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Abstract

Higher-order model checking (more precisely, the model check-
ing of higher-order recursion schemes) has been extensively stud-
ied recently, which can automatically decide properties of pro-
grams written in the simply-typed A-calculus with recursion and
finite data domains. This paper formalizes predicate abstraction
and counterexample-guided abstraction refinement (CEGAR) for
higher-order model checking, enabling automatic verification of
programs that use infinite data domains such as integers. A proto-
type verifier for higher-order functional programs based on the for-
malization has been implemented and tested for several programs.

Categories and Subject Descriptors D.2.4 [Software Engineer-
ing]: Software/Program Verification; F.3.1 [Logics and Meanings
of Programs]: Specifying and Verifying and Reasoning about Pro-
grams

General Terms Languages, Reliability, Verification

Keywords Predicate Abstraction, CEGAR, Higher-Order Model
Checking, Dependent Types

1. Introduction

The model checking of higher-order recursion schemes (recur-
sion schemes, for short) has been extensively studied [19, 24, 27],
and recently applied to verification of functional programs [20,
22, 25]. Recursion schemes are grammars for describing infinite
trees [19, 27], and the recursion scheme model checking is con-
cerned about whether the tree generated by a recursion scheme
satisfies a given property. It can be considered an extension of fi-
nite state and pushdown model checking, where the model check-
ing of order-0 and order-1 recursion schemes respectively corre-
spond to finite state and pushdown model checking. From a pro-
gramming language point of view, a recursion scheme is a term
of the simply-typed, call-by-name A-calculus with recursion and
tree constructors, which generates a single, possibly infinite tree.
Various verification problems for functional programs can be eas-
ily reduced to recursion scheme model checking problems [20, 22,
25]. Thanks to the decidability of recursion scheme model check-
ing [27], the reduction yields a sound, complete, and automatic
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verification method for programs written in the simply-typed A-
calculus with recursion and finite data domains (such as booleans).

There is, however, still alarge gap between the programs han-
dled by the above-mentioned method and real functional programs.
One of the main limitations is that infinite data domains such as
integers and lists cannot be handled by the recursion scheme model
checking. To overcome that limitation, this paper extends the tech-
niques of predicate abstraction [12] and counterexample-guided ab-
straction refinement (CEGAR) [4, 8] for higher-order model check-
ing (i.e., recursion scheme model checking).

The overall structure of our method is shown in Figure 1. Given
a higher-order functional program, predicate abstraction isfirst ap-
plied to obtain ahigher-order boolean program (Step 1 in Figure 1).
For example, consider the following program M :

let f x g = g(x+1) in let h y = assert(y>0) in
let k n = if n>0 then f n h else () in k(randi(Q))

Here, assert takes a boolean as an argument and is reduced to
fail if the argument is false. The function randi returns a non-
deterministic integer value. Using a predicate Axz.x > 0, we obtain
the following higher-order boolean program e :

let £ b g = if b then g(true) else g(randb()) in
let h ¢ = assert(c) in
let k () = if randb() then f true h else () in k()

Here, randb returns a non-deterministic boolean value. Note that
the integer variables x and y have been replaced by the boolean
variable b and c respectively, which represents whether the values
of x and y are greater than 0. In the abstract version of £, b being
true meansthat x>0, whichimpliesx+1>0, so that true ispassed to
g in the then-part. In the else-part, x<=0, hence x+1>0 may or may
not hold, so that a non-deterministic boolean value is passed to g.
The higher-order boolean program thus obtained is an abstraction
of the source program; for any reduction sequence of the source
program, thereis a corresponding reduction sequence of the higher-
order boolean program (but not vice versa). Thus, for example, if
the abstract program does not cause an assertion failure, neither
does the source program.

The higher-order boolean program is then represented as a re-
cursion scheme and model-checked by using an existing recursion
scheme model checker [21, 22] (Step 2 in Figure 1). If the higher-
order boolean program satisfies a given safety property,! the source
program is also safe. Otherwise, an error path of the boolean pro-
gram is inspected (Step 3 in Figure 1). If it is aso an error path
of the source program, then it is reported that the program is un-
safe. Otherwise, new predicates are extracted from the error path,
in order to refine predicate abstraction (Step 4 in Figure 1).

1For the sake of simplicity, throughout the paper, we only consider the
reachability property.
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Figure 1. Higher-Order Model Checking with Predicate Abstrac-
tion and CEGAR

In the example above, we actually start predicate abstraction
with the empty set of predicates, and obtain the following abstract
program eo:

let £ g =g() in let h () = assert(randb()) in
let k () = if randb() then f h else () in k()

The model checking of this program yields the following reduction
sequence, leading to an assertion failure:

k() — if randb() then f h else ()

— if true then f h else () — f h

— h() — assert (randb())

— assert (false) — fail - (1)

The corresponding reduction sequence in the source program M
is:

kn — if n>0 then f n h else () —pof n h

— h(n+1) — assert (n+1>0) —ni1c-0 fail ---(2)

Here, n is some integer, and we have annotated the sequence with
the conditions that should hold at each step. As n>0 A n+1<=0
is unsatisfiable, we know that the reduction sequence above is
actualy infeasible, so that the source program may not cause an
assertion failure. From the unsetisfiable constraint above, we can
learn that information about whether an integer is positive is useful.
By using it, we get the refined abstract program shown earlier. As
the new abstract program is safe (i.e. does not cause an assertion
failure), we can conclude that the source program is also safe.

The idea sketched above is basically the same as the techniques
for predicate abstraction and CEGAR used aready in finite state
and pushdown model checking [4, 8], except that models have been
replaced by higher-order boolean programs (or recursion schemes).
As discussed below, however, it turned out that there are many
challenging problemsin devel oping effective methods for predicate
abstraction and CEGAR for higher-order model checking.

First, for predicate abstraction, it is unreasonable to use the
same set of predicates for al the integer variables. For example,
let us modify the program above into the following program Ms:

let f x g = g(x+1) in let h y = assert(y>0) in
let k n = if n>=0 then f n h else () in k(randi())

Then, the predicate \v. > 0 should be used for x, while \v.v > 0
should be used for y. We should consistently use predicates; for ex-
ample, with the choice of the predicates above, g's argument should

be abstracted by using Av.v > 0, rather than Av.v > 0. We use
types (called abstraction types) to express which predicate should
be used for each variable. For example, for the above program, the
following abstraction types are assigned to f, h, and k:

frintAvw > 0] — (intAvy > 0] — %) — *
h:int[Avw > 0] — k:int[] — *

The type of f means that the first argument of f should be an
integer abstracted by the predicate \v.v > 0, and the second
argument be a function that takes an integer abstracted by the
predicate Av.v > 0 as an argument and returns a unit vaue.?
By using these abstraction types, the problem of checking that
predicates are consistently used boils down to a type checking
problem. For example, the standard rule for application:

'EM:1 — 7 I'EN:m
I'MN : 7

ensures that N is abstracted using the predicates expected by the
function M; there is no such case that an abstraction of function
M expects a value abstracted by using the predicate A\v.v > 0 but
the actual argument NV is abstracted by using Av.v > 0.

A further twist is necessary to deal with multi-ary predicates.
For example, consider the following modified version Ms;:

let £ x g = g(x+1) in let h z y = assert(y>z) in
let k n = if n>=0 then f n (h n) else () in
k(randi())

The variable y should now be abstracted by using Av.v > z, which
depends on the value of z. Thus, the above program should be
abstracted by using the following dependent abstraction types:

fi(zint]] — (w:int[Avw > ] — %) — %)
h:(z:int[] — y:int[Avr > 2] — %) k:int[] — *

Here, please note that the types of the second arguments of f and
h refer to the values of the first arguments. Thus, our type system
for ensuring the consistency of predicates is actually a dependent
one. A predicate abstraction algorithm is then formalized as atype-
directed transformation relation ' = M : 7 = e based on the
dependent abstraction type system, where M is a source program
and e is an abstract program.®

The predicate abstraction mentioned aboveis sound in the sense
that if an abstract program is safe (i.e., does not reach fail), so
is the source program. Further, we can show that it is relatively
compl ete with respect to a dependent (refinement) intersection type
system [31]: If a source program is typable in the dependent inter-
section type system, our predicate abstraction can generate a safe
abstract boolean program by using certain abstraction types. This
means that, as long as suitable predicates are provided (by auser or
an automated method like the CEGAR discussed below), the com-
bination of our predicate abstraction and higher-order model check-
ing has at least the same verification power as (and actually strictly
more expressive than, as discussed later: see Remark 1 in Section 4)
the dependent intersection type system. Here, note that we need
only atomic predicates used in the dependent types; higher-order
model checking can look for arbitrary boolean combinations of the
atomic predicates as candidates of dependent types. Thus, this part
aone provides a good aternative to Liquid types [30], which aso
asks users to provide templates of predicates, and infers dependent

2 Here, abstraction types should not be confused with refinement types[34];
the abstraction type of aterm only tells how the term should be abstracted,
not what are possible values of the term. For example, integer 3 can have
type int[Av.v < 0] (and it will be abstracted to the boolean value false).

3To avoid the confusion, we call dependent abstraction types just abstrac-

tion types below. We use the term “dependent types’ to refer to ordinary
dependent types used for expressing refinement of simple types.



types. Thanks to the power of higher-order model checking, how-
ever, our technique can infer dependent, intersection types unlike
Liquid types.

We now discuss the CEGAR part. Given an error path of an ab-
stract boolean program, we can find a corresponding (possibly in-
feasible) error path of the source program. Whether the error path
is feasible in the source program can be easily decided by sym-
bolically executing the source program along the error path, and
checking whether all the branching conditionsin the path are satis-
fiable (recall the example given earlier). The main questioniis, if the
error path turns out to be infeasible, how to find a suitable refine-
ment of abstraction types, so that the new abstraction types yield
an abstract boolean program that does not contain the infeasible
error path. This has been well studied for first-order programs [2—
4,8, 13-15], but it is not clear how to lift those techniques to deal
with higher-order programs.

Our approach to finding suitable abstraction typesis as follows.
From a source program and its infeasible error path, we first con-
struct a straightline higher-order program (abbreviated to SHP)
that exactly corresponds to the infeasible path, and contains nei-
ther recursion nor conditional branches. In the case of the program
M5 above, thisis easily obtained, as follows:

let f1 x g = g(x+1) in let hl z y = assert(y>z) in
let k1 n = assume(n>=0); f1 n (hl n) in k1(c)

Here, c is a constant, and assume(b) evaluates b, and proceeds
to the next instruction only if b is true. (But unlike assert, it is
not reduced to fail even if b isfalse.) For genera programs that
contain recursions, the construction ismore involved: see Section 5.

For SHP, a standard dependent (refinement) type system is
sound and complete, in the sense that a program does not reach
fail if and only if the program is typable in the type system.
Further, (a sub-procedure of) previous algorithms for inferring de-
pendent types based on interpolants [31, 32] is actually complete
(modulo the assumption that the underlying logic is decidable and
interpolants can always be computed) for SHP. Thus, we can auto-
matically infer the dependent type of each function in the straight-
line program. For example, for the program above, we obtain:

fl:(z:int — (y: {v:int |v > 2} — *) — %)
hi:(z:int —y:{v:int |v > 2} — %)
kl:(z:int — %)

Here, the type of h1 means that given integers z and y such that
y > z, hlzy returns a unit value without reaching fail. (These
dependent types should not be confused with abstraction types:
the latter only provides information about how the source program
should be abstracted.)

We then refine the abstraction type of each function in the
source program with predicates occurring in the dependent types
of the corresponding functions in the SHP. For example, given the
above dependent types, we get the following abstraction types:

f:(z:int[] — (y:int[Avw > ] — ) — %)
h: (z:int[] — y:int[Avw > z] — %) k:int[] — *

We can show that the abstraction types inferred in this manner are
precise enough, in that the abstract program obtained by using the
new abstraction types no longer hastheinfeasible error path. (Thus,
the so-called “progress’ property isguaranteed asin CEGAR meth-
ods for finite-state or pushdown model checking.)

Based on the predicate abstraction and CEGAR techniques
mentioned above, we have implemented a prototype verifier for
(simply-typed) higher-order functional programs with recursion
and integer base types, and tested it for several programs.

Our contributions include: (i) the formalization of predicate
abstraction for higher-order programs, based on the novel notion
of abstraction types, (ii) the formalization of CEGAR for higher-

order programs, based on the novel notion of SHP and reduction of
the predicate discovery problem to dependent type inference, (iii)
theoretical properties like the relative completeness of our method
with respect to a dependent intersection type, the progress property,
etc., and (iv) the implementation and preliminary experiments.
The rest of this paper is structured as follows. Section 2 intro-
duces the source language, and Section 3 introduces a language of
higher-order boolean programs, and reviews the result on higher-
order model checking. Sections 4 and 5 respectively formalize
predicate abstraction and CEGAR for higher-order programs. Sec-
tion 6 reports our prototype implementation and preliminary exper-
iments. Section 7 discusses related work, and Section 8 concludes.

2. Language

This section introduces a simply-typed, higher-order functional
language, which is used as the target of our verification method.

We assume aset B = {b1,...,b,} of data types, and a set
[bs] of constants, ranged over by ¢, for each data type b;. We aso
assume that there are operators op : b;,,. .., by, — b;; we write
[op] for the function denoted by op. We assume that the set of
data types includes x with [x] = (), and bool with [bool] =
{true, false}, and that the set of operatorsincludes =: b,b —
bool for every b € B, and boolean connectives such as A :
bool,bool — bool.

The syntax of the languageis given by:

D (program) = {fiTi=é€1,..., fm Tm = €m}
e (expressions) clzv| fU]letxz=e; ines | op(V)

fail | assume v;e | e; Oes

v (vaues) clez|fo

Here,  abbreviates a (possibly empty) sequence z1, ..., x,. In
the definition f & = e, we call the length of = the arity of f. In
the definition of values, the length of ¥ in f ¥ must be smaller than
the arity of f. (In other words, f v must be a partia application.)
We assume that every function in D has a non-zero arity, and that
D contains adistinguished function symbol main € {f1,..., fm}
whose smpletypeis* — x.

Most of the expressions are standard, except the following ones.
The expression fail aborts the program and reports a failure. The
expression assume v; e evaluates e if v is true; otherwise it stops
the program (without a failure). The expression e; [ e2 evaluates
e1 Or ez in anon-deterministic manner. Note that a standard condi-
tional expression if v then e; else ey can be expressed as:

(assume v;e1) O (let ¢ = —w in assume z;e2).

We can expresstheassertion assert v asif v then () else fail.
The random number generator randi used in Section 1 is defined
by:

randi () = (randiFrom1)O(randiTo0)

randiFromn = nO(randiFrom (n + 1))

randiTon = nO(randiTo (n — 1))

We assume that a program is well-typed in the standard simple

type system, where the set of typesis given by:

Tu=bi |- |bp | 71 — To.

Furthermore, we assume that the body of each definition has a data
type b;, not a function type. This is not a limitation, as we can
aways use the continuation-passing-style (CPS) transformation to
transform a higher-order program to an equivalent one that satisfies
the restriction.

We define the set of evaluation contextsby: £ ::=[] | let =
E in e. The reduction relation is given in Figure 2. We label the
reduction relation with 0, 1, ¢ to record which branch has been



fr=eeD

B9l o Blo/a (EA
E[letz = v ine] ——p E[[v/x]e] (E-LET)
Elop(¢)] = p El[op](¢)] (E-Op)
Eleo Oe1] —=p Elei] (E-PAR)
Elassume true;e] —p Ele] (E-ASSUME)
Elfail] —p fail (E-FaIL)

Figure 2. Call-by-Value Operational Semantics

chosen by a non-deterministic expression e; [ es; it will be used
to relate reductions of a source program and an abstract program

later in Sections 4 and 5. Wewrite e; =" 1, es if

er(-=p)" “p (b))’

e (=Sp) LT, (—p)*es.
We often omit the subscript D when it is clear from the context.
The goal of our verification method is to check whether

main () ==p fail.

3. Higher-Order Boolean Programsand M odel
Checking

A source program is translated to a higher-order boolean program
(abbreviated to HBP) by the predicate abstraction discussed in
Section 4. The language of HBP is essentidly the same as the
source language in the previous section, except:

e The set of data types consists only of types of the form
bool X --- X bool (which is identified with x when m = 0, and
N— ————

bool when m — 1). We assume there are the following operators
to construct or deconstruct tuples:

(yeeey) bool,...,bool — bool X --- X bool
fi : Dbool X --- X bool — bool

e The set of expressions is extended with e; B ez and un-
named functions Ax.e. The former is used for expressing the non-
determinism introduced by abstractions; it isthe same ase; [ e,
which is used to express the non-determinism present in a source
program, except that the reduction is labelled with €. This distinc-
tion is convenient for the CEGAR procedure discussed in Section 5
to find a corresponding execution path of the source program from
an execution path of the abstract program. Unnamed functions are
used just for technical convenience for defining predicate abstrac-
tion; with \-lifting, we can easily get rid of \-abstractions. (The
evauation rules and evaluation contexts are accordingly extended
with E[(A\z.e)v] — E|[v/zlejand E =:=--- | Ee | v E.)

The following theorem is the basis of our verification method.
It follows immediately from the decidability of the model checking
of higher-order recursion schemes [27].

Theorem 3.1. Let D be an HBP. The property 3s.(main{) ==p
fail) isdecidable.

4Thus, we consider the reachability problem for a closed program. Note,
however, that we can express unknown values by using non-determinism
(recall randi). It isalso easy to extend our method to deal with more general
verification problems, such as resource usage verification [22].

A28(T"),x : b Fgr ¢ : bool foreachi € {1,...,n}
T Fuz BT1, o AT n]

I }—Wf g1

by z:01 — 02 ot 0

I x:oy bus 02 Foe T Iyt o
Foe Dz o

Figure 3. Well-formed types and type environments

We can use arecursion scheme model checker TRECS [21, 22]
to decide the above property.” If 3s.(main() ==p fail) holds,
the model checker generates an error path s. The knowledge about
recursion schemes is unnecessary for understanding the rest of this
paper, but an interested reader may wish to consult [20, 22, 27].

4. Predicate Abstraction

This section formalizes predicate abstraction for higher-order pro-
grams. As explained in Section 1, we use abstraction types to ex-
press which predicates should be used for abstracting each sub-
expression. The syntax of abstraction typesis given by:

o (abstractiontypes) = bi[P] |- | bu[P] | z:01 — 0o
P, Q (predicates) = Az
I (typeenvironments) == 0|, f:0|l,z:0

Here, the meta-variable ¢/ represents an expression of type bool
(which is called a formula) that is constructed only from variables
of base types, constants, and primitive operations; we do not allow
formulas that contain function applications, like y > f(x). The
base type b;[P] describes values v of type b; that should be ab-
stracted to a tuple of booleans (P (v),. .., P,(v)). For example,
the integer 3 with the abstraction type int[Av.ry > 0, Av.r < 2]
is abstracted to (true, false). We often abbreviate b[] to b. The
dependent functiontype z: 01 — o2 describesfunctionsthat take a
valuew of type o1, and return avalue of type [v/x]o. The scope of
xinthetypex:o1 — o2 iSo2. When 2z doesnot occur in o2, we of -
tenwriteo; — o2 for x: 01 — o2. Asmentioned already, abstrac-
tion types only describe how each expression should be abstracted,
not the actual value. For example, 3 can have type int[Av.v < 0],
and Az.x can have type x : int[] — int[Av.wr = x + 1] (and
abstracted to Az : x.false).

We do not consider types whose predicates are ill-typed or
violate avariable'sscope, suchasz:bool[] — int[Ay.x+1 = y]
and z : int[Az.y > 2] — y:int[] — bool[]. (Theformer usesa
boolean variable as an integer, and the | atter refersto the variable y
outside its scope.) Figure 3 defines the well-formedness conditions
for types and type environments. In thefigure, A Fsr e : 7 denotes
the type judgment of the standard simple type system. We write
A2S(o0) and A2S(T") respectively for the simple type and the simple
type environment obtained by removing predicates. For example,
A2S(f : (x : int[] — int[Ay.y > z]),z : int[Az.z > 0]) =
f:int — int, z:int.

