My (X e Dz, | FX) Tz, X)
gh" 7 (F) £ Uz (X €Dz, |XCz , F(X)}

|—|,7~_" and | |z |, denote respectively the greatest lower bound
and the least upper bound with respect to £z |

Theorem H.1. (D ) forms a complete lattice.

‘7"—)0’ E‘?’—)o
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. . T-A
Ihtn—1:0int Ign'intr fr': ({x|x=1}&0") ETLPP))
[rrevial: ({x | x=0}&®,) I[prletn’=n—1infn': ({x|x=1}&[n-1/n"]D") T
= (T-LET)

I'x Fevial;letn’=n—1linfn': ({x | x=1} &%, - [n—1/n"]D")

: TS
ILr1: ({x|x=1}&D) Iz revial;letn’=n—1linfn': ({x|x=1}&®) TI( us)
f:z'j},n:intl—ifznthenlelse(ev[g];let n=n—1infn): {x|x=1}&d) (FIx)
(T-Fun)

Frec(f,n,ifznthen lelse (evlal;letn’=n—1infn’)): (7p &Pyy)

Ic=f:7,n:int,n=0 Dy = (Axx =aAx.1)
Te=f: T},n cint,n #0 Oint = (int & @)
h=(n:int) = ({x |x =1} & (Ax. Xy (n, x), Ax.Xy (1, x)))

" = (Ax.X,(n',x), Ax.X, (n',x))

® Axn=0Ax=evVn#0Adyx=a-yAX,(n-1y)

| Axnz 0ANTyx=a-yAX,(n—-1y)
qu = pXpu(n, x).0H (x) qv = vXy(n,x).[qu /Xy (x)
tr=(n:int) > ({x | x = 1} & (Ax.qu(n, x), Ax.qv(n, x)))

Figure 16. Typing Derivation for rec(f,n, ifz n then 1 else ev[al;letn’=n—11in f n’)

FpimAy)=n#0 E(pi1(n)Ad2) = (p1(n—1) Apa(n,n—1))
Epim)Ag)=n=0 Xn)pi;psyeln#0 X(n);p1;p2:y2 L X(n—1)
X(n);p1;p2;91 ln=0 X(n);p1ip2yp ln#0AX(n-1) Ep1(n) = (Y1 Vi)
X(n);p1;p2; Tl (n=0)v(n+0)AX(n-1)
Here, 1 2 (n=10),¢2 = (n #0), p1 = An.n >0, p2 =2 Any,na.n; > ny >0

Figure 17. The least fixpoint uX(n).(n = 0) V (n # 0) A X(n — 1) is under-approximated by An.n > 0

E(pi(nx)An#0)=>n#0
E(pi(nnx)An=0)=n=0 X(nx);p1;p2sn#0,ln#0 A
X(n,x);pi;p2:n=01n=0 X(nx)ppsn#0ln#0ATyx=a-yAX(n-1y) Epi(x) =>n=0vVn#0)
X(nx);p1;p2; Tln=0vn#0Adyx=a-yAX(n—-1y)

Epi@®An#0A)) > x=a-x E(punx) Ant0Ap) = (pi(n—1x)Apa(nxn—1,x)
X(n,x);p1;psn+#0AY [ x=a-x’ X(nx);pispsn+0AY | X(n—1,x")
X(nx);pi;psn#0Ay lx=a-x" AX(n—1x") E(p1(x)An#0)= 3Ix".¢
A X(nx);pip2sn#0] Jyx=a-yAX(n—-1y)
Here,y = hd(x) =a A tl(x) =x" p1 2 An,x.n = 0 Ax € @", pp = Any, x1,ng,x2.n1 > ng = 0

Figure 18. The least fixpoint pX(n,x).n =0V n # 0 A Jyx =a-y A X(n— 1,y) is under-approximated by A(n,x).n > 0 Ax € a"