Figure 4 defines the predicate abstraction relation I' + ey :
o ~ ez, which reads that an expression e; (of the source lan-
guage in Section 2) can be abstracted to an expression e, (of
the HBP language given in Section 3) by using the abstraction
type o, under the assumption that each free variable  of e; has
been abstracted using the abstraction type I'(x). In the rules, it
is implicitly assumed that al the type environments and types
are well-formed. We do not distinguish between function vari-

5The gap between the operational semantics of our language and that of
recursion schemes can be filled by the CPS transformation. Note also that
finite state or pushdown model checkers cannot be used, as higher-order
programs are in genera strictly more expressive [10].



e isaconstant, avariable or an expression of the form op(v)
A2S(F) }_ST e:b
I'ke:bAvw =e] ~ true

(A-BASE)

Tke:b[Q]~ €
Tx: b[@]) Fsr 1 : bool BT,z : b[@]) Fsr ¢ : bool
F P(z) = 0 .5 () EP(x) = 0 .0 ()

e = (assume v; true) M (assume 1)’; false)
I'ke:blQ,P]~ letz =¢ in (z,¢")

B(

(A-CADD)

FFe:b[@7ﬁ]w€/
FFe:b[ﬁ}W1et (Z,7) =€ in (7)

(A-CREM)

I'z)=W1:010— - — yp:0r — 0)
G Yim1 i oim1 F v [unfyn, . vim1 Jyim1]o v e
(foreachi e {1,...,k})

Ty :oq,..
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F'Ezv: [v/ylo ~ letyp — ex inz
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B(I') Fsr 1 : bool = or(v) (A-FAIL)
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I'F v :bool[Az.x] ~ e
I,z :bool[Az.v] Fe:o ~es (A-Asw)
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I'keiOeg:o~e) e
Fke:(z:0] > 0y)~¢ Iz:o1bFx:0] ~¢€]
D,x:o,2' :0l,y:05Fy:og~ €h
let f =€ in
I'ke:(z:01 — 02)~ Az.leta’ =ejin
lety = fa' ine)

(A-CFuN)
fi: (@0, >0;,) €l 0,2, :0: e o~ ¢}
(foreachi € {1,...,m}) I'(main) = x[] — *[] (A-PrOG)

F{flfl :61,...,fmfm:6m}irw
{fl ,fl :e/lv"'7fm ,fm:e'/m}

Figure 4. Predicate Abstraction Rules

ables and other variables (hence, A-APpP applies aso to a func-
tion variable f). In A-CADD, assume e;; e2 iSasyntax sugar for
let 1 = e; in assume x1; €2.

In A-CADD and A-FaiL, 3(o) (8(T), resp.) represent the sim-
ple type (ssimple type environment, resp.) obtained by replacing
each occurrence of a base abstraction type b[P1, ..., Pm] with
bool X --- X bool. Intuitively, 5(I") represents the type environ-
N——

ment for the output program of the transformation.

We explain the main rules. Base values are abstracted by using
three rules A-BAsge, A-CADD, and A-CREM. Before explaining
those rules, let us discuss the following simplified version, special-
ized for asingle predicate:

EP(e)=0r(¥) | ~P(e) = br(¢)
'k e: b[P] ~ (assume 1); true) M (assume ¢)’; false)
(A-BSIMP)

Here, we assumethat e isaconstant, avariable, or an expression of
the form op(v) and has a base type b. ¢» and v/’ are boolean formu-
lasthat may contain variablesin I". As e may contain variables, we
need to take into account information about the values of the vari-
ables, which is obtained by using the substitution ér, defined as:
{z — (Pi(z),..., Pn(z)) | T'(x) = b[P,..., Py]}. For exam-
ple letT" bex : int[Az.x > 0, Az.z < 0] and ¢ be i1 () A f2(x).
Then, Or(v) = 2 > 0 Az < 0. Asin this example, the substi-
tution O maps a boolean expression of an abstract program to the
corresponding condition in the source program. In rule A-BSimp
above, = P(e) = 6r(v)) meansthat P(e) istrue only if Or (1)
istrue, i.e. the value of v in the abstract program is true. Thus, the
abstract value of e may be true only if the value of v is true,
hence the part assume 1); true in the abstract program. Similarly,
the abstract value of e may be false only if thevalue of 7’ istrue,
hence the part assume 7)'; false.

For example, lete =2+ 1, P = Az > 0,and ' = z : int[P].
Then, = P(z + 1) = trueand = -P(z + 1) = —P(x), so that
e is abstracted to (assume true;true) B (assume —z; false).
Notethat Or (—z) = [P(x)/z]—z = =P(x).

We need to generalize the above rule to the case for multiple
predicates. The following isanaive rule.

F}—e:b[Pi}wei
Tke:bP,...

P = (e e (A-BCARTESIAN)

This produces a well-known cartesian abstraction, which is often
too imprecise. The problem is that each boolean value of the ab-
straction is computed separately, ignoring the correlation. For ex-
ample, let Pr = Az.x > 0and P, = Az.z < 0 withn = 2.
Then, a possible abstraction of an unknown integer should be
(true, false) and (false, true), but the above rule would gen-
erate ((true M false), (true M false)), which also contains
(true, true) and (false, false).

The discussion above motivated us to introduce the three rules
A-BAsg, A-CADD, and A-CREM. In order to abstract an expres-
sion e with b[P, ..., P,], we first use A-BASE to abstract e to
true by using the abstraction type b[Av.v = e]; thisis necessary
to keep the exact information about e during the computation of ab-
stractions. A-CADD isthen used to add predicates P, . . ., P, one
by one, taking into account the correlation between the predicates.
Note that in A-CADD, the result of abstraction by the other pred-
icates is taken into account by the substitution 0. 5. Finaly,
A-CREM is used to remove the unnecessary predicate Av.v = e.
See Example 4.1 for an application of these rules.

Note that rule A-CADD is non-deterministic in the choice of
conditions ¢ and +’, so that how to compute the conditions is left
unspecified. We have intentionally made so, because depending on
base data types, the most precise conditions (the strongest condi-
tions entailed by P(z) and =P (x)) may not be computable or are
too expensive to compute. For linear arithmetics, however, we can
use off-the-shelf automated theorem provers to obtain such condi-
tions.

In rule A-ApPpP, each argument v; is abstracted by using the
abstraction type o; with y1, . .., y;—1 being replaced by the actual
arguments. Note that this rule applies also to the case where the
sequencev isempty (i.e. k = 0). Thus, wecanderivel' -y : 0 ~>
y if I'(y) = o. Note also that the boolean expression e; in A-ApPpP
candependony1, ..., yi—1-

In A-FAIL, the assume statement is inserted for filtering out
an invalid combination of abstract values. For example, let T" be



x @ int[Az.z > 0, \x.z < 0]. Then, assume (#1(z) A f2(x)); is
inserted since x > 0 and x < 0 cannot be true simultaneously. In
A-Asm, we can use the fact that v is true in e for abstracting e.

Rule A-CFuN is used for changing the abstraction type of a
function fromz : 01 — o2 to z : 0y — o5, which is analogous
to the usual rule for subtyping-based coercion. If a function f is
used in different contexts which require different abstraction types
of f, A-CFuUN can be used to adjust the abstraction type of f to
that required for each context.

We can read the predicate abstraction rulesfor ' - e : o ~
e’ as an algorithm that takes I',e and o as input, and outputs
¢’ as an abstraction of e, by (1) restricting applications of the
rules for coercion (of names A-CXYZz) to the actual arguments
of function applications, and (2) fixing an algorithm to find the
boolean formulas 1y and +" in A-CADD. (Note that in A-LET, the
typeo’ canbeobtained fromT and e;.) Therulefor= D : T ~ D’
can then be interpreted as an algorithm that takes D and I asinput,
and outputs an HBP D' as an abstraction of D.

Example 4.1. Recall the program M in Section 1. Let T be:
x:int[Avw > 0], g int[Av.y > 0] — %

The body of f istransformed asfollows. « + 1 istransformed by:

A-BASE

A-CADD

A-CREM

F'Fz+1:int[Avw = x + 1] ~ true
F'Fz+1l:intvwv=xz+ 1, v >0~ e
Pka+1:int[Avy > 0]~ e2

Here, e1 = let y1 = true in (y1,e3) and ex = let (y1,y2) =
e1 inyz, with e3 = (assume true;true) M (assume —(z A
y1); false). Here, we used true and —(z Ay ) asi and )’ respec-
tively, in A-CADD. (Notethat P(y1) = Or ., inspwv—zt1) (¥1),
ie,y1 <0 = (x> 0Ay1 = z+ 1) holds) By simplify-
ing ez, weget if = then true else truelfalse. Thus, thebody
g(z + 1) of function f istransformed by using A-App asfollows:

I'(g) = int[Avw > 0] — * Pka+1:int[Avy > 0]~ e2

let y = if x then true

ThEglz+1): %~ else (trueMfalse) in g(y)

Our predicate abstraction rules are applicable to programs that
useinfinite data domain other than integers. See Appendix B for an
example of abstracting alist-processing program.

We discuss properties of the predicate abstraction relation be-
low. First, we show that if abstraction types are consistent, there is
always a valid transformation. We write I" k41 e : o for the type
judgment relation obtained from the predicate abstraction rules by
removing al the conditions on outputs: see Appendix A.

Theorem 4.1. Supposel by e : 0. Then, A2S(T) Fsr e : A2S(0).
Furthermore, there existse’ suchthatI' - e : o ~ €.

Proof. Straightforward induction on the derivation of T Fyr € : 0.
Note that in the rule for A-CADD, we can choose true as 1) and
P’ O

The following lemma guarantees that the output of the transfor-
mation is well-typed.

Lemma4.2. IfT'F ey : 0~ ez, then B(T) bsr e2 : (o).

Proof. Straightforward induction on the derivation of ' e :
o~ €. O

The theorem below states that our predicate abstraction is sound
in the sense that if a source program fails, so does its abstraction

(see Appendix H for the proof). Thus, the safety of the abstract pro-
gram (which is decidable by Theorem 3.1) is a sufficient condition
for the safety of the source program.

Theorem 4.3 (soundness). If- Dy : T ~» Dy and main() == p,
fail, then main() == p, fail.

The theorem above says that the abstraction is sound but not
how good the abstraction is. We compare below the verification
power of the combination of predicate abstraction and higher-order
model checking with the dependent intersection type system given
in Appendix C, which is essentially equivalent to the onein [31].

We write B[yn,...,v¢] for the set of formulas constructed
from 1, ..., and boolean operators (true, false, A, V, ).
For an abstraction type o, the set DepTy(o) of dependent typesis:

DepTy(b[P1, ..., P.]) = {{v:b| ¥} | ¥ € B[P (v),...,P.(V)]}
DepTy(x 101 — 02) = {($ 1011 — 521) VANRERIVAN (a: 01m — 52m)
| 611, ..., 01m € DepTy(01), 021, . .., 02m € DepTy(o2)}

We extend DepTy to a map from abstraction type environments to
the powerset of dependent type environments by:

DepTy({z1:01,...,Zn:0n}) =

{{z1:61,...,2n : 0n} | §; € DepTy(o;) foreachi € {1,...,n}}
The following theorem says that our predicate abstraction (with
higher-order model checking) has at least the same verification
power as the dependent intersection type system.

Theorem 4.4 (relative completeness). Suppose Fprr D @ AL If
A € DepTy(T), then there exists D’ suchthat - D : T ~~ D’ and
main() =~ p- fail.

The proof is givenin Appendix I.
Remark 1. The converse of the above theorem does not hold:
see Appendix D. Together with Theorem 4.4, this implies that
our combination of predicate abstraction and higher-order model
checking is strictly more powerful than the dependent intersection
type system.
Remark 2. The well-formedness condition for abstraction types
is sometimes too restrictive to express a necessary predicate. For
example, consider the following program.

let apply f x = f x in let g y z = assert(y=z) in
let k n = apply (g n) n; k(n+l) in k(0)

In order to verify that the assertion failure does not occur, we need
a correlation between the argument of f and x, which cannot be
expressed by abstraction types. The problem can be avoided either
by adding a dummy parameter to apply (as let apply n f x
= ...) and using the abstraction type n : int[] — (int[\v.v =
n] — %) — int[A\v.v = n] — *, or by swapping the parameters
f and z. A more fundamental solution (which is left for future
work) would be to introduce polymorphic abstraction types, like
Vm : int.(int[Av.y = m] — x) — int[Av.wy = m] — x, and
extend the predicate abstraction rules accordingly.

5. Counterexample-Guided Abstraction
Refinement (CEGAR)
This section describes a CEGAR procedure to discover new pred-

icates used for predicate abstraction when the higher-order model
checker TRECS has reported an error path s of aboolean program.

5.1 Feasibility checking
Given an error path s of an abstract program, wefirst check whether
s is feasible in the source program D, i.e. whether main() == p

fail. This can be easily checked by actually executing the source
program aong the path s, and checking whether all the branching



conditions are true. (Here, we assume that the program is closed.
If we alow free variables for storing base values, we can just
symbolically execute the source program along the path, and check
whether all the conditions are satisfiable.) If the source program
indeed has the error path (i.e. main() == p fail), then we report
the error path as a counterexample.

5.2 Predicate discovery and refinement of abstraction types

If the error path isinfeasible (i.e. main() #=p fail), wefind new
predicates to refine predicate abstractions.

In the case of the model checking of first-order programs, this
is usually performed by, for each program point ¢ in the error
path, (i) computing the strongest condition C; at ¢, (ii) computing
the weakest condition C> for reaching from ¢ to the failure node,
and (iii) using a theorem prover to find a condition C' such that
C1 = C and C' = —C5. Then the predicates in C' can be used
for abstracting the state at the program point. For example, in the
reduction sequence (2) of M in Section 1, the condition C'; on the
local variable z isn >0 Az =mn, and the condition Cs isz+1 > 0.
From them, we obtain C' = = > 0 as a predicate for abstracting x.

It is unclear, however, how to extend it to deal with higher-
order functions. For example, in the example above, how can we
find a suitable abstraction type for functions f and ¢g? To address
this issue, as mentioned in Section 1, we use the following type-
based approach. From an infeasible error path, we first construct
a straightline higher-order program (abbreviated to SHP, which
is straightline in the sense that it contains neither branches nor
recursion and that each function is called at most once) that has
exactly one execution path, corresponding to the path s of the
source program. We then infer the dependent types of functions
in the straightline program, and use the predicates occurring in
the dependent types for refining abstraction types of the source
program. We describe each step in more detail below.

5.2.1 Constructing SHP

Given a source program and a path s, the corresponding SHP is
obtained by (i) making a copy of each function for each call in the
execution path, and (ii) for each copy, removing the branches not
takenin s.

Example5.1. Recall the program M3 in Section 1.
min() =km  fag=g(z+1)
hzy = (assume y > z;()) O (assume —(y > z);fail)
kn = (assume n > 0; f n (hn))O(assume —~(n > 0); ())
Here, we have represented conditionals and assert expressions in
our language.® Given the spurious error path 0 - 1, we obtain the
following SHP.
main() = km
frg=g(x+1)
It has been obtained by removing irrelevant non-deterministic
branchesin h and k.

h zy = assume —(y > z);fail
kn =assumen > 0; fn (hn)

The construction of an SHP generally requires duplication of
function definitions and function parameters. For example, con-
sider the following program:

main() = km twice f . = f(f z)
gz =if z <0Othenlelse2+ g(z —1)
kn =1let x =twicegn in assert (z > 0)

(wherem is someinteger constant). The program callsthe function
g twice, and asserts that the result « is positive. Suppose that an

6 Here, for the sake of simplicity, we assume that m is some integer con-
stant. As already mentioned, the random number generator randi can actu-
aly be encoded in our language.

infeasible path 0101 has been given, which representsthe following
(infeasible) execution path:

main() — km = letz =g(gm)in---
:0> let z = g(1) in---:1> letz=2+g(0)in---
:0> letx:2+1in-~~:>assert3>0:1> fail
The path isinfeasible because the final transition isinvalid.

From the source program and the path above, we construct the
following straightline program:’

main() =km  twice (f, f*) z = & (fO z)

g(l) r =assume z < 0;1 g(3) z =assume z < 0;1

g? z = assume ~(z < 0);2+ ¢ (z — 1)

kn=1let z = twice(g", @) n in assume ~(z > 0); fail

As g is called three times, we have prepared three copies gV,
g@, ¢ of g, and eliminated unused non-deterministic branches.
Note that the function parameter f of twice has been replaced by a
function pair (), ) accordingly.

The general construction is given below. Consider a program
normalized to the following form:

D = {fl 51 = 6105611, ey fm fm = 6m0|:|€m1}
e == assumev;a|letz =op(®)ina

a == ()|xzv]|fv]fail

v u= clzv|fo

Here, for the sake of simplicity, we have assumed that every func-
tion definition has at most one (tail) function call, and the re-
turn value is (); this does not lose generdlity as the normal form
can be obtained by applying CPS transformation and A-lifting.
Given a path s = by ---b; of D (which means that the branch
b; has been chosen at ith function call), the corresponding SHP
D’ = SHP(D, s) isgiven by:

D' = {7 & =lea)jp1 i €{1,....,m}G€{1,.... 0},
the target of the jth function call is f; }

the target of the jth function call isnot f;}

u{main() = main" ()}
Here, [e]; isgiven by:

[assume v;a]; = assume v; [al;
[let = op(¥) ina]; = let = op(V) in [a];

0L =0  [aill,=fail [, =2

[z o1 - vl = (@) 7+ ot (k> 1)
[for - wvg); = FO pat gt

di=c 2’ =z (if zisabasevariable)

@0)"7 = G0, A0, 5 (@) (7)), .-, o) (@)

j—1
(if z isafunction variable)

(f0)7 = NG, AT, FO @), fO @)
N—— —

j—1
Here, each function parameter has been replaced by a ¢-tuple of
functions.

The SHP SHP(D,s), constructed from a source program
D and a spurious error path s, contains neither recursion nor
non-deterministic branch, and is reduced to fail if and only if
main{) ==p fail. Furthermore, each function in the SHP is
called at most once.

" For clarity, we have extended our language with tuples of functions. If
necessary, they can be removed by the currying transformation.



The generated straightline program satisfies the following prop-
erties.

Lemma5.1. Suppose D' = SHP(D, s). Then:

1. D’ contains neither recursions nor non-deterministic branches
61|:|62.

2. main{) == p failif and only if main() =/ fail.

3. Each function £ in D’ is called at most once.

5.2.2 Typing SHP

The next step is to infer dependent types for functions in SHP.
Thanks to the properties that SHP contains neither recursion nor
non-deterministic branch and that every function islinear, the stan-
dard dependent type system is sound and complete for the safety
of the program. Let us write Fpr D if D is typable in the frag-
ment of the dependent type system presented in Section 4 without
intersection types (but extended with (non-dependent) tuple types).

Lemma5.2. Let D' = SHP(D, s). Then, kpr D’ : A for some A
if and only if main() #=p- fail.

Proof sketch The “only if” part follows immediately from the
soundness of the dependent type system. For the“if” part, it suffices
to observe that, as every functionin D’ islinear, each variable = of
base type can be assigned atype {v : b | v = v}, where v is the
valuethat x is bound to. [

We can use existing algorithms [31, 32] to infer dependent
types: we first prepare a template of a dependent type for each
function, generate constraints on predicate variables, and solve the
constraints. We give below an overview of the dependent type
inference procedure through an example; an interested reader may
wish to consult [31, 32].

Example 5.2. Recall the straightline program in Example 5.1. We
prepare the following templates of the types of functions f, h, k:

fi(z:{v:int | Pi(v)} — (y: {v:int | Po(v,2)} — %) — %)

h:(z:{v:int | P3(v)} — y:{v:int | Pa(v,2)} — %)
k:(x:{v:int | Po(v)} — %)

From the program, we obtain thefollowing constraintson Py, . . ., Py:

Py(m) Va.(Pi(x) = Pa(zx + 1, z))
Vz,y.(P3(2) A Pa(y,2) = y > z)
Vn,y.Po(n) =
(n>0= (Pi(n) A Ps(n) A (P2(y,n) = Pi(y,n))))

Each constraint has been obtained from the definitions of main, f, g,
and k. They can be normalized to:

Vv.(v=m = Py(v))

Vn,v.(Po(n) An>0Av=n= Pi(v))

Ve, v.(Pi(z) A\ v =2+ 1= Px(v,z))

Vn,v.(Po(n) An > 0Av =n= Ps(v))

Vn, z,v.(Po(n) An>0Az=nA Pa(v,n) = Pi(v, z))
Vz,y.(Ps(2) A Pa(y,z) =y > z)

These constraints are “acyclic” in the sense that for each constraint
of the form C; = P;(Z), C; contains only (positive) occurrences
of predicates P;’s such that j < ¢ occur. Such constraints can be
solved by using a sub-procedure of existing methods for dependent
type inference based on interpolants [31, 32], and the following
predicates can be obtained. (The inferred predicates depend on the
underlying interpolating theorem prover.)

Py(v) = Pi(v) = P3(v) = true
Py(v,z) = Pa(v,z) =v>a

Thus, we obtain the following types for f and h:

fi(z:{v:int | true} — (y: {v:int |v >z} — %) — %)
h:(z:{v:int |true} —y:{v:int |v > 2z} — %)

5.2.3 REefining abstraction types

The final step is to refine the abstraction types of the source pro-
gram, based on the dependent types inferred for the straightline
program. Let 6, ; be the inferred dependent type of ). Then,
we can obtain an abstraction type o ; such that undup(dy,;) €
DepTy(oy,;) (the choice of such o ; depends on what predicates
are considered atomic), where undup(4) is defined by:

wdup({r:b|9}) = {v:b]w}
undup(z : 61 — 62) = x :undup(d:1) — undup(dz)
undup(d1 X -+ X §,) = /\ undup(d;)
ie{1,..., n}

The new abstraction type o' of f isgiven by:
U;r =orUor1U---Uoyy,

where o is the previous abstraction type of f and o1 U o2 is
obtained by just merging the corresponding predicates:

b[P] Ub[Q] = b[P, Q)

(x:01 = o2)U(z:0] —0h) =x: (01 Uoy) — (02U o))

We write Refine(T", A) for the refined abstraction type environ-
ment f1: 0% ..., fn: 0%, . (Thereisanon-determinism coming
from the choice of o ;, but that does not matter below.)

Example5.3. Recall Example 5.3. From the dependent types of f
and g, we obtain the following abstraction types:

fi(z:int]] — (y:int[Avw > 2] — %) — *)
h:(z:int[] — y:int[Avw > 2] — %)

Suppose that the previous abstraction types were

f i (z:int]] — (y:int[] — *) — %)
h:(z:int[Av.w = 0] — y:int[Av.y > 0] — *)

Then, the refined abstraction types are:

fi(z:int]] — (y:int[Avw > ] — %) — %)
h:(z:int[Av.y = 0] — y:int[Avw > 0, vy > 2] — %)

5.3 Propertiesof the CEGAR algorithm

We now discuss properties of the overall CEGAR agorithm. If the
refined abstraction type is obtained from an infeasible error path s,
the new abstract boolean program no longer has the path s. This
isthe so called “progress property” known in the literature on CE-
GAR for the usual (i.e. finite state or pushdown) model checking.
Formally, we can prove the following property (see Appendix Jfor
the proof):

Theorem 5.3 (progress). Let D; be a well-typed program and s
be an infeasible path of D,. Suppose D, = SHP(D,,s) and
Forr Do @ A with T = Refing(T', A) for some I'". Then, there
exists D3 such that - Dy : T’ ~» D3, and main() #=p, fail.

The progress property above does not guarantee that the verifi-
cation will eventually terminate: There is a case where the entire
CEGAR loop does not terminate, finding new spurious error paths
forever (see Section 6). Indeed, we cannot expect to obtain a sound
and complete verification algorithm, as the reachability is undecid-
able in general even if programs are restricted to those using only
linear arithmetics.

We can however modify our algorithm so that it is relatively
complete with respect to the dependent intersection type system, in
the sensethat all the programstypablein the dependent intersection
type system can be verified by our method. Let genP be atotal map
from the set of integers to the set of predicates. (Such a total map
exists, as the set of predicates is recursively enumerable.) Upon
the i-th iteration of the CEGAR loop, add the predicate genP(7)



to each position of abstraction type, in addition to the predicates
inferred from counterexamples. Then, if a program is well-typed
under A in the dependent intersection type system, an abstraction
type environment I such that A € DepTy(T") is eventualy found,
so that by Theorem 4.4, our verification succeeds. Of course, this
isimpractical, but we may be able to adapt the technique of [18] to
get apractical algorithm.

6. Implementation and Preliminary Experiments

Based on our method described so far, we have implemented a
prototype verifier for a tiny subset of Objective Caml, having
only booleans and integers as base types. Instead of the non-
deterministic choice (e10ez), the system allows conditionals and
free variables (representing unknown integers). Our verifier uses
TRECS [21, 22] as the underlying higher-order model checker
(for Step 2 in Figure 1), and uses CSlsat [6] for computing in-
terpolants to solve constraints (for Step 4). CVC3 [5] is used for
feasibility checking (for Step 3) and computing abstract transi-
tions (i.e., to compute formulas ¢ and +’ in rule A-CADD of
Figure 4 for Step 1). As computing the precise abstract transi-
tions (i.e. the strongest formulas ¢ and + in rule A-CADD) is
expensive, we have adapted several optimizations described in
Section 5.2 of [2] such as bounding the maximum number of
predicates taken into account for computing abstraction with a
sacrifice of the precision. The implementation can be tested at
http://www.kb.ecei.tohoku.ac.jp/~ryosuke/cegar/

The results of preliminary experiments are shown in Table 1.
The column “S’ shows the size of programs, measured in word
counts. The column “O” shows the largest order of functionsin the
program (an order-1 function takes only base values as arguments,
while an order-2 function takes order-1 functions as arguments).®
The column “C” shows the number of CEGAR cycles. The remain-
ing columns show running times, measured in seconds. The column
“abst” shows the time spent for computing abstract programs (from
given programs and abstraction types). The column “mc” shows
the time spent (by TRECS) for higher-order model checking. The
column “cegar” shows the time spent for finding new predicates
(Step 4 in Figure 1). The column “total” shows the total running
time (machine spec.: 3GHz CPU with 8GB memory).

The programs used in the experiment are as follows. Free vari-
ables denote unknown integers.

e introl, intro2, and intro3 are the three examplesin Sec-
tion 1.

e sumandmult computel + ---+nandn + - - - + n respec-

N———

tively, and asserts that the result is greater than or e(ihal ton. Here
isthe code of sum.
let rec sum n =
if n <= 0 then 0 else n + sum (n - 1)
in assert (n <= sum n)
¢ max defines a higher-order function that takes a function that
computes the maximum of two integers, and three integers asinpuit,
and returns the maximum of the three integers:
let max max2 x y z = max2 (max2 x y) z in
let £ x y = if x >= y then x else y in
let m =max f x y z in assert (f x m = m)
The last line asserts that the return value of max is greater than or
equal to x (with respect to the function f).
e mc91 isMcCarthy 91 function.
let rec mc91 x =
if x > 100 then x - 10 else mc91(mc91(x + 11))

8 Because of the restriction of the model checker TRECS, al the source
programs are actually verified after the CPS transformation. Thus, al the
tested programs are actually higher-order, taking continuation functions.

in if n <= 101 then assert (mc91 n = 91)
Thelast line asserts that the result is 91 if the argument is less than
or equal to 101.

e ack defines Ackermann function ack and assertsack(n) > n.

e repeat defines a higher-order function that takes a function
f andintegersn, s, then returns f™(s).

let rec repeat £ n s =

if n = 0 then s else f (repeat £ (n - 1) s) in
let succ x = x + 1 in

assert (repeat succ n 0 = n)

e fhnhn isaprogram not typable in the dependent intersection
type system but verifiable in our method (c.f. Remark 1):

let £ x y = assert (not (x() > 0 & y() < 0)) in
let hxy=xinlet gn=1fFf (hn) (hn) ingmn

e hrec isaprogram that creates infinitely many function clo-
sures:

let rec £ g x =
if x >= 0 then g x else £ (f g) (g x) in

let succ x = x + 1 in assert(f succ n >= 0)

® neg isan example that needs nested intersection types:

let gxy=xin

let twice f x y =f (f x) y in

let neg x y = -x() in
if n >= 0 then assert(twice neg (g n) (O >= 0)
else ()

e apply isthe program discussed in Remark 2.

® a-prod, a-cppr, and a-init are programs manipulating
arrays. A (functional) array has been encoded as a pair of the size
and a function from indices to array contents. For example, the
functions for creating and updating arrays are defined as follows.

let mk_array n i = assert(0<=i && i<n); 0

let update i n a x =

a(i); let a’ j = if i=j then x else a(i) in a’

For a-prod and a-cppr, it has been verified that there is no array
boundary error. Program a-init initializesan array, and assertsthe
correctness of initialization. and a-max creates an array of sizen
whose i-th element isn—1, computes the maximum element m, and
assertsthat m > n. These examples show an advantage of higher-
order model checking; various data structures can be encoded as
higher-order functions, and their properties can be verified in a
uniform manner.

e 1-zipunzip and l1-zipmap are taken from list-processing
programs. We have manually abstracted lists to integers (represent-
ing thelist length), and then verified the size properties of list func-
tions. For example, the code for I-zipunizp is:

let £ gxy =g (x+1) (y+1) in
let rec unzip x k =

if x=0 then k 0 O else unzip (x-1) (f k) in
let rec zip x y =

if x=0 then if y=0 then 0 else fail()

else if y=0 then fail() else 1+zip(x-1) (y-1)
in unzip n zip

e hors encodes a model checking problem for higher-order
recursion schemes extended with integers (which cannot be handled
by recursion scheme model checkers).

e e-simpl and e-fact model programs that use exceptions,
where an exception handler is expressed as a continuation, and as-
sert that there are no uncaught exceptions. The idea of the encod-
ing of exceptionsis similar to [20], but unlike [20], exceptions can
carry integer values.

e r-lock and r-file model programsthat use locks and files,
and assert that they are accessed in a correct manner. The encoding
issimilar to [22], but (unlike [22]) the programs’ control behaviors
depend on integer values.



e A program of name“xxx-€" isabuggy version of the program
“XXX”.

The above programs have been verified (or rejected, for wrong
programs) correctly, except apply. As discussed in Remark 2,
apply cannot be verified because of the fundamental limitation
of abstraction types. Our system continues to infer new (but too
specific) abstraction types (int[Av.v = i] — %) — int[Avw =
i) — *fori = 0,1,2,... forever and (necessarily) does not
terminate. The program can however be verified if the arguments
of apply are swapped. The same problem has been observed for
variations of some of the programs above: sometimes we had to
add or swap arguments of functions.

Another limitation revealed by the experimentsis that for some
variations of the programs, the system infers too specific predicates
and does not terminate. For example, the verification for a-max
fails if we assert m > a(j) instead of m > n (where m isthe
maximal element computed, « is the array, and j is some index).
Relaxing these limitations seems necessary for verification of larger
programs, and we plan to do so by adding heuristics to generalize
inferred abstraction types (e.g. by using widening techniques [9]).

Apart from the limitations above, our system is reasonably
fast. This indicates that, although higher-order model checking
has the extremely high worst-case complexity (n-EXPTIME com-
plete [27]), our overall approach works at least for small programs
aslong as suitable predicates are found. See further discussions on
the scalability in Section 8.

7. Related Work
7.1 Model Checking of Higher-Order Programs

The model checking of higher-order recursion schemes has been
extensively studied [19, 24, 27]. Ong [27] proved the decidabil-
ity of the modal 1.-calculus model checking of recursion schemes.
Kobayashi [22] then proposed a new framework of higher-order
program verification based on the model checking of recursion
schemes, already suggesting a use of predicate abstraction and CE-
GAR to deal with programs manipulating infinite data domain.
There were two missing pieces in his framework, however. One
was a practical model checking algorithm for recursion schemes
(note that the model checking of recursion schemesisin general n-
EXPTIME-complete), and the other was a method to apply predi-
cate abstraction and CEGAR to higher-order programs. The former
piece has been supplied later by Kobayashi [20], and supplying the
latter piece was the goal of the present paper.

In parallel to the present work, Unno et al. [25, 33] and Ong and
Ramsay [ 28] proposed applications of higher-order model checking
to verification of tree-processing programs. Their approaches are
redically different from ours. First, they use different abstraction
techniques: tree data are abstracted using either tree automata [25,
33] or patterns [28], which cannot abstract values using binary
predicates (such as 2 x = > ). Secondly, The method of [25]
applies only to programs that can be expressed in the form of
(higher-order) tree transducers, and the extension in [33] requires
user annotations. Ong and Ramsay’s method [28] appliesto general
functional programs and includes a CEGAR mechanism, but the
precision of their method is heavily affected by that of a variable
binding analysis, and their CEGAR is completely different from
ours. Their technique does not satisfy relative completeness like
Theorem 4.4.

7.2 Dependent Type Inference

There have been studies on automatic or semi-automatic inference
of dependent types [7, 11, 16, 30-32]. There are similarities be-
tween the goals of those studies and that of our work. First, one of
the goals of dependent type inference is to prove the lack of asser-

tion failures, as in the present work. Secondly, our technique can
actually be used for inferring dependent types. Recursion scheme
model checker TRECS [20] istype-based, and produces typeinfor-
mation as a certificate of successful verification. For example, for
the abstraction of the last example in Section 1, it infers the type
* — (true — %) — * for (the abstract version of) f. Combined
with the abstraction type of f, we can recover the following depen-
denttypefor f: (z:int — (y:{v:int | v >z} — %) — *).

Though the goals are similar, the techniques are different. Ron-
don et a.’sliquid types[30] requires users to specify predicates (or
more precisely, shapes of predicates, called qualifiers) used in de-
pendent types. Jnala et a. [16] proposed an automatic method for
inferring qualifiersfor liquid types. Their method extracts qualifiers
from a proof that a finite unfolding of a source program does not
get stuck, and has some similarity to our method to infer abstrac-
tion types from an error path. Unno and Kobayashi [32] proposed
an automatic method for inferring dependent types. They first pre-
pare templates of dependent types (that contain predicate variables)
and generate (possibly recursive) constraints on predicate variables.
They then solve the constraints by using an interpolating theorem
prover. Jhala et a. [17] also propose a similar method, where they
reduce the constraint solving in the last phase to model checking
of imperative programs. These approaches[16, 17, 30, 32] do sup-
port higher-order functions, but in a limited manner, in the sense
that nested intersection types are not allowed. The difference be-
tween dependent types with/without intersections is like the one
between context (or flow) sensitive/insensitive analyses. The for-
mer is more precise though it can be costly.® In general, nested
intersection types are necessary to verify a program when function
parameters are used more than once in different contexts. Indeed,
as discussed in Appendix F several of the programs in Section 6
(e.g. neg, where the first argument of twice is used in two differ-
ent contexts) require nested intersection types, and ailmost al the
examples given by Kobayashi [20, 22] call for nested intersection
types.

The limitation of our current prototype implementation is that
the supported language features are limited. We believe that it is
possible to extend our implementation to deal with data structures.
In fact, the predicate abstraction introduced in Section 4 appliesto
data structures given an appropriate theorem prover. We expect the
CEGAR part can also be extended, e.g. by restricting the properties
on data structures to size properties, by treating data constructors
as uninterpreted function symbols, etc.

Technically, most closest to oursis Terauchi’s work [31]. In his
method, candidates for dependent types are inferred from a finite
unfolding of a source program, and then a fixedpoint computation
algorithm is used to filter out invalid types. If the source program
is not typable with the candidates for dependent types, the pro-
gram is further unfolded and more candidates are collected. This
cycle (which may diverge) is repeated until the source program is
found to be well-typed or ill-typed. This is somewhat similar to
the way our verification method works: abstraction types are in-
ferred from an error trace (instead of an unfolding of a program),
and then higher-order model checking (which also involves afixed-
point computation) is applied to verify the abstract program. If the
verification fails and an infeasible error path is found, the error
path is used to infer more predicates, and this cycle is repeated.
Thus, roughly speaking, our CEGAR phase corresponds to that of
Terauchi to find candidates for dependent types, and our phases
for predicate abstraction and higher-order model checking corre-
sponds to Terauchi’s fixedpoint computation phase. Advantages of
ours are: (i) our method can generate an error path as a counterex-

9 Our method is an extreme case of context/flow sensitive analysis, which is
sound and complete for programs with finite data domains.



program S| O | C | abst mc | cegar | tota
introl 27| 2] 1]0.00|0.00| 000] 001
intro2 29| 2| 1|0.00|000| 000 | 000
intro3 30| 2| 1|0.00| 000/ 000 | 000
sum 24| 1| 2| 0.00 | 000 | 001|002
mult 31| 1| 2|001|000| 002|003
max 421 2| 1|000| 000 | 003|003
mc9l 32| 1| 2]|001|004| 002]| 007
ack 53| 1| 3|0.02]| 009 | 003|015
repeat 371 2| 3|001]|002| 012 | 015
fhnhn 371 2| 1|001|001| 002|004
hrec 34| 2| 2]|000|001| 002]| 003
neg 47 | 2| 1001|001 | 001 | 003
apply 4| 2 - - - - -
a-prod 70| 2| 4| 007|006 | 008|022
acppr 149 | 2| 6 | 032 | 282 | 0.26 | 340

program S| O| C | abst mc | cegar | total
ainit % | 2| 5[/016 | 018 | 0.38 | 0.73
amax 70| 2| 5|234|201| 043 ]| 478
|-zipunzip | 81| 2| 3] 0.03| 008 | 0.02 | 012
|-zipmap 65| 2| 4| 007|009 | 003|020
hors 64| 2| 2| 000 | 000 | 000 | 001
e-simple 27| 2| 1| 000|000 | 000| 000
e-fact 55| 2| 2|000|001| 000]| 001
r-lock 54| 1| 5|001|002| 002]| 004
r-file 168 | 1|12 | 030 | 478 | 016 | 523
sum-e 26| 1| 0| 000|000 | 000/ 000
mult-e 33| 1| 0| 000 | 0.00| 000]| 000
mc91-e 32| 1| 0| 000 | 000| 000]| 000
repeat-e 3% | 2| 0| 000|000 | 000|000
amax-e 70| 2| 2|001| 006 | 006/ 013
r-lock-e 54| 1| 0| 000|000 | 000/ 000
excep-e 27| 2| 0| 000|000 | 000/ 000

Table 1. Resultsof preliminary experiments

ample; thereisno false alarm. On the other hand, a counterexample
of Terauchi’s method is an unfolding of a program, which may ac-
tualy be safe. (ii) We infer predicates from an error trace, rather
than from an unfolding of a program; From the latter, too many
constraints are generated, especialy for programs containing non-
linear recursions. (iii) Our method can find dependent types con-
structed from arbitrary boolean combinations of the inferred predi-
cates, while Terauchi’s method only looks for dependent types con-
structed from the formulas directly generated by an interpolating
theorem prover; thus, the success of the latter more heavily relies
on the quality or heuristics of the underlying interpolating theorem
prover. (iv) Because of the point (iii) above, our method (predicate
abstraction + higher-order model checking) can also be used in a
liquid type-like setting [30] where atomic predicates are given by a
user. (v) Because of the point discussed in Remark 1, the combina-
tion of our predicate abstraction and higher-order model checking
is strictly more powerful than Terauchi’s approach (as long as suit-
able predicates are found). (vi) Our method can be extended to ver-
ify more general properties (expressed by themodal 1.-calculus), by
appealing to the results on higher-order model checking [24, 27].

7.3 Traditional Model Checking

Predicate abstraction and CEGAR have been extensively studied
in the context of finite state or pushdown model checking [2—
4, 8, 12-15]. Predicate abstraction has also been applied to the
game-semantics-based model checking [1]. We are not, however,
aware of previous work that applies predicate abstraction and CE-
GAR to higher-order model checking. As discussed in Section 1,
the extension of predicate abstraction and CEGAR to higher-order
model checking is non-trivial. One may think that defunctional-
ization [29] can be used to eliminate higher-order functions and
apply conventional model checking. The defunctionalization how-
ever uses recursive data structures to represent closures, so that the
resulting verification method is too imprecise, unless a clever ab-
straction technique for recursive data structuresis available.