~ n ~
Proof: For any subset of Dz |, {po. p1,- - - pi}, these hold. So, this has the least element Ad € Dz _ . A\ pi(d) and the
k=0
—_~ n —_~
greatest element Ad € Dz__ . \/ pi(d). O
k=0

i
(Me Dz .. /\Pj(d)) C7 ., Pk
j=0

PrEF . (Ad e Dz, \/p;(r?))
j=0
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E(pi(nx)An=0Ax=€)=(n=0Ax=¢)
X(n,x);pi;p2sn=0Ax=€eln=0Ax=¢€ A B Epi(nx)=> (n=0Ax=eVn#0Ahd(x)=aV hd(x) =b)
X(nx)ppsTl(n=0Ax=€e)V(n#0ATyx=a-yAX(n-1y) Vv (Gyx=b-yAX(ny))

F@inx)Ay) =x=a-x; F (p1(nx) A1) = p1(n—1,x)) Apa(n,x,n—1,x7)

X(n,x);p1;p21 Ll x=a-x] X(n,x); p13p2;¥1 L X(n—1,x7)
Epi(nx)An#t0=n+0 X(n,x);p1;p2:91 L x=a-x] AX(n—1,x]) E (p1(nx) An#0A hd(x) = a) = 3x].tl(x) = x{
X(n,x);p1;p2sn#0Ahd(x)=aln+0 X(n,x);p1;p2sn#0Ahd(x)=alJyx=a-yAX(n—-1y)

A X(nx);p;psn#0Ahd(x)=aln#0ATyx=a-yAX(n—-1y)

E(pi(nx)Aye) = x=b-x} | (p1(n,x) Aya) = (p1(n,x5) A p2(n,x,n,x}))
X(nx);puipzye L x=b-x; X(n,x); pr;p2; 2 L X(n,x")
X(n,x);pisp2:¥2 L x =b - x5 AX(n,x5) E (p1(n,x) A hd(x) = b) = Fx).tl(x) = x;
B---X(n,x);pr1ip2:hd(x) =b | Jyx=b-y AX(ny)
Here, 1 = n# 0 A hd(x) =a A tl(x) = x], 2 = hd(x) = b A tl(x) = x}, p1 = An,x.x € {a,b}* A#a(x) =n,
p2 = Ang,x1,n2, x2.%1| > |x2| 2 0

Figure 19. The least fixpoint uX(n,x).(n=0Ax=€)V(n#0AJyx=a-yAX(n-1,y)) vV (Jy.x =b-y AX(n,y)) is under-approximated
by A(n, x).#a(x) = n
Epi(mAy) =-n#0) (i) Afp) = pi(n—1) Apz(n,n—1)
X(n);pi;p2;y1 Tn#0 X(n);p1;pa; Y2 1X(n - 1) Epi(n) = ()1 Vi)
X(n);p1;p; TTn#0AX(n—1)
Here, 1 = (n=0),y2 2 (n#0),p1 = An.n >0, p2 = Anj,ng.ny >nz >0

Figure 20. The greatest fixpoint vX(n).n # 0 A X(n — 1) is over-approximated by An.—(n > 0) = An.n < 0

FEpioAax#a-x)=-(x=ax) E(pi(x)Ax=a-x)= pi(x') Ap(x,x’)

’

X(x);pisprx+a-x' Tx=a-x X(x);ppax=a-x’TX() Epi(x) = (x#a-x'vx=a-x')

X(x)spispsTix=a-x AX(x))

X(x);p1;p2; T13yx=a-y AX(y)
Here, p1 = Ax.x ¢ a®, p2 = Ax1, x2.(first position of non-a in x1) > (first position of non-a in x3) > 0

Figure 21. The greatest fixpoint vX(x).3y.x = a- y A X(y) is over-approximated by Ax.—(x ¢ a®) = Ax.x € a®
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OET
OF L
OF-¢iff 0 ¢
OF¢1 AP iff O ¢rand 0 =,
OF @1V iff 0 ¢rord g
0 EVx: S.¢ iff foralld € Dg, [x —» d|0 E ¢
0 E3x: S.$ iff forsomed € Dg, [x — d]0 |= ¢
0 = A iff [t]g € Dsortsopa) and [ [A]([] )
0 X(t: §) iff [tlp € Dg and for all predicates p, = p()

0k (X (& S).9) @ iff 0 Ip” ~* (AXIZ.$) (D)

0 F (X(F: 8).)(D iff 0 F gfp” ~* (X.A%$) (D)
[x: S]p = 0(x) € Dg

[f®le £ [f1([2lp) € Ds (where t € Diorsof ()

Figure 22. Semantics of Fixpoint logic formula
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