The three components of our verification method, predicate ab-
straction, higher-order model checking (TRECS), and CEGAR,
may be seen as higher-order counterparts of the three components
of SLAM [2—4]: C2BP, BEBOP, and NEWTON. Our use of depen-
dency in abstraction types appears to subsume Ball et al.'s poly-
morphic predicate abstraction [3]. For example, the id function in
[3] can be abstracted by using the abstraction type = : int[] —
int[Ay.y = z].

There are alot of studies to optimize predicate abstraction (es-
pecialy for optimizing or avoiding the costly computation of ab-
stract transition functions) in the context of conventional model
checking [2, 26]. We have aready borrowed some of the optimiza-
tion techniques as mentioned in Section 6, and plan to adapt more
techniques.

7.4 Abstract Interpretation

The combination of predicate abstraction and higher-order model
checking may be viewed asakind of abstract interpretation[9]. The
abstract domain used for each functional value is defined by ab-
straction types, and predicate abstraction transforms a source pro-
gram into an HBP whose semantics corresponds to the abstract se-
mantics of the source program. Higher-order model checking then
computes the abstract semantics. An advantage here is that thanks
to the model checking algorithm [20] for higher-order recursion
schemes, the computation of the abstract semantics is often much
faster than a naive fixed-point computation (which is extremely
costly for higher-order function values).

8. Conclusion

We have proposed predicate abstraction and CEGAR techniques
for higher-order model checking, and implemented a prototype ver-
ifier. We believe that thisisanew promising approach to automatic
verification of higher-order functional programs. Optimization of
the implementation and larger experiments are left for future work.

We conclude the paper with discussions on the scalability of
our method. The current implementation is not scalable for large
programs, but we expect that (after several years of efforts) we
can eventually obtain a much more scalable verifier based on our
method, for severa reasons. First, the complexity of the model
checking of higher-order recursion schemes is n-EXPTIME com-
plete [27], but with certain parameters being fixed, the complexity
isactually polynomial (linear, if restricted to safety properties) time
inthe size of arecursion scheme (or, the size of HBP). Furthermore,
n-EXPTIME completeness is the worst-case complexity, and re-
cent model checking algorithms[20, 23] do not immediately suffer
from the n-EXPTIME bottleneck. Secondly, the implementation of
the underlying higher-order model checker TRECS is premature,
and there is a good chance for improvement. Thirdly, the current
implementation of predicate abstraction and CEGAR is also quite
naive. For example, the current implementation computes abstract



programs eagerly. We expect that a good speed-up is obtained by
computing abstract programs lazily.
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A. Typing Rulesfor Abstraction Types

The judgment T k4 e : o, which means “under the abstraction
type environment I, the expression e can be consistently abstracted
to an expression of abstraction type o,” isinductively defined by the
following rules.

e isaconstant, a variable or an expression of the form op(v)
A2S(F) kST e:b
IFare:b[Ay.y = €]

(T-BASE)

— Xk 0k — O) I'(z) isafunction type

sy Li—1 P O4—1 |_AT Vi . [’1)1/3317 e ,Ui_l/iti_ﬂdi
(foreachi € {1,...,k})

I }_AT mﬂ: [5/5]0’

I'(z)=(x1:01 — -~
'z :01,...

(T-VAR)
Thuirer:o Iz:o' barex:o
T-LET
I'Farletxz =e1ines : o ( )
I'Far fail: o (T-FaIL)
I bar v : bool[Az.z = true]
'k :
e g (T-ASSUME)
I Far assume vy e : o
F}_AT(El:O' Fl‘ATEQZO'
T-PAR
I'kFarerdes:o ( )
T bar v b[Q
LLQ} (T-CADD)
F }_AT'U : b[Q,P]
T barov:bQ, P
LR CiLy (T-CReMm)
I Far v : B[P
Tharv:(x:0] — 0b)
T,x:01 barx: o
D,x:01,2 :0f,y:0hFary: 02
(T-CFuN)

Phyrv: (z:01 — 02)

B. Predicate Abstraction for a List-Processing
Program

This section gives an example of application of our predicate ab-
straction to list-manipulating programs.

Consider a language having a list type ilist as a data type,
with the following constants and operators:

nil : ilist,
car : ilist — int,
length: ilist — int

cons: int,ilist — ilist
cdr: ilist — ilist

Let us consider the following program.

let map f x = if isnil(x) then nil
else let y=f(car(x)) in
let r=map f (cdr(x)) in cons(y,r) in
let g x = x+1 in
if length(map g 1) = length(l) then () else fail

Let T" be the abstraction type environment:

map: (int[] — int[]) — z:ilist[] — o
f:int[] — int[], x:ilist[]

where o = ilist[Ar.length(r) = length(z)]. The then-part of the
body of function map is expressed as

e1 = assume (x = nil); nil,
It istransformed as follows.
' 2 =nil : bool[Au.u = true] ~> e,
I',u:bool[du.x = nil] Fnil : o ~> e3
I'+ei:0~ let u = e, in assume u;e3

Here, e, is(simplified to) anon-deterministic boolean true M false.
ez islet (x1,x2) = es in xo Where

e4s = let 7 = true in (r, (assume ¢; true) M (assume ¢'; false)),
with+ = u = r and ¢’ = u = —r. Itisobtained as follows.

A-BASE
A-CADD
A-CREM

I, u:bool[Au.x = nil] - nil : ilist[Ar.r = nil] ~ true
I u:bool[Au.x = nil] Fnil : o1 ~ e
' u:bool[Au.x = nil] Fnil : o~ e3

Here o1 = ilist[Ar.r = nil, Ar.length(r) = length(z)]. (Note
that the condition P(x) = 6. ,.,5% in A-CADD is (length(r) =
length(z)) = (¢ = nil = r = nil), which is valid.) After
simplification, we get true asthe abstraction of the then-part.
Let I be the abstraction type environment:
D,u:ilist[Az.~(z = nil)],
r:ilist[Ar.length(r) = length(cdr(z))], v : int[]

cons(y, r) istransformed as follows.

A-BASE

IV F cons(y, r) : ilist[\z.z = cons(y, r)] ~ true
(y.r) : ilist] v.)] o

Ik cons(y,r) : o2 ~ es
. A-CREM
I I cons(y,r) : o ~ es

Here, es, es, and o2 are given by:

es = let (r1,22) = €6 in a2

€6 = let z = true in (2, (assume v); true) M (assume 7)’; false))
Y=uNz=r

Y =uAz=r

o2 = ilist[Az.z = cons(y, r), Az.length(z) = length(z)].

es can be ssimplified to » (under the condition © = true, which
comes from the condition of the else-branch).

By transforming the rest of the body in asimilar manner, we get
the following abstract version of map (after simplification).

let map f x = if randb() then tt
else let y=f() in
let r=map f () in r in
let g x = (O in
if map g () then () else fail

C. Dependent Intersection Type System

The dependent intersection type system mentioned in Section 4 is
given in Figure 5. In the figure, {v : b | ¢} describes the set of
values of base type b that satisfy . We often abbreviate {v : b |
true} asb. A\, g(w : 61,; — J2,4) describesfunctionsthat, given a
valueof typed ;, return avalue of typed- ; (for every i € S, where
S is afinite set). We apply well-formedness conditions anal ogous
to abstraction types. In particular, in  : 61, — d2,, = can
occur in d2,; only if 61,; is a base type. Also, we assume that in



an intersection type A, q(x : d1,; — d2,:), the simple types of
x : 01, — 02, arethesamefor al i € S. Inrule D-BASE, D2S
maps a dependent type environment to a simple type environment.

D. Comparison with Dependent I nter section
Type System

This section is supplementary to Remark 1 in Section 4, giving

an example that is not typable in the dependent type system but

verifiable with our method.
Consider the following program:

let £ xy
let hxy

x in let g n = £(h n)(h n) in g(randi(Q))
Given the abstraction type environment:

[ (x = int[Avr > 0]) — (x — int[Avr > 0]) — %,
g:int[] — «*,

the above program is abstracted to:

let £ x y = if x() && not(y()) then fail else () in
let hxy =xin
let g() = let b = randb() in f (h b) (h b) in gQ)

and is successfully verified by a higher-order model checker. The
above program is, however, not typable with the corresponding
dependent type environment:

f:(x—={v:int |v > 0}) = (x = {v:int | v > 0}) — %)
A(x = {v:int | v <0}) = (* = {v:int | ¥ < 0}) — )
g:int — x

We conjecture that our method has the same verification power as
the dependent type system extended with the following rule:

A,z {v:b|Y1},Asbpre:d
Az {v:b|v2}, Ao bprre: d

Av,z:{v:b| Y1V}, Asbpre: d

(D-0OR)

E. Construction of SHP
This section gives the general construction of SHP.
Consider a program normalized to the following form:
D L= {fl fl = 6105611, ey fm ’i"m = emODeml}
assume v;a | let x = op(?) ina
clzv| fv]fail

clzv| fo

€
a
v

Here, for the sake of simplicity, we have assumed that every func-
tion definition has at most one (tail) function call, and the re-
turn value is (); this does not lose generality as the normal form
can be obtained by applying CPS transformation and \-lifting.
Given a path s = by ---b, of D (which means that the branch
b; has been chosen at ith function call), the corresponding SHP
D’ = SHP(D, s) isgiven by:

D' ={f9 & = [ew,;]j1 | i € {1,...,m},j € {1,...,0},
thevtarget of the jth function call is f; }
the target of the jth function call isnot f;}
U{main() = main®()}

if (x()>0)&&(y()<=0) then fail else () in

Syntax
6 = {l/ . b | ’l/)} | /\iES(‘r . 5177; — 5272')
A u= 0|Az:0
Typing Rules
A }_DIT e : 51 A l_DIT e 52 (D A |NTRO)
AI*[)IT 6:51 /\(52
A}_DITel(sl/\(;Q 16{1,2}
Iy E—— (D-A-ELIM)

e isaconstant, a variable or an expression of the form op(v)
D2S(A) l_s'r e : b

Abprre:{v:blv=e}

(D-BASE)
Al@)=(x1:01 — - =2 : 6 = ) NS
A bFprr v; [vl/xl,. .. ,’Uz‘71/l’i71](5i (fOf eachi € {1, .. ,k}})
A '_DIT $F’I:)il [’17/55]5

(D-APP)
A}_DIT €1 :5/ A,Ildl l_DIT () Z(S
D-L
Abprrletx =€ ines : 0 ( ET)
A] = fal
E[A] = false (D-FAIL)

A FDIT fail: (5

A Fprr v : bool Ayx:{v:x|v}bpre:

A Fprr assume v;e : §

0
(D-ASSUME)

AFD1T6126 AFDIT6226
A '_DIT €1 |:| €9 5 (D-PAR)
A"DIT615 A}_5<6/
= D-
Afime o (D-COERCE)
fl(%l&—ui)eA A,%iz&l—pnei:&
(forechic {i=1,...,m})
I'(main) =~{l/ ik | true} - {v:x| true} (D-ProG)
Forr {fiZ1=¢€1,. .., fm Tm =€m}: A
FlAIAY =9
SuB-BASE
A'_DIT{V:blw}S{V:b‘w/} ( )
A }_DIT 51 < 61 A,x : 51 }_DIT (52 < 5§
= = Sus-F
Abprr (x:81 — 82) < (2:8] — §5) (Sus-Fun)
;! 1,... "3 1,... AR i < O
Vi 6{ ) 7m} ZE{ ) 7m} DIT(SI—dz (SUB-'T].)
A Fprr /\ie{l ..... m} 6 < /\ie{l ,,,,, m'} d;
[Az:{v:b]4}] = [AlA[z/v]Y
IIA7CC . /\(l/ : (51‘1 — 612)]] = HAH
i€S

Figure 5. Dependent Intersection Type System



where [e]; isgiven by:

[assume v;a]; = assume v; [al;
[let = op(¥) ina]; = let = op(V) in [a];

[c]; =¢ [fail]; = fail [z]; ==z

[wo1 - okl =5 (@) 02790 ottt (k> 1)
[for--- v = O pPatr L yPit

¢di=c 2% =gz (ifzisabasevariable)

@) = AT, AT-0, 5 (@) (@), . fe(2) (7))

(if  isafunction varizble)
(f ) =G0, AT, SO @), fO@))
j—1

Here, each function parameter has been replaced by a ¢-tuple of
functions.

F. Examplesthat require nested inter section
types

Here we show an example that requires nested intersection types,
supporting the advantage over Jhalaet al. and Unno and Kobayashi's
approach to dependent type inference.

Consider the following program:

let g x y = x in (% int -> unit -> int %)
let twice f x y=f (f x) y in
let neg x y = -x() in (* (unit->int)->unit->int *)
if n>=0 then assert(twice neg (g n) >=0) else ()
In order to verify the program above with refinement types, we need
to assign the following nested intersection type to twice:
((*x = {v:iint | v > 0}) - * — {v:int | v < 0})
AN((x = {r:int | v <0}) = x — {v:int | v > 0})
— (k= {rv:int |v >0}) - x — {v:int | v > 0}.
The approaches of [30, 32] fail, as they look for only dependent
types of the form:
((x — {v:int | PA(1)}) — (% — {v:int | P,(»)}))
— (*x = {v:int | P3(v)}) — * — {v:int | Ps(v)}.
Our method can verify the above program. After a CEGAR loop,
the following abstraction typeis automatically inferred:

((x = int[Av.w > 0, v < 0]) — x — int[Av.y > 0, Av.r < 0])

— (% — int[Av.r > 0]) — *x — int[Av.r > 0].

Then the higher-order model checker essentially infers the follow-
ing type for the abstract version of twice:

((* — true X bool) — *x — bool X true)
A((* — bool X true) — * — true X bool)
— (x — true) — x — true,

from which we can recover the dependent intersection type of
twice given above.

G. Experimental Comparison with depcegar

Here we give some examples and experimental results to support
advantages of our approach over Terauchi’s method [31].

The following is an example that supports the advantage (ii)
over Terauchi’s approach claimed in Section 7.

let rec £ g x = if x<=0 then g x else £ (f g) (x-1)
let succ x = x+1 in
assert(f succ 2 <1)

The program is unsafe, but to find it, Terauchi’s method needs to
unfold f at least twice, to obtain:

in

let rec fO g x = if x<=0 then g x else f1 (f1 g) (x-1)
and f1 g x = if x<=0 then g x else f2 (f2 g) (x-1)

and f2 g x = if x<=0 then g x else £f3 (£3 g) (x-1)

and f3 g x = £f3 g x in

let succ x = x+1 in

assert(f0 succ 2 <1)

The -normalization of the above program is required to infer de-
pendent intersection types, and the number of required reduction
stepsis at least exponentia in the number of unfoldings. (Actualy,
one can easily create an order-n program for which the number of
(-reduction steps is n-fold exponential in the number of unfold-
ings.) We have tested depcegar [31] for the above program, which
did not terminate. Our verifier can find a counterexample in less
than a second.

We have also tested depcegar for some of the programs in
Section 6. The following table shows running times:

program time (sec.)
hrec 0.369
a-prod 0.494
a-cppr 14.687
a-init -
1-zipunzip | -
1-zipmap -

hors 0.693
r-lock 0.640
r-file -

depcegar did not terminate for a-init, 1-zipunzip, 1-zipmap,
and r-file in 5 minutes. We do not know what is going on in
depcegar in those experiments (as depecegar does not generate
log messages), but we suspect that the results are due to the points
(it) and/or (iii) discussed in Section 7.

H. Proof of Theorem 4.3 (Soundness)

We assumethat A-APPisreplaced with the following more general
rules.

Pha:D(z)~ (A-VAR)

FrFov:(yr:01— > yp:ior —0)~e k>1
F,y1 01, ,Yi—1 1 0¢—1 |—’U2‘ : [vl/yl,...7’l)i71/y¢71](7¢ ~> €4
(foreachi € {1,...,k})

IF'Fov:[v/ylo~ letx =ecinlety=cinzy
(A-APP’)

We also assume that A-COERCEADD, A-COERCEREM, and
A-COERCEFUN arereplaced with the following more general rules
that allow coercion of expressions aswell as values.

Fke:bQ]~ ¢
EPy) = G’F,y;b[@]w F-Py) = 9p7y:b[@]w’
e = (assume v); true) M (assume 1)’; false)
T'ke:b[Q,P]~ lety=¢ in (y,e)
(A-COERCEADD")

FFe:b[@,ﬁ]we'

= — (A-COERCEREM’)
I'ke:b[P]~ let (T,7) =€ in (Y)




The:(x:0] — o)~ ¢
Dx:o1bx:o) ~ e}
D,x:01,2' :0f,y:05Fy:o0~ éh
e/ =letz=¢ inAzx.let 2’ =€} inlet y = z 2’ ine)

Fte:(x:01— 02)~ e’
(A-COERCEFUN")

We assume that the following ruleis added.

/

I'ke:o~e€" e =e

A-E
I'ke:o~é ( Q)

Here, wewrite e; = e if for any context C,

S

o Clel] = viff Cles] ===wvand
o Cle1] == failiff Cles] == fail.
Below we assume that = Dy : T' ~ Dsy. We prove the
soundness by showing that each reduction N p, canbesimulated

by some reduction = D, . Formally, we can prove the following
lemma

LemmaH.1. Suppose that
e['Fe;:o~exand
® e 4l>D1 e/1-
There exists e/, such that:
el'Fe):0~ehand
° ey :l>D2 5.
To prove LemmaH.1, wefirst prepare Lemmas H.2-H.9.

LemmaH.2. If Tk ¢ : b[P] ~ e, thene ==p, (@) = (P(c))
for some .

Proof. We prove the lemma by induction on the derivation of T

¢ : b[P] ~ e. Case anaysis on thelast rule used:
A-BASE
Wehave P = (Az.z = ¢) and e = true. Weget e = true =
(¢ =c¢) = (P(c)).
A-COERCEADD’
Wehave
"P= Q: P,
"e=1lety=ein (y,e2),
"Ik c: Q] ~ ex,
"= Ply) = 9p,y:b[@]w.
. ': ‘!P(y) = gr,y:b[é]q/)/’ and
" ¢; = (assume v); true) B (assume ¢)’; false).

By I.H., we get e; == (7) = (Q(c)) for some &. Thus, we
obtain

€

e = lety=(v)in (y,e2)
—  (7,[0/y]e2)
= (v,[v/y](assume 9; true) M (assume ¢’; false))
If P(c) = true, thenweobtain |= [v/y]y. Thus, we get
(v, [0/y)(assume t; true) M (assume ¢)’; false))
% (v, assume [v0/y]1; true)
(v, true)
= Q). P(e)

The other case (P(c) = false) issimilar.

A-COERCEREM’
We have

"c=1let (z,7) =€ in (y) and
sTFc:b[Q, P~ €.
By IH., we get ¢ == (01,72) = (Q(c), P(c)) for some
1, Ts. Thus, we get e == (72) = (P(c)).
A-EQ
We have _
*TFc:b[P]~ e and
e =e. _
By I.H., weget e’ == (v) = (P(c)) for some . Thus, we get
e == () = (P(c)).

O
LemmaH.3. IfI'+ fail : o0 ~ e, thene :6>D2 fail.

Proof. We prove the lemma by induction on the derivation of T
fail : o0 ~~» e. Case analysis on thelast rule used:

A-FAIL
We have
= ¢) = true and
= ¢ = assume 1); fail.
We get e == assume true; fail —— fail.
A-COERCEADD’
Wehave
"P=Q,P,
"e=1lety=e1in (y,e2),
* T F fail : b[Q] ~ e1,
" ': P(y) = 9p,y;b[@]w,
"= -P(y) = Hr,y:b[@d/, and
= ¢; = (assume v); true) B (assume ¢)’; false).
By |.H., we get e; == fail. Thus, we obtain
e == lety=fail in (y,es)
-5 fail
A-COERCEREM’
We have

"c=1let (7,7) = ¢ in (y) and
* D+ fail: b[Q, P] ~ €.
By I.H., weget ¢’ == fail. Thus, we get

let (Z,y) = fail in (y)

-5 fail

€
e =

A-EQ
We have
=} fail:o ~ ¢’ and
e =e.
By I.H., weget ¢’ == fail. Thus, weget e == fail.
O
LemmaH4 IfI,Z; : 64 Fv:o ~d andD, 2z, : 01,2 :
o' T2:02Fe:o~ e, thenT, 71 : 51,72 : [v/z]02 F [v/x]e :
[v/x]o ~ [v'/x]e’.
Proof. We prove the lemma by induction on the derivation of

21 : o1, : 0/,%2 : 02 F e : 0 ~ €. Case analysis on
the last rule used:

A-BASE
We have



= ¢ is a constant, a variable or an expression of the form
op(v),

= ¢/ = true,

"o = b[Av.v = €], and

= 28T, 71 : 01,7 : 0", T2 : 02) Fsr e : b.
We have A2S(T",Z1 : 01,Z2 : 02) st [v/z]e : b. Note that
[v/z]e is a constant, a variable or an expression of the form
op(v). By A-BAsg,weget', z1 : 1, %2 : [v/x]o2 F [v/z]e :
[v/x]o ~~ true = [v'/z]e’.

A-VAR
We have
L y,
e/ =y, and

"o =(I,71: 01,7 : 0,72 : 52)(y).
ifz =y, theno’ = o = [v/x]jcandT, 7 : 61,72 : [v/z]o2 I
v:o ~ v = [v/z]e. if z # y, then by A-VAR, we get
.71 : 01,22 : [v/x]o2 F [v/z]e : [v/x]o ~ [v'/x]e’.
A-ApP'

We have
"e =190,
=0 = [v/ylo’,

"¢ =letz=c¢c;inlety=¢cinzy,

“T,21 : 01,2 : 0, T2t 02 F vt (y1:01 — -0 —
Yk ok — 0') ~ e,

=k >1,and

= for each i € {1,,..,/€}, Iz, : 01,2 : 0'/,52 D 02,Y1 :
Oly..-yYi—1 ¢ Oj—1 |— Vi L [vl/yl,...,vi_1/yi_1]ai ~
€;.

By I.H., we obtain
D% ¢ 01,22 : [v/x]oe b [v/x]ve ¢ [v/z](y1 i 01 —
C = ypiog — o)~ [v'/z]er and

=for eech i € {1,...,k}, we obtain I, 7, 01, T2

[v/x]o2,y1 : [v/x]o1, ..., yi—1 ¢ [v/x]oi—1 F [v/x]vs -

VLY, Vi1 [Yim1, 0/ T oy~ [0/ T]es.
By A-ApPP’, we get I',Z1 : 01,22 : [v/z]o2 b [v/z]e :
[v/x]o ~ [v'/x]e’.
A-LET
We have
"ec=1lety =-¢e1 iney,
s,21:01,2:0 ,22: 02 e : 0" ~ e,
“,21:01,2:0,22:02,y:0" Fea:o~ eh, and
'e/:lety:ell inelg.
By I.H., we obtain
*[, T : 01,02 : [v/z]oe - [v/z]er :
and
'F,Fi"l : 51,52
[v/z]o ~~ [V /x]€h.
By A-LET, we get I', 7,
[v/x]o ~ [v'/x]e’.

[v/x]c" ~ [V /x]el
[v/x]G2,y : [v/x]o" F [v/x]ea

01,2

[v/z]o2 F [v/z]e :

A-FaiL
We have
= e = fail,

. ': 01",51:51 ,z:d’,fg:&gwr and
= ¢/ = assume 1); fail.
By Lemma H.2, we obtain |= 0r z,.5, 5y:[v/2)5, [V’ /]9 BY
A-FaiL,weget ',z : 01,%2 : [v/z]os F [v/z]e : [v/z]o ~~
[v"/x]e’.
A-ASSUME
We have
" ¢ = assume vo; €o,

*T1,Z1 : 1,7 : 0/, T2 : 02 F vo : bool[Av.v = true] ~
€1,
*T,21: 01,2 : 0, T : 02,y : bool[Av.vo] F e : 0 ~ e,
and
"¢’ = let y = e1 in assume y; ea.
By I.H., we obtain
“IZ : 01,22 : [v/x]os b [v/z]ve : [v/z]bo0l[Av.y =
true] ~ [v'/z]e; and
*I, % :01,T2 ¢ [v/2]02,y : [v/z]bool[Av.vg] b [v/x]eo :
[v/x]o ~ [v'/x]ea.
By A-ASSUME, we get T', 71
[v/x]o ~ [v'/x]e’.
A-PAR
We have
" e =¢; Heo,
"% :01,2:0,Z2:02e1: 0~ ef,
s, 21 :01,2:0 ,22:02F ex: 0~ eh,and
s =) Oeéb.
By I.H., we obtain
L] F,%l
and
1,7 : 01,72 : [v/x]os k- [v/z]es : [v/x]o ~ [v'/x]es.
By A-PaR, we get I',Z1 : 01,22 : [v/z]o2 F [v/zx]e :
[v/x]o ~ [v'/x]e’.
A-COERCEADD’
We have ~
“0,Z1:01,x:0,T2: 02 e: b[Q] ~ e1,
*FEPW) = 05,5, w0 wsy0i@] Y
- ': _‘P(y) = 0F,511517150’752=52»y=b[@]w/’
= ¢; = (assume ¢; true) B (assume 1)’; false),
"¢ =1lety=e; in (y,e2), and
"o =b[Q, P|.
By LemmaH.2, we obtain
“FPW) = 050 w0 0152 el [V /€] a0
"= oPW) = Oz, (o /alma welsmi@) [V /1Y
By I.H., we obtain ',z : 01,22 : [v/z]oe F [v/z]e :
[v/2]b[Q] ~» [v'/x]e1. By A-COERCEADD’, we get I', Z; :
01,T2 1 [v/z)os - [v/xle : [v/z)o ~ [V /)€’
A-COERCEREM’
We have o
*T,71:01,7:0 ,T2: 02 F e:b|Q, P] ~ ex,
¢ =1let (7,7) = e1 in (), and
=g = b[P).
By I.H., we obtain T',Z1 : 01,22 : [v/z]o2 b [v/x]e :
[v/x]b[Q, P] ~ [v' /]e1. By A-COERCEREM’, weget I, 7; :
01,T2 1 [v/z])o2 - [v/xle : [v/z)o ~ [v'/z]e.
A-COERCEFUN’
We have
*T,71:01,7:0,T2:02Fe: (w:o] — 0b) ~ e1,
s, 21 :01,2:0 ,22:02,w:01 - w: ol ~ ez,

1 01,T2 : [v/x]oe F [v/z]e :

101, T2 ¢ [v/x]oe F [v/z]er : [v/x]o ~ [V /x]e]

s,21:01,2:0,22: 02, w0, w00, y:0h -y oo~
€3,

se = letz = ejindw.letw’ = eyinlety =
zw' in es, and

"o =(w:01 — 02).

By I.H., we obtain

1,7 : 01,72 : /x]os - [v/z]e: [v/z](w:0] — 05) ~
[v'/z]ex,

=T,z a1, T2 [v/z]o2,w :

[v/z]lor F [v/z]w
[v/x]o] ~ [v'/x]e2, and



0,21 : 01,02 : [v/z]|o2,w : [v/z]or,w : [v/z]ol,y :
[v/z]os & [v/2]y : [v/x]os ~ [v'/z]es.
By A-COERCEFUN’, we get I',z1 : 01,Z2
[v/z]e : [v/z]o ~~ [V /x]€.
A-EQ
We have
s,21:01,2:0,22:02Fe:o~ €’ and
e =
By I.H., we obtain 'z, : 01,22 : [v/z]oe F [v/z]e :
[v/x]o ~~ [v'/z]e’. By A-EQ, we get T, 21 : 01,72
[v/z|os - [v/z]e : [v/z]o ~ [V /z]e.

[v/z]o2 +

LemmaH.5. Suppose that

eI'I"Fe:o ~ ey,
el r:0'Fr:o~ e and

e r ZFV(o).
Weobtain, IV Fe: o~ let r = e in es.

Proof. We prove the lemmaby induction on the derivation of T", r :
o' 10~ ey Caseanaysison thelast rule used:

A-BASE
Thiscaseisimpossible sincer ¢ FV (o).
A-VAR
We havee; = r and o0 = o’. By A-EQ, weget I', T I e :
o~ letr =e; in eo.
A-COERCEADD’
Wehave
"o =b[Q, P],
"ey =lety =€) in (y,e5),
“T,r:0' Fr:bQ]~ e,
"= P(y) = 9F,T;o/,y;b[@]¢,
"= -P(y) = GF,T:U/,y:b[@]w,‘ and
= ¢5 = (assume 1); true) M (assume ¢)’; false).
By LH., weget I,T" + ¢ : b[Q] ~» letr = e, ine€} By
A-COERCEADD’, we obtain I, TV - ¢ : 0 ~ lety =
letr = ey ine] in (y,e5) By A-EQ, wehave T, TV - ¢ :
o~ letr =e; in eo.
A-COERCEREM’
Wehave
" o = b[P],
" ey = let (7,7) = € in (), and
sDr:o' Fr: b[@,ﬁ] ~s €.
By IlH, weget )T I e : b[@,ﬁ} ~ letr = e;ine’.
By A-COERCEREM’, weobtain T, T e : o ~~ let (T,7) =
letr =e; ine’ in (y). By A-EQ,weobtanT, T Fe: o ~
let r = e1 in es.
A-COERCEFUN’
We have
sTr:o'br:(x:0] — o)~ €,
s r:o,x:01Fx:0] ~ e,
sD,r:o,x:01,2 :0l,y:0h Fy:oa~eb,
"g=1x:01 — 09, and
"ey = letz = ¢ indz.letas’ = ejinlety =
za' in €.
By l.H,wegetT\T'e: (z:0] — 03) ~ letr =e; ine’.
By A-COERCEFUN’, we obtain I',T' - e : 0 ~ letz =
letr = e;ine’ in Az.let 2’ = €} inlet y = z 2’ in€5.
By A-EQ, weobtainT',I' - e: 0 ~ let 7 = e; in es.

A-EQ
We have
sD,r:0' Fr:o~ehand
'6’2562.
By I.H., weobtanI',T' - ¢ : 0 ~» letr = e; ineh. By
A-EQ,weget,I'Fe:0 ~ letr = e in es.

O

The following lemma states that if a value v is abstracted to e,
we can obtain another abstraction v’ of v such that e == v'.

LemmaH.6. fTFv:0c~ e thenT Fv:o ~ v ande = v’
for somev’.

LemmaH.6 immediately follows from the following lemma:

LemmaH.7. fI",z1 :01,...,25 : 0 Fv:0~eandl,z; :
Oly.vny i1t 0i—1 Fv; 2 0y — vj foreachi € {1,...,k}, then
there exists some value 0, v’ such that:

el z1:01,...,T:0rFv:0— v and

° er = Gkv’.

Here, 0; represents [v}/x1]---[vi/z;], and we write Tz,
O1,..., Tk o Fv o= if:

,xTp i op Vo~ v and

eif o = k41 : oxr1 — o', o' is a function type, and
[,y @ 01,...,Tk ¢ Ok b Uky1 @ Okp1 < vUpyq, then
9k+1(vl CEk+1) = 9k+111// and Iyzi 01,000, Tht1 Okt =
v Tt o’ — v for somevalue 010" .

OF,xlzal,...

Proof. Assume that I',z1 : o1,...,2k : o F v : 0 ~ e
and F,ml D01y, Ti—1 - Oi—1 Fov oo — ’Ug for each
1€ {1,...,k}. Weprovethelemmaby induction on the derivation

of 'x1 : 01,...,2k : 0k F v : 0 ~ e. Case anadysison the last
rule used:
A-BASE N
We have e = true and 0 = b[P]. Let v’ = true. Then, we
obtainT,zy : 01,...,%k : 0 Fv: 0o — v and e = O,
A-VAR

We have e = v = z. Let v = v. Then, we get T, 24
01,...,Tk o F v o~ v and e = 00, Suppose
that 0 = xx41 : oxs1 — o', o’ is afunction type, and
F,a:l 101y 3 Tk41 P Ok41 = Vk41 : Ok+1 < U;’c+1.
wif o' = f, then Ok 1 (f zx41) isavaue. By A-App and
A-EQ,weget I',z1 : 01,...,Tk41 : Oky1 b U Tpg1 ¢

o — v, wherev” = v xpi1.

= OtherW|se, 9k+1(’l)/ l’k+1) = 9k+1v" andl“7:c1 b o TR/ o ST

Ok+1 F v xprr 0 — " for somevalue 010",
A-APP’

We have
U=V Vg1 U,
D21t 01,0, Xk 2 O B VF 0 (Thg1 2 Okgp1 — - —
xjro; —a’)~ e,
"5 >k,
= foreach: € {]f—f—l,...,j},r,l‘l $O01y .y Tim1 b O
Vit [Uk+1/$k+1,--- ,Ui71/$¢71](7§ ~> €4,
"c = letx = ¢ inlet xy11 = ext1 in ---letz; =
€ IN T Tk41 Ty,
"0 = [Ukt1/Thi1,-..,vj/z;]0”, and
s = Tj4+1 1001 — 002-
Supposethat o = xj41 : 041 — o', o’ isafunction type, and
T,x1:01,...,25 1 05 F vjq1 : 05401 ~ vj4q. By LH., we

H ’ / ’ .
obtain some v}, vy, - . ., v; such that:



. . . . — . /
'F,xl P 01y,..., : Ok F’Uf : (mk+1-0'k+1 — s — "0 =2Xk41:0k+1 — O .

zj:05 — o)~ 0k, Letv’ = e. Then,weobtainl, z1 : 01,..., 2k : O F v : 0~
= Ore’ = Opv}. v" and fre = 00", By I.H., we obtain some value 6 v" such
/ " "
sforeachie {k+1,...,j}, ,o1:01,...,2i-1: 0,1 tha[F,x/l 1017---/;/9% top v (mk;‘rl ‘O0kt1 — 0 ) —w
Vit [k /Tha1, -5 Vie1 /Tio1]oy < v, and 0,e¢’ = 0,0, Suppose that ¢’ is afun(,:tlon type and
"0, e, = 01‘—1112. Iizy o1, .o,k : 0k F Ukp1 @ Okp1 ~ Vg1 Then, we
= 0; (Vs xpya - x;) = G505 for somevalue 6;vp, get
. . /s ’ ’
'F,ml.al,...,xj.aj}—vka+1~~x]~.a ~> Vo, 0k+1(7) Z’k+1)
/ — 1" 1"
* 011(vo 2j41) = 04105 for somevalue ;.11 vg, and = Ori1((let z =€ inAzpy1.let zhyy =€) in
F,.’.El .0;},...,ZE] L 05,541 001 l_l)f Th+1 Tj41 letyzzx;€+1 lne/g)ﬂkarl)
002 ~> Vo - "o / ’ .
Thus, we obtain = Ort1((let 2 =v" inAzpqr.let 73 =€ in
/ . !
Ore = Op(letz= € inlet xjy1 = epy1 in - - lety =z Tjy1 in€z) Tpt1)
. = 0 ACpi1.let o = €} in
letx; =€; in T Tpq1 -+ x5) k1 (( kltl ; k+1, 1
= Op(letz = v} inlet w41 = €xyq in - -- lety =v " Zji1ines) Toy1)
R — 6 1 t / s 1 t _ nr / . /
letz; = €; in & Tpt1 -+ ;) = Or1(let 2y =erinlet y =0 xp4 iney)
= Gk(let Tk+1 = €k+1 in --- By |.H., we obtain 6k+1('U/ l‘k+1) = 0k+1'U” and F,{El
. o 1
let x; = e; in v} Tpy1 -+ x;5) g’i;.l‘v‘/;xkﬂ : 0kt1 B v k1 2 o' — 0" for some value
— / c .
= 0;(vf Thyr - 35) A-EQ
= 0, We have
sD,21:01,...,25 0 Fv:0~ ¢ and
Letv' = [vps1/Thtr, ..., v5/2;]vh. By Lemma H.4, we ob- LT T O e
tanl,zy : 01,...,2% : o F v : 0 ~ v'. By LemmaH.4, e =e ) . _
weobtan ', @1 : 01,..., %% : Ok, Tj41 : Oje1 b U Xjpq By I.H., there exists some value 6;,v s.u/:/hthat.
o'~ vy, Where vo = [vk41/Tki1,. .., v;/2;]vg. Thus, we . F,J/;l P01y Tk 1Ok Fv:o— v and
/ / J— / —
get Or[vj i1 /Tja] (v 1) = Ok [V 11 /T541]v0. " Ore’ = 0pv7. _
A-COERCEADD’ Thus, by A-EQ, we obtain some value 0 v" such that:
Wehave sD,21:01,...,25 0 Fv:0— v and
'U:b[Q,P], " fre =00,
"e=1lety=e in (y,e2), O
"D x1:01,...,2 : 0 v b[Q] ~ eq,
"EPW) =0 oo b0V Lemma H.8. Suppose that
/
*E-P(y) = er‘,zl:al,.“,ackzak,y:b[@]w »and el.r:(x:01 —o02)br:(x:0] — 0h)~ e,
= ¢; = (assume 1); true) M (assume ¢)’; false). eIy :01 — 09~ i, and
By l.H.,wegetT,z1 : 01,...,2k : 0 F v : b[Q] — vo1 and o' vy : o) ~ V).
fﬁ;-l = 0xvo1 for some value 0;vo1. We obtain some vgo such There exist ¢ and v/ such that:
’ ° — /s / € — — ! 17 /
Ore = Or(lety =e1in (y,e2)) (let r = v} ine,) vh =>= let r = v} v¥ inel,

o I',r: [vi/x]os k1 : [v1/z]0h ~ €., and
o' vy :op ~ 0.

= 9k<1101,?102>

By A-EQ,wegetT',x1 : 01,...,2% : Ok - v : 0 ~ v, where ) ) o
v = (vor, voz). Proof. We prove the lemma by induction on the derlvatlon_of Tr:
A-COERCEREM’ (x:01 — 0o2) Fr:(x:o] — o) ~ e.. Caseanaysison the
We have last rule used:
"o =b[P], A-VAR
"c=1let (7,7) = ¢ in (y), and We have
“T 21 :01,...,2% : 0 Fv:b[Q, P] ~ €. =01 =01,
By lH.,weget,zy : o1,...,2% : 0k F v : b[Q,P] — 02 = 05, and
(U1,02) and Oe’ = 0, (v1,02) for some vaue 0 (D1, 02). "er=T.
Thus, we get Ore = 05 (02). By A-EQ, we obtain T',x; : By A-VAR, weobtain ', 7 : [v1/z]o2 = 1 : [v1/z]oh ~ e,
O1,...,T : 0k F v o~ wherev = (02). wheree,. = r. Let v = v]. Then, weobtan T - vs : 1 ~
A-COERCEFUN’ v4. We obtain
We have , p , (letr =] ine,) vy == v]vs
sTx1:01,...,2p o F VU (Thg1 03 — 07) €l B Lo,
"D, 21 01, Tt Oy T 1 1Okl - Thg1 : Ofyq ~> €1, = letr=wviv;ine,
", 21001, Tt Oy Tl 1Oy 1, & 1 0)yq, Y107 oy A-COERCEFUN’
o'~ eh, We have
e =letz = ¢ in)\:ck+1.letx§c+1 = el inlety = =T,r:(z:01 — 02) FTI(IZUY—HTQI)WG,,

/ . ! ! 1" /
Z T34 in es, and sDr:(z:o1 —o02),x:01Fx:o] ~ e,



X . R R/ A/ Lo /
sDr:(z:o1 —o02),x:01,2 :07,y:05 Fy:op~ ey,

and
"e, = letz = € indzletas’ = efjinlety =
z 2’ in €.

By Lemmas H.4 and H.6, we get some v’ suchthat T' - vs :
af ~ vy and [v] /r,vh/x]e] == vy’ By |L.H., there exist e/
and v} such that:
* (letr =] ine') vy === letr = v} vy ine,
“T,r:[vi/x]os b r: v /z]oy ~ €], and
s vy :op ~ Y.
By Lemmas H.4 and H.5, we get T',r : [vi/z]o2 F r
[v1/x]oh ~~ e, wheree]. = let y = e, in [v] /7, v5/z, vy’ /x']€h.
We obtain
(letr =
(letr =

/ ! . /. / /
Ar.letz' =ejinlety =z in 62) Vo

! . !
v] ine,) vy

! . ! .
v;inlet z =e€ in

let 2’ = [vi/r,vy/z]e] in

lety = (let r = v} ine’) 2’ in [v] /7, vy /x]es
"

- let 2’ = vy in
lety = (let r = v} ine’) 2’ in [v] /7, vy /x]es

5 lety=(letr =) ine') vy in
[v1/r, v )z, vy /2’ ]eh

== 1let y=1letr = v'l vg in e’r/ in
[v1/r,v5 )z, vy /2’ ]eh

= letr = ’Ui v'zl ine,
A-EQ
We have

sTr:(x:o1 —o2)br:(z:0] — o)~ e and
el =e,.
By I.H., there exist e]. and v4 such that:
* (letr = v} ine)) vh === let r = v} v§ inel,
“T,r: [vi/x]os b7 [v1/x]oh ~ e, and
s vyt op ~ Y.
Thus, weget (1et r = v} ine,) vy === let r = v} v4 inel.

O

LemmaH.9. Suppose that

o Tk for--vj: (Tjp1:0541 — - — zpiop — b[Q]) ~ e,
*j <k,

OF(f):asl:01—>~~~—>mk:0k—>b[15],and

e DFwjqr 0y~ v,

Thereexist e, v1, . . ., v}, such that:

e v, ==1letr=fuv] --vj ine,

oIy [ur/@, . v /] (@iee o512 — -+
ok — O[P]) b v [vpa/zia](z)2
zi : op — b[Q)]) ~ e, and

° fgreachi e{l,...,j+1}, T vt [vn/x, ...
vl

— Tk -
Lo
.O'j+2 - i

JVim1/@ic1]og ~
Proof. We prove the lemma by induction on the derivation of T"

for-vy s (X104 — - = Tp oy — b[Q]) ~ e. Case
analysis on the last rule used:

A-VAR
We have
u .] = O,

= foreachi € {1,...,k}, oy = o},

= P=(Q,ad

e=f.
WeobtainT - v; : 01 ~ v}, wherev] = v{. Lete, = r. By
A-VAR,weobtanl,r : [vi/x1](z2 : 02 — -+ — Tk : Ok —
b[ﬁ]) Fr:jvi/z)(ze:05 — - — xp 0, — b[@) ~ €.
Wegetev! = fv] =letr = f o] ine,.

A-APP’
We have
Tk for--ve: (Tep1:00 — -+ = xj:0] —0) €,
=y >041,
= foreachi € {£+1,...,j},r,me+1 : 0’2;1,...72177;71 :
Jz{Ll I Uy . [’Ug.;,_l/l'“_l,, .o ,1)2;1/377;7110'2 ~> €,
" [Ver1/Tes, .05 /35lo = @i Oy — = T
oy, — b[Q], and
e = letzx = e'inletxe+1 = e¢y1in ---letx; =
ejinx xpqp1 X .
By LemmaH.6and H.4, foreachi € {¢+1,...,j}, weobtan

'U,E, suchthat I Vi [Ue+1/xg+1,...,’02‘71/.1&71]0'7/;/ ~ 'U,E,
and [vfyy/Tes1, .-, /zici]es == o). By LH., there
exist e, vy, ..., vy, such that:
e v = letr = fuv]---vpy, ine,,
= foreachi € {1,...,£+1},F o [vl/xl,..
v}, and
= F,T : [vl/;xl, .. .,vg+1/xg+1}(mg+2 1042 — v
ok — bP)) b r: v /ze)(@ege s 0y — -
xj 0] = 0)~ e

— Tk -

—

We have
e vy = (letx =€ in
let xy4+1 = €¢41 in ---letx; = €5 in
T Tesr o T5) Vi
= (let zg41 = €41 in ---let zj = ¢; in
! 1
€ Tyt1 Tj) Vi
€ ! 1 1
—— € VUpgp1- V541
€ . / / . / " 1
== (Qetr=fuvy - -vpprine.) Vg Ujp1
=== letr=fv] v, ine, (by LemmaH.8)
Here, we have
= foreach: ¢ {E—FQ, . ,j+1},F Fo; [111/1’17 .. ,vi_l/xi_ﬂm ~>
v}, and

- F,T : [Ullxh .. .,’Uj+1/£j+1](itj+2 cO0j42 —
or — b[P)) b r:[ves1/Teqr, .., vj41/Tj41]0 ~ e
A-COERCEFUN’

— T

We have

" F foreoovy : (@jg1:000 — 0 — a0 —
b[R]) ~ €.

" F,(L‘j+1 : U;’+1 (o Tj41: O’;/Jrl ~ 6’1,

“T x4 U;Jrl,a:g-ﬂ coti, Yy (@2 i 0 — o —
zr:oy = bR Fy:(wjq2:050— = xR0, —
Q) ~ cb, and

"e = letz = € inAzjii.leta); = €jinlety =

z @y ineh.
By Lemmas H.4 and H.6, we get some v/}, such that I +
colfy v and [vf ) Jzja)el = v, By LH,
, V541 such that:

==1letr=fv] v}, ine,

Vj+1
H ! /
thereexist e, vy, ...

YA
" C Uit

S Vic1/Tio1]og ~



= foreach: € {1, A ,]+1},F ;e [vl/ml,. .. 7’1)1‘71/231',1]0'-; ~A-VAR

v}, and
sDorcfor/zn, v /4] (T2 1 042 — o = T
O — b[P])f A [Uj+1/$j+1]($j+2 . O';-,+2 — e —

x i o — b[R]) ~ ;..
By Lemmas H.4, we get Iy: [Uj+1/$j+1]($j+2 : 0";-;_2 —
c = ap oy = OR]) oy it /zial(ziee s ofye —

- = g i0f, = b[Q)]) ~ [y 1/@j41, 051 /%) 1]es, and By
Lemma H.5, we have F,T : [vl/xl, . ,'Uj+1/£ljj+1}($j+2 :

Ojra = o = @k op — B[P F o [y /) (@
Ofyo = -+ — a1 0}, — b[Q]) ~» e, wheree, = let y =
e in [V} /@41, 0] /2, ]eh. We have

eviy, = (letz=¢ inAmjt1.

let i, =€) inlety =z ), iney) vj,

! /. / / . /
(AMrji1.letwjyq =ejinlety =e x4 iney)
"
Vj+1
1 r " in1l A .
—  letxjiy = [Vj11/xj1]e; inlety =¢ x4, in
" /
[Vj+1/Tj1]er
1 f— o in1 A .
- etz;11 =vjp1inlety=e ;11 1in
" /
[Vjt1/Tj+1]ez
! " . 1" " / /
— lety=e vj41 in [Vj11/T41, V541 /T )€
- lety:letr:fvinw}Jrl inel in
" nr / !
[Vj41/Tj41, Vi1 /T ez

/ ! .
letr = fvy---vj4 ine,

A-EQ
We have
s F forevy (g1 054 — 0 — Tk op —
b[Q]) ~ ¢’ and
e =e.

By I.H., thereexist e, v1, . . ., v, suchthat:
e’V =>=1letr=fov)---vf,ine,,
- F,T : [1)1/331, .. .,’l)j+1/1}j+1]($]'+2 1042 — i — Tl
ok — bP]) F v v /zial(iie 100 — 0 =
Ty 1 Op — b[@]) ~ e, and
u fc/)reachz S {1, - ,j+1},F ;o [vl/ml,. .. ,Uifl/an,l]ai >
vj.
Thus, weobtaine v}, ; == 1letr = fv}---vj,, ine,,

O

We now show that each reduction — p, can be simulated by
some reduction == Do-
Proof of Lemma H.1 We prove the lemma by induction on the
derivation of I F e1 : o ~~ e2. Case analysis on the last rule used:
A-BASE

We have

This caseisimpossible.

A-APP

We have
o1 = fur--- Uk,
s fi=ceM e Dy,

“I(f)=x1:01 — - — xk : 0 — b[P],

Tk forvyt (Tjg1 2 0jpy — -0 — Tk 2 O) —
b[Q)) ~~ e,

* o = [vj1/Tit1, - - -0/ 2]B[Q)],

"J <k,

sforeachi € {j +1,....k}, D,zjq1 : 0y, ..., @iy
le-,l Fow; [Uj+1/£l,'j+1, - ,1}1'71/1‘2'71]0'2 ~ 6;-/, and

"e; = letx = einletx;i; = €41 in - let ayp =

el inT x4 Tk

By E-APP, we obtain ¢ = [v/Z]e™) and | = e. By Lem-
mas H.6 and H.4, for eachi € {j + 1,...,k}, we obtain v;’

suchthat T" v ot [Uj+1/$j+1, . ,Uz-,l/a:i,l]a; ~ ’U;l and
[v%ﬁrl/xjﬂ, vl /i1 )el == v). By LemmaH.9, there
exist ey, v1, ..., v} such that:
= evﬁ_l = =letr=fo]- ~~v§-+1 ine,,
sDTyrcfu/an,. v /zia](@ie 1 0jee — 0 = 2k
or = bP]) F o7 v /za](@iie 1o = o =

xy : op, — blQ)]) ~ e, and
= foreach: € {1,,]+1},F ;o [vl/ml,...,vi_l/xi_l]ai ~
/
Vi

By E-LET and E-APP, we obtain

. " . i
€9 = letx =einlet xjq1 =€j41 in c--letxp =€ in
T L1 Tk
1" . " .
= let 41 =€ in ---letxy =€ inexjp1 - Tp

1 1
— €Vjpq Vg

== (letr=fuv -vjine.) vj - vy

= letr=fuv]---vine, (by LemmaH.8)

Here, we have

= foreach: € {j+2, .. .,k},F o [1}1/{1)1, . ,Uifl/l‘ifl]o'i ~
v}, and

s T,r:[vi/a1,...,vn/ak]b[P]F 1o~ el

By A-ProG, wehavel', 7 : 5 + eV : b[P] ~ ¢ and f & =
e® e D, for some e¢®. By LenmaH.4, weget I + ¢} :
[5/Z]b[P] ~ [¢"/Z]e®. By LemmaH.5 and A-EQ, we obtain
some e, suchthat T' ¢} : o ~» letr = [0/ /F]e® inel.
By A-EQ, we get some e, suchthat ' - e} : 0 ~ e and
es = ebh.

= e¢; = op(¢), A-LET

= ¢y = true, and

" o = b[Az.z = op(c)].
We get e] = [op](¢c) and I = ¢ by E-Op. By A-BASE,
A-COERCEADD’, A-COERCEREM’, A-EQ, and ([op](¢) =
op(¢)) = true,weget 'k e} : o ~ ey, where ey, = true =
€9.

We have
"e; =letx =e€e11 ineqo,
'F}—eu :0'/->621,
s, 2:0 e : o~ exn, and

" ey = let x = €21 in e22.



l
=If e17 — ¢}, for some e}, we have ¢/ = letz =
€i1 ineje. By ILH., weobtan I'  e}; : o' ~ eb; for

1 .
some e5; such that ex; = ¢e5;. By A-LET, we obtain
T'Fe):o~ e whereeh = let © = eb; in egs. Thus,

! /
we get e; —> e5.
= Otherwise, we can apply either E-LET or E-FAIL toe;:

E-LET Wehavee; = v for somev. Wegete| = [v/x]eis
and [ = e. By Lemma H.6, we get some v’ such that
I'Fov:o ~ v adey = o'.By LemmaH.4
and [v/z]oc = o, weobtanT + €] : 0 ~ ej, where
ey = [v'/z]eas. Thus, by E-LET, we have

(D) = let x = e21 in eoo
:E> letz =19 in €22
—  [v/z]ex
=
E-FAIL We have e;1 = €] = fail andl = e By
A-FAIL, A-EQ, and assume true;fail = fail, we
obtanT + e : 0 ~ eb, where ¢, = fail. By
Lemma H.3, we obtain ea; == fail. By E-FAIL, we
get e == fail = 6/2.
A-FaIL

This caseisimpossible.
A-ASSUME

We have
" ¢1 — assume true;e,
* '+ true : bool[Az.x = true] ~ e,
* [,z : bool[Az.true] - e11 : 0 ~» ea1, and
" ¢g = let x = e in assume x; e21.

By E-ASSUME, we obtain ¢} = e;; and [ = e. By E-CONST,
wegetI' F true : bool[Az.true] ~» true. By LemmaH.4
andz ¢ FV(ei1), weget F €] : 0 ~ e5, Whereey =
[true/z]esr. By LemmaH.2, we get ¢ == true. By E-LET
and E-ASSUME, we get

€9 = let x = e in assume ;€21
€

—> let x = true in assume ;€2
—5  assume true; [true/z]es
5 [true/z]ex:
= es
A-PAR
We have
"ep =ep ey,
'k e1g: 0~ ea,
= eq1: 0~ eq1,and
" ey = e99 e,
By E-PAR,weget! =i and ¢} = ey, for somei € {0,1}. Let
eh = es;. By E-PAR, wehave ey —— e2; = €.
A-COERCEADD’
We have
*T ke :b[Q] ~ e,
"= P@) = O 0¥
*=-P(z) = 9F,x:b[@]¢l,

= ¢/ = (assume 1); true) M (assume 1)’; false),

"ey =letxz =ein(x,e€'),and

"o =b[Q,P).
By I.H., wehaveT + ¢} : b[Q] ~ ¢” for some ¢” such that
e == ¢, By A-COERCEADD’, weobtainT I~ ¢} : o ~ ¢,
V\fhere b = let z = ¢ in (z,¢'). Thus, we obtain e; ==

A-é(Q).ERCEREM’

We have

2Tk ey :b[Q, P~ e,

" ey = let (Z,y) = e in (y), and

=0 = b[P].
By I.H., wehaveT I ¢ : b[Q, P] ~ ¢’ for some ¢’ such that
e == ¢, By A-COERCEREM’, weobtainT' - ¢} : o ~ €5,
V\fhere ey = let (Z,7) = €' in (y). Thus, we obtain ez =

A-éé‘ERCEFUN’

We have

"Thke:(x:0] — 0y)~e,

sD,x:01 Fx:of ~ e,

sD,x:01,2' 0y, y: 05 Fy:o9 ~ eh,

"ey = letz = ¢ indzleta’ = efinlety =

zx' in eh, and

"o =(z:01 — 02).

By IL.H.,, we have I' - ¢}

some e’ such that ¢/ == ¢’ By A-COERCEFUN’, we obtain
I'leé):0~ ey, wheree) = let 2z = ¢’ in Az.let 2’ =
€} inlet y = z 2’ in 5. Thus, we obtain e, =4 ¢l

A-EQ
We have

(z:01 — 03) ~ € for

='Fe:0~seand
e = eo.
By I.H., wehave I' - ¢} : 0 ~ ¢ for some ¢’ such that
e == ¢'. Thus, we obtain e; == ¢, for some e}, such that
eh =e'.By A-EQ,weobtainT F €} : o ~ eb.
O

Proof of Theorem 4.3 Assume that main() ==p, fail. By
A-VAR, A-BASE, A-COERCEREM, A-APP', and A-EQ, we ob-
tainT" - main() : x ~» main (). By Lemmas H.1, we obtain e such
that T' F fail : x ~» ¢ and main () == p, e. By LemmaH.3, we
get e == p, fail. Thus, we obtain main() == p, fail.O

I. Proof of Theorem 4.4

In this section, we consider the normalized dependent typing rules
in Figure 6, which are equivalent to those in Figure 5.
We first define the set of type templates, ranged over by &, by:

Eu={v:b|CH| N\jcs(:& — &)
C:u=[]i|Ci NCa | C1 Vs | =2C | true | false

We write C[¢1, . .., %y] for the formula obtained from C by re-
placing every occurence of []; (where: € {1,...,k}) with ;.
A type template environment is a sequence z1 : &1, ..., Tp : & Of
bindings of variables to type templates. Type templates and type



e isaconstant, avariable or an expression of the form op(v)
A2S(A) }_ST e:b

Abprre:{v:b|lv=ce}

(D-BASE)

A(x):/\je{l ,,,,, m} Y1 :5j71 H"'Hyk:(sj,k Haj
A(z) isafunction type
Aot vi s Njepr,my01/Y15 - vie1 /Yio1]65
(foreachi € {1,...,k},j€{1,...,m})

— — (D-APP)
Aborrz0: Njeqa, my [0/910;
A Fprr €1 26 A7CCC5/ Fpir €2 1 O
Abprrletz =e1ines : 0 (D-LET)
= [A] = false
Ao fail: o (D-FalL)
A2S(A) st v : bool
A,z :{v:bool |v} Fpre:d
A Fprr assume v;e : 0 (D-ASSUME)
AFD1T€125 AFDITGQI(S
A l_DIT €1 O €2 6 (D_PAR)
A 26 AF§ <§
= eA R — (D-COERCE)
f,(%lgl—us,)eA A,iiigil_DITeiZ(;i
(foreachi=1,...,n) (D-PRoOG)
Forr {fiZT1=¢€1,..., fm Tm =€m}: A
ElAlAY = ¢
-B
Abprr{v: by} <{v:b|y'} (Sue-BAsE)
A bprr 65,1 < ;.10 (foreachi € S)
A,l‘ : 51'71 FprT (5272 < (52',2 (fOf eachi € S)
scs
— (SuB-FuN)

A Fprr /\igs’ (95 : 52,1 — 52,2) < /\i65(5i,1 — 57.',2)
Figure 6. Normalized Dependent Intersection Type System

template environments are subject to the well-formedness condi-
tion analogous to that of dependent types and dependent type envi-
ronments.
For atype template £ and an abstraction type o, the dependent
type ¢[o] is defined by:
{v:b|C}b[Pi,...,P]]={v:b| C[P(v),...,Pa(V)]}
Nics(@ 616 — E2,i)[r 01 — 02] =
ses(@ & ilon] — &24[02])
For example, let £ and o be:
§=(z:{v:int| []o} — {v:int [S[]:})
A {vint | [JiA [} — {v:int | 1))
o =z:int[Av.r > 0, \w.rv < 3] — int[Av.r > 1]
Then, ¢[o] isthe following dependent type:
(z:{v:int | v <3} = {v:int | =(v > z)})
Ax:{v:int |v >0Av <3} = {v:int | v > z})
Similarly, given atype template environment = and an abstrac-

tion type environment T, the dependent type environment Z[T'] is
defined by:

0] =0
E,z: 9 z:0] =E[l],2z: o]

By the definition of type templates and DepTy, 6 € DepTy(o) if
and only if 6 = &[o] for some &. Similarly, A € DepTy(T") if and
only if A = =[I'] for some =.

For atype template &, we define [¢] by:

[{v:0]C}] =
{{c1,...,¢n) | Clea, ...

[Njes(@:éry —&5)] =
{g|Vj € SVhe[&,;].g(h) C &1}

Intuitively, [¢] denotes the set of abstract (semantic) values ob-
tained by abstracting values of a type § by using an abstraction
type o such that £[o] = 4.

The above semantics is extended to type template environments
by:

,Cn] = true}

[0] 0
[E,2: 4] {r{z =t pe[Elve €]}

We call an element of [=] an abstract environment and write p for
it.

Define the set of simple types (for boolean programs) by:
v :=bool X - -+ X bool | y1 — 72
The semantics {~} isgiven by:

[bool X -+ X bool] = {{ci,...
——— — —

[y — 72l = {g | Vh € [ ] \{£ail}.g(h) C [ro]} U {£ail}

(Note that the codomain is the powerset of [v2], because of non-
determinism.)

Given an abstract environment p and an expression e (of a
higher-order boolean program) of simple type ~, the semantics
[e], (€ [¥]) of aterm e isgiven by:

[e], ={c}

[z], = {p(=)}

[op(@)], = {lor ] (w) | w € [v],,}

[Az:v.e], =

[[ H, el pany) | v € Iv] \{fail}} U {(fail, {fail})}}

{90 1 g € [ex ], \{fail}, h € [ea], } U (fe ], Ni{fail})
[let z = e1 ineo]

{leal oy | v € [er ], \{£a11}} U ([e1 ], N{fail})
[fail], = {fail}
0 if true ¢ [v] ,
[assune v;e], = [e], otherwise
[es0es], = [e1 1, U es],

The following lemma states that we can adjust abstraction ac-
cording to a change of abstraction types.

Lemmal.l. Suppose:

LTFe:o ~ e} and
2.Vj € JE;[T] bor &lo'] < &lo],

where J is a finite set. Then, there exists e’ such that

1.TFe:o~¢€;and
2.Vj e JVp € [E;] .([eo], C €] =[], € [&D)-

Proof. Thisfollows by induction on the size of A25(c).

,Cn) | ¢i € {true, false}} U {fail}



e Case SUB-BASE:
In this case, we have:

g={v:b|C}}
&G ={v:b|Cj}
o' =bvlP,...,Pl]
JEb[Pl,...,Pk}
[ECACPI(V), -, Pyl = C[Pi(v),. .., Pr(v)]
By the last condition, we have:
Zi - {l/ 1 b; | Dj,i} S Ej (foreachz‘ c {1,...,777,})
Zi :bi[Qi,hu »,Qz‘,ki] €T (foreachi € {17 .. ,m})
E Dj1[Q1,1(21), -, Qi (21)] A -+
/\Dj,m[Qm,l(Zm),“~7Qm,km(2m)]
ANCHPI(v), ..., Pu(v)] = Ci[Pi(v),..., Pu(v)]
(foreach j € J)

Let ¢ and v’ be:

Y = Njes(Diilza] Ao A Djmlzm] A Cjlvo] = Cjluil)
V' =N (Dialza] Ao A Djmlzm] A Cilvo] = Cjlva])
vo = (§1(y), -t (¥))

v = (1Y) - -5 e pn—1(y), true)

va = (Brr11(Y), - Beran_1(y), false)

Then, we have

E Pe(y) = O yorpy..., P!, Py, P ¥
!
= -Pi(y) = 0F,y:b[P1/ ,,,,, P/, Py, Py 4%

Let e’ be
let (u) = ej in
let (Y1, ., Yrrak—1) = (U, *,...,*) in
N——
k—1

let yi/ 1 = (assume 1); true) M (assume 7’; false) in
Y/ a5 Yrr k1, Yh' k)

(where * = true B false). Then, wehavel' - e : 0 ~~
e/, modulo some simplification of the output of the transla-
tion. (Here, the expression is complex because of the rules
A-COERCEADD and A-COERCEREM, but the idea is sim-
ple: ¢ first assigns non-deterministic booleans for the val-
ues of Pi,..., Pr_1, and then filter out invalid assignments
when the value of Py is computed.) Suppose p € [Z;] and
leol, < [&5]- By the definition of €', (c1,...,ck) € [€],
implies Dj 1 [p(z1)] A+ A Djmlp(zm)] A Cjlet, - .., ] =

Cjle, ..., cx] for some (ci, ..., ¢iy) € [eo] - By the condi-
tion p € [E] and [e1], € [¢;], we have Dj1[p(21)] A -+ A
Djmlp(zm)INCS[ch, . . ., cx] = true. Thus, Cjlet, ..., cx] =

true. Thus, we have [¢'] , C [¢;] asrequired.
Case SuB-FUN:
Inthis case, for every j € J, we have:

&= /\,‘GS;_ (x:61: — &2,0)

& = /\iESj (x:&1,i — &2,)

Sj € 5

O=x:01 — 02

o =x:0] — oh

Vi € S;.55[T] bor &1,ilo1] < &1 4[01]

Vi € S;.55[T), 2 & ifon] B &[0b] < &a.ilo]

By the assumption, we have:

I'ke:d ~ e

Sincel',z:okz:0~zandVp € [E,2:£].[2], C[¢]
hold in general, by the induction hypothesis, we have:
IDz:oiFx:0] ~¢€]
Vj e JVie S;.Vp € [[Ej,l‘ : 51,1‘]] . [[6/1]]‘01 - [[§§,L]]
(D)
D,z:01,2" :0h,y:05y:o2~ éh
v.] € JVie S7vp2 € IIE.77$ : glyi,w : 51,2’7?4 : gé,z]] .
[e2],, € [€2.i] (2
Let e’ be
Az.let 2’ = e} inlety = e, in eh.
Then we have
I'ke:o~e.
It remains to show

Vi e J¥pe[E;] ([eol, C [6] = [€], C [6])-

Suppose p € [E] and [ep], € [¢5]. Assume also that vo €
[€1,:] (wherei € S;). It suffices to show

[let 2’ = ¢} inlet y = ey 2’ in e/gﬂpl C [&2,i]
for p1 = p{z — vo}.
By the condition (1), we have [ef], C [&1]. Let vi €
[eil,, < [£1,:]- By the assumption [en], € [€)], we dso
have

ﬂegx/]]pl{z/o—n;l} g |I£; ]] :

Let vy € Heax/ﬂpl{x,Hvl} and p2 = p1{z’ — vi,y — v2}.
Then by the condition (2), we have

lez],, € [€2:]-
Thus, we have
[let 2’ = ¢} inlet y = ey 2’ in e/g}]pl C [&2,:]

asrequired.
O

The following is the key lemma, which states that if an expres-
sion has type ¢ in the dependent intersection type system, we can
obtain an abstract program that is precise enough to derive the prop-
erty described by 4.

Lemmal.2. Supposethat Z[T] Fpr e : €[o]. Then, there exists e’
such that

1L.TFe:o~¢€
2 Foranyp < [2],[], < €]

Proof. This follows by induction on the derivation of Z[I'] tpr € :
&[o], with case analysis on the last rule used.

e D-Bast: Inthiscase, § = [|i. Letd = {v : b | v = €}
and ¢ = b[P, \v.v = e,Q]. Let ¢’ be (*,true,*) where
* = true M false. ThenI' I e : 7 ~ ¢’ isobtained by us-
ing the rules A-BASE, A-COERCEADD, and A-COERCEREM
(modulo simplifications of the tarnslated term). [e’] , C €
aso holds as required.

e D-APP: In this case,

6= N\,es0/9]0;
A(@) = Njes 1100 — - = Yk 106 — 65
Atborvi s Njeglon/yr, - vie1/yi-1]d5,



By the condition A = E[I'] and 6 = £[o], we have:

E@) =Njesyr:&Ga— =y &k =&
Nx)=y1:01 — —yYp:0k — 0

3j.i = &jiifoi] o,
8; = ¢&5lo'l€lo] = N\es &5ll0/9)0"]
Thus, we have:
Njeslvi/yr, .- vie1/yi1]d5 =

(Njes&illvi/y, - .

By the induction hypothesis, we have:

AF v [vi/y1,. .., vie1/Yi—1]oi ~ €]

[eil, S [Ajes il € 1€ ]-

By the assumption p € [E] and =(z) =

= Yk & — &, wehave [ze -
we have

Vi1 /Yi—1]03).

Njesyr &1 —
ex], € [&]- Thus,

[wer - ex], CIA G
jeSs
By the condition {[o] = A, &;[[v/y]o’] and Lemmal.1, we
have ¢’ such that
F'kFe:o~eé

Vp e {E}. [€], C[€]
D-LET: In this case, we have:

e=1letxr =-e; ines
E[I] bor €1 : &1o1]
E[[], x: &1fon] For ez : E2[o2]

By the induction hypothesis, we have:

T'Fei:o1~¢€)

D,x:o1Fex:o~seh

Vpe[E].[e], C [&]

Vp € [E] Vv € [zir]. [€a] rpy € [€]

Lete’ = let x = €} in e5. Then From thefirst two conditions
above and A-LET, we obtain

IF'kFe:o~¢€.
From the last two conditions, we obtain fail ¢ [ef] , and
Vp € [E] Yo € e} 1,- [[eé]]p{sz} € [€]
which implies
Voel=].[€], S €]
D-FaiL: In this case, we have:

e = fail [E[I]] = false

By the second condition, we have:
zi:{v:bi | Ci} e E(fori e {1,...,m})
Zi bz‘[Pi,h . Pi’kJ eI (fori e {1, . 7’ITL})
Cl [Pl,l(zl), ey P1’k1 (2’1)] AREE
ACw [Prm1(2m), - - - s Pm iy, (2m)] = false.
Let us define e’ by:
¢/ = assume 1; fail
Y =Cilz1] A A Cplzm] = false
Then, since = Or1 holds, we have T' + fail : o ~ €.
Suppose p € [E]. Then, [C1[z1] A+ ACm[zm]],, = {false},
so that we have [¢'] , = 0 C [¢] asrequired.
e D-ASSUME: In this case, we have:

e = assume v; €1
El,z:{v:x|v}tore: o]

Leté = {v : x| []1} and o1 = *[Az.v]. By the induction
hypothesis, we have e} such that

T,x:o1 kel :o~€)
Vpe[E] Vw e [€] - [ei], oy € [€]
Let us define e by:

let (u,w) = €5 in w

€5 = let y = true in (assume 1); true) M (assume ¢’; false)
=" = true

Lete’ belet x = e} in assume x; e5. Then, by using A-BASE,
A-COERCEADD, and A-COERCEREM, we obtain

B[l Fe: o] ~ €.

/
€2
/

Suppose p € [Z]. Then, we have

[€'], = [€1], = [€1], o truey C [€]
asrequired.
e Case D-PAR: In this case, we have:
e = ejlUes
E[F} '_DT €; . 6[0’]
By the induction hypothesis, we have:

I'ke :0~e€)
vpe[2].[ei], C [€]
T'kes:o~seéh
vpel]. [esl, C €]
The required conditions hold for e’ = ¢} Ce5.
e Case D-COERCE: In this case, we have
E] bore: &[o’]
¢'lo'] < ¢€lo]
By the induction hypothesis, we have:
Tke:o ~ ¢}

Vpe[=E].[el, C €]
By Lemmal.1, we have e’ that satisfies the required conditions.

O

Lemma 1.3 (correspondence between the denotational and oper-
ational semantics). Let e be a closed term. If e = fail, then
fail € [e],.

Proof. This follows by straightforward induction on the length of
e — fail. O

Proof of Theorem4.4 Let D = {fi(Z1) = e1,..., fn(Tn) =
en }. Supposetprr D : A and A = E[I']. Then, by Lemmal.2, we
have an abstract program D' = {f1(z1) = €1, ..., fo(Tn) = €, }
such that

FD:I'~ D’

Vpe[E]. [Aie], C [E(fi)]
Let ¢’™ bethe closed expression:

let (£, fOY = \F1.L1, ..., AFn.Ln) in
let <f1<1),..~.7 7(71)> = o
AF1L Q) flet, ... A7 [/ flen) in

let (f™ ... fi™) = _ _
T [V et ALY / flen) dn
rnajn(m) <>



Here, 1; = assume false;c; wWhere ¢; is a constant of the re-
sult typeof f;. Intuitively, e’™ isthe program obtained from main
by unfolding the function definitions of D’ m times. By the con-
struction and the condition Vp € [E] . [ Azi.ei], C [E(fi)],
for every m, we have [¢/™™], C [* C] for some C. Thus,
fail ¢ [¢/™],. By Lemmal.3, ¢’ #= fail for every m. Thus,
we havemain() #=p- fail.Od

J. Proof of Theorem 5.3 (Progress)
Below wefix T to:

I = f1<1>:Elylﬂ*,...,fl(z):51,4H*,,..,

1) .~ 0~
7EL>:O-TL,1_>*7"'7 ,,(L)Io'n’g—>*.

We define " by:

Fh = f1:(51,1H*)hU"'U(aLgH*)b,...
fni(On1 — *)h U---U(ope — *)h
~ h ~
o) = op]
(z:01 —>02)n = r:0" — oo
(01><~~~><(7n)n = oflU---Uo,t

The idea of the proof is as follows. First, by the relative com-
pleteness (Theorem 4.4), we obtain an abstracted SHP D, of
SHP(D;, s) such that main{) #=p, fail. We then construct

an abstracted program D3 of Dy from D, such that main() #=p,
fail. Formally, we can prove the following lemma:
LemmaJ.1. Suppose that
e 5 — bl . be7
e - SHP(D,s) : I' ~ Dy, and
° mam<> #=p, fail.
There exist D3 such that

et Dy :T%~ D3, and
e main() #=p, fail.
Before we prove Lemma J.1 in Section J.4, we prepare Lem-

mas J.2, J.6, and J.12 in Sections J.1, J.2, and J.3 respectively,
which are used for the construction of Ds.

J.1 Proof of LemmaJ.2

The following lemma states that if e; is an abstraction of e with
some abstraction types &1, then we can construct more precise
abstraction e2 by using abstraction types o> that contain more
predicates than & .

LemmaJ2 IfT% 7 :51 Fe: %~ e, and &, C &2, then there
exists e such that

° Fh,i:gg}—e:*wez,
o if [U/Z]es == fail, then [l:lgja/:ael == fail, and
o if [0/F]e2 == [ 3, then [1225/@)es = f

Here, o C o' isdefined by the following rules;

b[P] C b[Q, P, R

/ /
o1 Lo o2 L oy

(x:01— 02) E (z:0] — 05)

1171 e is defined by:
QPR _ T3 — e
Hb[ﬁ] e let (Z,y,%) = e in ()

S T /\x.HZi (e (ITg3x))

ziog—0h
Before we prove Lemma J.2 at the end of this section, we
prepare Lemmas J.3-J.5.
LemmaJ.3. Suppose that

OFh,izﬁl—vzalweland
e g1 C o9.

There exists e» such that
o8 Z:5Fv:og~ e,
o [0/Z)er = 132 [5/Tea.

Proof. If v is a base value, we can apply A-COERCEADD and
A-COERCEREM. Otherwise, we can apply A-COERCEFUN. [

Lemma J.4. Suppose that
° I‘hﬁf:&}l—v:(rlwel,
5, C o2,and
e g1 C o9.

There exists e» such that

e T8 Z:52 bk v:og~ e,
o [U225/er = 1132 [5/F]ea.

Proof. We prove the lemma by induction on the derivation of
I, %:51 Fv:o1~ er. Caseanalysison thelast rule used:

A-BASE
We have
" o1 = b[Av.v = v] and
= ¢ = true.
By A-Base, weget It 7 : 55 F v :
Lemma J.3, we obtain some es such that
T8 75 v:og ~ ey and
* [[1325/Ter = [0/F]true = 1132[0/T]es.

o1 ~» true. By

1

A-App
=27,
. (Fh,f:ﬁl)(x) =(y1:011 =+ > Yp: 01 — O1),
= o1 = [v/7]o1,
= foreach i € {1,...,]{5}, Fh,f : &1,y1 D011y, Yim1
O16-1) Fvi s [ /Yy, vic/yic1]on ~ e, and

"ep=lety=¢; inx y.
If 2 € dom(T%), then (T%, 7 : &2)(x) = (y1:011 — -+ —
Yk : o1k — o4 ). By I.H. we obtain

= foreach i € {1,...,k}, Fh,:f : 52,:[/1 D011, Yim1

O1(i—1) - vi [v1/y1, ..., vic1/yi—1]o1i ~ ezi, and
M35/, Ty /(y1, -, yi1)]en
= [5/57 ay/(ylv cee 7?—11‘—1)]621'.

By A-APp,weget %% : Go v : 01 ~> let § = é2 inx 7.
By Lemma J.3, we obtain some es such that
'Fh,E:GQI—v:agwezand
= [v/Z]let § =€ inx § = [I52[U/T]ea.
We obtain

1227 /F]ex

M2°%/F|1et =& inz §

[v/T]lety =€z inzy
122 5/Z)es.



Otherwise (= € {7)), (T%,7 : 52) () = (y1: 01 — -~ —
Yk 1 02 — 05). By .LH., we get
= foreach i € {1,...,/€}, Fh,jf : 52,y1 D021,y Yio1 t

,Vie1/Yi—1]02i ~> ez, and

Uz(i—l) = V; - [’l}l/y1,...

02,0215 ,02(i—1) ~ /1~
[HELGH ----- 01(1'71)’0/(% LARRE

[v1/y1sesvio1/Yi—1]02i (~ )~
H[Ul/ylv<-<7vi—1/yi—1]0'1i [U/(x’yl’ e

S Yi-1)]ews

s Yi—1)]e2.

By A-App, we get T%. 7 : 52 - v : [0/7]oh ~ lety =
€2 in z 9. By Lemma J.3, we obtain some e» such that

8 3Gk v:os~ enand

" [v/T]let y = ez inx y = 1132 [v/T]es.
We get

[[122%/Z]ex N2275/|let § =& inz §

[0/Z]lety =€z inz y
1122 5/7les.

A-COERCEADD

"0 = b[Q, P],
fTE TG o b[@] ~s 11,
" ': P(y) = orh,’i;gl,y;b[é]wa
"= -P(y) = erh@ﬁl,y;b[é]@bl'
= ¢12 = (assume ?; true) M (assume 1)’; false), and
"e; =let y = e11 in (y, e12).

By I.H., we obtain
T8 75 l—v:b[@] ~ egq and
* [225/F]ens = [0/Fexn.

We obtain = P(y) = Opu s, o 1227/70 and

-P(y) = 9rh,§;§2,y;b[§] [Hgfi/f]wl

Leteos = (assume [I1727/7]t); true) M (assume [Hgf%ﬁﬂw'; false).

By A-COERCEADD, we obtan I'*, % : &2 F v : o1 ~»
let y = ez in (y, e22). By Lemma J.3, we obtain some e
such that

T8 7G5 v:0g ~ ep and

= [U/Z]let y = e21 in (y, e22) == I132[v/T]ex.
We get

[Hgfﬁ/iﬂel = [Hgfﬂ/fﬂlet y = e1 in (y, e12)

[v/Z]let y = e21 in (y, e22)
12 [5/7les.

A-COERCEREM
Wehave
"0 = b[P],
2% %:51 Fo:b[Q,P]~ e, and
" e =let (Z,y) = e11 in (7).
By I.H., we obtain
2% F:652 v b[Q, P] ~ e and
- [I329/&ens = [0/a]ear.
By A-COERCEREM, we obtain I'*,% : &2 F v : o1 ~»
let (T,y) = e21 in (y). By Lemma J.3, we obtain some e
such that
T8 75 v:0g ~ ey and
« [6/]1et (7.9) = ex1 in (5) = 1132 [5/T]ea.

We obtain

(M72%/7]ex [2/7|1et (F,7) = enr in (7)
[v/Z]let (T,y) = e21 in (¥)
1153 [v/Z]es.

A-COERCEFUN
We have
"01=Y:011 — 012,
-Fh,iz&'l "UI(yIO'il ~>0'32) ~> €11,
"I F 5,y o Fy:ol ~ ey,
= Fh,§: o1,y :011,Y 104,70 F o2 ~ e, and
ey = Aylety =eiyinletr =e11 y ineq,.
By I.H., we obtain
s F: 5w (y: ol — 0la) ~ ean,
= [IZ0/z]enn = [v/7]ean,
D9 F G0, y:0n by ol ~ ey,
" [Hgfi/if, vy/ylery = [0/, vy /yleay,
28550,y 011,Y con, T 0l F Tt o1 ~ ey, and
= [1229/2,7"/(y, v, 7)lew = [0/2,7"/(y, v, 7)]e2r.
By A-COERCEFUN, we obtain T%,% : &2 F v : o ~»
Ay.lety = ez, inletr = ez ¥y inesr. By Lemma J.3,
we obtain some e2 such that
T8 7G5 v og ~ ep and
= [v/T)\y.lety’ =
1225/ ea.
We obtain

[M122%/Tex

. . €
ey inletr = ez ¥ ines, —

= [Hgfﬁ/f])\y.let y = e1y inletr = e y' in ey,

= [0/Z)\y.lety’ = e2y inlet r = e21 ¥ inea,
122 5/Z)es.

O

Lemmads. IfI',Z: 51 F a: x ~ ey and &1 C &2, then there
exists eo such that

eIf T :02F a: %~ ez, -

o if [U/Z]es = fail, then [[120/Z]e; = fail, and

o if [U/F]es == f ¥, then 120 /Z]es == f 70

Proof. Case analysison the form of a:

e g=x0ra=c
By A-Bast and A-COERCEREM, we obtain I'", % : &,
a : x ~ ez, where ez = lety = true in (). Note that
[0/Z)es > fail and [0/Z]es = f o forany vand v'.
e g = fail
By A-FaiL, we get some ¢ such that
= ¢; — assume 7; fail and
" = Ot 55, -
We have = 0rs 5.5, [TI22%/Z1). Thus, by A-FAIL, we obtain
I %:52F a:*~> ez, Wheree, = assume [Hgff/iﬂd); fail.
Note that [v/Z]es 7= f @' for any ¥ and ?’. Suppose that
[0/F]ez == fail. We obtain [[I2°T/Z]e; = [0/F]es ==
fail.
ca=fnv
By A-APP, we obtain

" (0,7:00)(fm) = (Y1 :0m1 — -+ = Yk 1 Omp — *),



= foreachi € {1,...7k},F,i : 51,:{/1 L O0mly ey Yie1 -
Om,i—1 Fow: ['Ul/yh . ,vi_l/yi_l]gmﬁ- ~ 6;, and
"o =lety=2¢ in fi, 7.
Weget (I, Z : 72)(fim) = (Y1:0m,1 — = Yk:Om,k — *).
By LemmaJ.4, we obtain for eachi € {1,...,k},
- F,:Ci" : 52,:{;1 D Omylyee ey Yi—1 Om,i—1 o
[v1/y1, .. vie1/Yim1]om,i ~ €f
. [Hgfﬂ/i,ﬁ’/(yl,...,yi_l)]eg = [0/, /(- - .
By A-APP, weobtain T, % : o2 b a : * ~» ez, Where e; =
let§y = &’ in f,, 7. Note that [0/F]es A= fail for any v.
Suppose that [0/]e; == f ¥'. We obtain [[12°7/]e; ==
fo.
ca=x0
Similar tothecasea = f, v.

Proof of Lemma J.2

e if e = assume v; a, then by A-ASSUME, we obtain
T Fo b bool[A\z.x = true] ~ €,
"% % : 61, x:bool[A\x.v] - a: * ~ eb, and
" ¢; = let = e} in assume x; €h.
By LemmaJ.4, we obtain
=% % :52 Fv:bool[\z.z = true] ~ €} and
- [M225/Fer = [5/3el.
By LemmaJ.5, we obtain
=9 % : 52,2 :bool[Az.v] Fa: * ~> b,
= if [U/%, v, /x]ey == fail, then [Hgfﬂ/i, vy /T)es ==
fail, and
. !;5[5/& vy /x)ely == f v, then [Hgf'ﬁ/i, vy /T)es ==
By A-ASSUME, weobtain ', : &5 F e : * ~» ea, where
ez = let x = ¢} in assume x; 3. Suppose that [v/7]ez =
fail. Then, we get [[12?7/F]e; == fail. Suppose that
[v/]e2 == f . Then, we obtain [[1327/Z]e; == f .
o if e = let z = op(v) in a, then by A-LET, we obtain
575, Fop(?) : o ~ e,
T8 F 51,20 a:*~ eh,and
me; =letx =¢e] ineb.

By A-BASE, we obtain I'%, 7 : : o ~ €).By

LemmaJ.5, we obtain

52 = Op(”J)

"8 T Gs,xio b a kel
v if [0/, 0. /7)) == fail, then [IIZ*3/F, v, /ales ==
fail, and
“if [0/F, v, /ale == f T, then [IIZ3/F, v, /ales ==
fo.
By A-LET, weobtain ", % : 52 F e : x ~» e, Where e, =
let z = e} in e4. Suppose that [7/Z]e; == fail. Then, we
get [1220/T]er = fail. Suppose that [v/T]es == f ©.
Then, we obtain [[132/Ze; == f 7.

yi-1)]es

J.2 Proof of LemmaJ.6

The following lemma states that if e; and eo are abstractions
of e with the same abstraction types & (recall that our predicate
abstraction is non-deterministic), then we can construct another
abstraction eg that is more precise than both e; and e.

Lemmald.6. IfI% Z:6Fe:x~erandl?, Z:5F e: %~ ea,
then there exists es such that
° Fh,fzfrl—e:*weg,
o for eachi € {1,2}, if [7/Z]es == fail, then [v/T]e; ==
fail, and
o for eachi € {1,2},if [1/Z]es == f ¥, then [v/T]e; ==>
Fo.
Before we prove Lemma J.6 at the end of this section, we
prepare Lemmas J.7-J.11.

Lemmald7 IfTZ : 01 Fv:0o ~ epand D, : 01,7 :
o' T2: 02 e 0~ e, thenT |7y : 51,72 : [v/z]o2 b [v/x]e :
[v/x]o ~>= let x = e1 ines.

Proof. Similar to the proof of LemmaH.4. O

Lemmald8. IfINz:o bk zv: (2: 011 — 012) ~ €, thenwe
have

e (INZ:0)(x)=(y1:01 — - = Yr:0k — 2: 021 — 022),

e foreachi € {1,...,k},I,Z: 0,41 : 01,...,9i—1 : 051 b
Vit [v1/y1, cee ,’Ui—1/yi—1]0i ~r €,

e Z:0,z:011 b 2:[0/yloa ~ e

o ,7:05,2: 011,72 : [U/ylozn,r : [0/F)oe b1 012 ~ e,
and

ec=MXzletz =e,inletr=1ety=cinxy 7 ine,.

Proof. We prove thelemma by induction on the derivation of T', 7 :
ok xv:(z: 011 — o12) ~ e. Caseandysison the last rule
used:

A-APP
We have
"e=lety=cinzxy,
" [v/ylo = z: 011 — 012,
*(T,2:0)(z)=(y1:01 — -+ >y :0, — o), and
=foreechi € {1,....k}, I, : o,y1 : O1,...,Yi—1 :
;-1 [ Vi . [v1/y1,...71}¢,1/yi,1]0i ~r €4
Let 0 = z: 021 — 022. Then, by A-APP, we obtain
"Z:0,z:011F 2z: [v/y]oa1 ~ e, and
“T,2:0,2: 01,2 : [0/f|o21,r : [0/G]oas b1 : 012 ~
€r,
Here e, = zand e, = r. We get
e = lety=cinzy
= MAzletz =e¢,inletr = lety = Einxgz/ in e,
A-COERCEFUN
We have
"e=Azletz =¢)inletr =ef5 2’ ine),
s, Z2:0k20v:(2:01 — ols) ~ €5,
s,2:0,z:011 Fz:01; ~ e}, and
s T:0,2:011,2 101,700 - 1012 ~ e,
By I.H., we obtain

" (0,z:0)(z) =(yr1:01 — -+ = Yp:0K — 2 : 021 —

022),
= for each 7 € {1,...,k},1",§:&'7y1 o TR /P
oic1 s [ /yn, . vie1/yio1]os > e,

sT,2:0,2:00 F 2:[0/y]oa1 ~ e,



“0,2:0,2: 01,2 : [0/F|o21,r : [0/P|o2s b1 i 0hy ~
el., and
seb=Mzletz =€, inletr =lety=—cinzy 2 inel.
By LemmaJ.7, we obtain
“D,Z:0,z:011F 2: [0/y]oar ~ ez,
s,2:0,2:011,7:01s -7 :012 ~=let 2/ = €] ine€h,
and
s,2:0,2:011,2 ¢
let z = €} inel.
Here, e, = let z = ¢} ine’. Thus, by Lemma J.7, we get
0,7:0,2:011,2 : [0/gloar,r : [U/F]|oa2 b7 : 012 ~ e,
wheree, = let r = let 2 = €} ine) inlet 2’ = €} in é5.
We get

/ . ! ! . !/
e = MAzletz =ejinletr =e3z ine,

[5/@]021,7“ . [Fﬁ/mdzg For: 012 =

Az.let 2’ =€) in
letr = [2'/z](let 2 = ¢, in
letr=1letj=cinxy 2 ine,) ine)

Azletr = (let z =€} inlet 2’ = €. in

~ ~ . ~ I . / .
letr=1lety=cinxy 2 ine,) in
/ ’o. ’
let 2 = €7 iney

/ A ! .
Az.let z- =let z =e¢; ine, in

~ ~ . ~ 1 .
letr=1lety=e¢inxyz in
! . ! .
letr =1let z =e€; ine, in
/ /. /
let 2 = e7 iney

Az.let 2’ = e, inlet r = let Y= 'evinxﬂz/ in e,

O

LemmaJ9. IfT%. % : & - v : b[P] ~ e, then there exists the
following derivation:

M z:6kFv: bAv.w = v] ~ e

A-BASE
A-COERCEADD

Z:6Fv:bww=uv,P,..., P 1]~ eV

Fh,f:?f}—v:b[Pl,...,Pn] ~ (™)
Here, we have
° 6(0) = true,
o™ =g,
e foreachi € {1,...,n},
e = 1let Y= e in

(y, (assume d)gi); true) M (assume w;(i); false)),

° ': P(y) = afh,E:E,y:b[)\uu:v,Pl,4.4,Pi,1]w§1)' and

o ': _‘P(y) = er‘h,izﬁ,y:b[)\u.l/:'u,Pl ..... Pi,l]w:,'(Z)'
Proof. By induction on the derivation of I'*, % : 5 + v :
€.
Lemma J.10. Suppose that

° Fh,ﬁfzﬁkvzaweland

e I8 7:5Fv:0~ e
There exists e3 such that

eI 7:5Fv:0~ esand

e e3 < ¢, foreachi € {1,2}.
Here, wewrite e < ¢’ if for any context C,

e Cle] = vimpliesCle/] == > v and
e Cle] = failimpliesCle’] = fail.

Proof. We prove the lemma by induction on the size of A2S(o).
Case analysis on the form of o.

case o = b[P]: By Lemma JJ9, for eachi € {1,2}, we obtain
the following derivation:

© A-BASE

i

I Z:6Fv:bAvr=1v]~e

A-COERCEADD

=Y A-COERCEADD

Fh,izc~7}—v:b[/\V.l/:v,Pl,...,Pn_l]wei

A-COERCEADD
A-COERCEREM

—— o A-COERCEREM
[ %:6Fv:b[P,...,P) ~ ey
Here, we have

L] 61(0) = true,

=foreachj € {1,...

;n},

G-1) 4p

i

el(-j) = lety=e

(y, (assume 1/15”; true) M (assume 1/;;<j); false)),

- ': P(y) = el"h,%:E,y:b[)u.u:v,Pl,...,Pj,l]wlgj)’ and
- ': —|P(y) = 91"”,fi:ﬁ,y:b[/\l/.uzv,Pl,...,Pj,l]d};(])'
We can obtain some e3 such that

"5 F:5Fv:b[Pr,..., P~ es,
" e3 = egn),
= eg}) = true,
=foreachj € {1,...,n},
eg‘j) = lety= egj_l) in

(y, (assume qj)éj); true) B (assume ¢é(j); false)),
- w%]) — 1/J§J) A d)éj)! and
- wé(]) _ w;(]) A w;(])_
Weget e; < e; foreachi € {1, 2}.
Caseo = : 01 — O2.
casev = f v: By LemmaJ.8, weobtainfor eachi € {1, 2},

—TZ ) =@r:01 — - = Yp:0k — T :
Ui—’02)1

—foreachn € {1,..., kY, T% . : 5,01 : 01, ..., Yn_1:
On—1 Fv:[vi/y1, s Un—1/Yn—1]0n ~> €in,

—T5,%:5,2: 01 Fa: [5/glol ~ €,
[5/§]U£,T : [5/m0'§ }_’f' 09

b= =5 .. /.
fFH,a:.a,x.Ul,x :
e; ,and

U ! .
Axr.let ' =€) in

€4
letr=1lety=¢; in fya ine}.
By I.H., we obtain
— foreachn € {1,...,k},Fh,CE SOLYL Ol ey Yne1 -
on—1Fv:[vi/yt,...,Un_1/Yn—1]on ~> €3n,
— foreachn € {1,...,k}andi € {1,2}, e3n, < €in,
—I%%:5,x: 01 Fx:[0/7]o] ~ €b,
— ey < e foreachi € {1,2},

—I%%:5,2: 01,2 : [0/Fol,r: [0/Flob 7 00 ~

el , and

— ey <ef foreachi € {1,2}.

By A-COERCEFUN, wegetT*,Z : 5 F v :
obtaines < e; foreachi € {1, 2}.

o ~ e3. We



casev = y v: Similar tothecasev = f v.
O

LemmaJ.ll. % Z:5a:x~ e andl8,7:5F a:x ~

e2, then there exists e3 such that

° Fh,fz&'}—a:*weg,

o for eachi € {1,2}, if [7/Z]es == fail, then [v/Z]e; ==
fail, and

o for eachi € {1,2},if [1/Z]es == f ¥, then [v/T]e; ==>

v
Proof. Case analysis on the form of a:

eg=x0a=c
By A-BASe and A-COERCEREM, we obtain T*,% : &
a : x ~ e3, where es = lety = true in (). Note that
[0/Z)es 7> fail and [0/Z]es = f o' forany v and v’
e g = fail
By A-FalL, we get some ¢ such that for each i € {1,2},
= ¢; = assume 7);; fail and
" | Ors z5 i
We have = Ort 5.5(¥1 A 92). Thus, by A-FAIL, we obtain
Fh,i 0 Fa: %~ e3, Wherees = assume 11 A 2; fail.
Note that [0/Z]es #= f v for any ¥ and ©'. Suppose that
[0/Z])es == fail.Weobtainforeachi € {1,2}, [v/Z]e; ==
fail.
ca=fmv
By A-APP, weobtain for eachi € {1,2},
*(0,7:0)(fm) =(W1:0m1 — " = Yo 1 Omk — %),
sforeechn € {1,...,k},1\T : 0,41 : Om1,y- s Yn—1 :
Omn—1 1 Un t [V1/Y1y oo V1 /Yn—1]Cm,n ~> €5y, and
e, =1lety=2¢ in fm 7.
By LemmaJ.10, we obtain for eachn € {1,...,k},
= TNZ : 0,Y1 : Omi,--sYn—1 : Omm—1 & Upn
[V1 /Y15 Vn1/Yn—1]0mn ~ €5, and
= ey, <ej, foreachi € {1,2}.
By A-APpP, we obtain I'Z:0Fa:*~ e3, wherees =
lety = €4 in f, y. Note that [0/Z]es = fail for any o.
Suppose that [v/Z]es == f ¥'. We obtain [v/Z]e; ==> f v’
foreachi € {1,2}.
ca=xv
Similar tothecasea = f,, v.

Proof of Lemma J.6

e if ¢ = assume v;a, then by A-ASSUME, we obtain for each
i€ {1,2},

. Fh, Z:0F v:bool[\x.x = true| ~ e;1,
. Fh,E: 0,x :bool[Az.v] F a: * ~> ej2, and
= ¢; = let £ = e;1 in assume z;e;2.
By Lemma J.10, we obtain
=% 7:5F v:bool[A\r.z = true] ~ ez and
= e31 < ey foreachi € {1,2}.
By LemmaJ.11, we obtain
CREREE bool[Az.v] F a: % ~~ esz,

= if 0/(%,7)]es2 == fail, then [v/(7,z)]en == fail
foreachi € {1,2}, and

if [3/(F, 2)|es2 == f T, then [5/(F, )]ers ==> f @ for
eachi € {1,2}.
By A-ASSUME, weobtain %, 7 : 5 F e : « ~» e3, Where ez =
let x = e31 in assume x; e32. Suppose that [v/Z]es =
fail. Then, we get [/7]e; == fail for eachi € {1,2}.
Suppose that [v/Z)es == f ©. Then, we obtain [v/Z]e; == >
foforeachi e {1,2}.
o if e = letz = op(v) inq, then by A-LET, for each i €
{1, 2}, weobtain
=% 7:5Fop(®): o~ true,
9 F:5,z:0ba:*~ €}, and
"e; = let = true ine}.
By LemmaJ.11, we obtain
T8 F G, zioba: ke,
= if [0/(Z,x)]es == fail, then [v/(Z,x)]e; == fail for
eachi € {1,2}, and
v if [5/(F, )¢l == [ B, then [3/(F, z)]¢, ==>> f © for
eachi € {1,2}.
By A-LET, we obtan T%,Z : & - e : * ~» e3, where
e3 = let x = true in 4. Suppose that [v/F]es == fail.
Then, we get [v/7]e; == fail for eachi € {1,2}. Suppose
that [0/Z]es == f ©. Then, we obtain [v/Z]e; ==> f ¥ for
eachi € {1,2}.
(|

J.3 Proof of LemmaJ.12

The following lemma states that if e; is an abstraction of [e]; with
abstraction types &, we can use 5 to construct an abstraction e, of
€.

LemmaJ.12. IfT',z: o F [e]; : x ~ e1, thenthereexists ex such
that

° Fh,izgul—e:*wez,
o if [U/Z]ex == fail, then [0"7 /Z]e; == fail, and
o if [0/Z)ea == fi T, then [0% /T)er ==> fY) (IL, ;o) +".

Before we prove Lemma J.12 at the end of this section, we
prepare Lemmas J.13-J.16.

LemmaJ.13. If,Z: 5 + v : b[P] ~» e, thenthere exists ¢’ such
that

oI %:5" v :b[P]~ ¢ and

° [Wf/i‘/]e = [v/7]€¢’.

Proof. We prove the lemmaby induction on the derivation of I', = :
o kv : b[P] ~ e. Caseanalysison the last rule used:

A-BASE
We have
= b[P] = b[Av.v =v] and
=" ¢ = true. ~
WegetI'?, Z : 5% - v : b[P] ~» €, wheree’ = true = e. We
obtain [0°7 /Fe = [v/Z]€’.
A-ApPpP
We have
=y =2z,
* (I,%:5)(x) = b[P], and

"e=ux.



We have (T%,% : &%)(z) = b[P]. By A-APP, we obtain
% : 6% F v: b[P] ~ ¢, wheree’ = z = e. We get
[0 /Tle = [v"7 /3]’ = [v/Z]e’.
A-COERCEADD
We have _
< 0[P] = (0, P,
sIZ:0Fv:bQ]~ e,
"= P(y) = er,izs,y:b[§]¢7
=Py = GF,Eza,y;b[Q]w/v
* ¢o = (assume ¢; true) M (assume ¢); false), and
"e=1lety=ein (y,e2).
By I.H., we obtain some ¢} such that
TR b[@] ~ €l
= [0%7 /Z)er = [0/T]e).
We have = P(y) = erh,z,z;ah,y;b[é]w and = —P(y) =
Ors 254 0% BY A-COERCEADD, we obtain %, 7 : 5* -
v : b[P] ~ ¢, where e’ = lety = €} in (y, e2). We get
[ /e = [5/7e.
A-COERCEREM
We have o
sIZ:0kFv:0Q,P]~ e and
e =1let (z,y) = e1 in (y).
By |.H., we obtain some e} such that
fT0 767 F ot bQ, P~ el
- [ /Fer = [5/7el.
By A-COERCEREM, weget I'%, 7 : 57 - v : b[P] ~ ¢’, where
¢ =1let (Z,7) = ¢ in (§). Weget [7%7 /Z|e = [0/F]e’.

O

LemmaJ.l4. IfI,Z : 6 - = : 0 ~ e, then there exists ¢’ such
that

eI F:5%Fz:0% € and
o [°7 /3)e = ([v/3]e))".

Proof. We prove the lemmaby induction on the derivation of T", z :
o bk x: o~ e Caseandysison thelast rule used:

A-BASE
We have
"o = b[Av.v = v] and
" e = true.
WegetT,7: 5% z: of ~ €, wheree’ = true = e. We

obtain (72 /e = [3/2e’ = ([#/)e')”.

A-ApPpP
We have
o= (I'z:0)(z)and
o=z

WegetI'?,7: 6% F 2 : 67 ~» ¢/, wheree’ = z = e. We obtain
[0 /dle = 77 /3’ = ([0/a]e))".
A-COERCEADD
Wehave
"o =b[Q, P],
sT,7:5Fa:b[Q] ~ e1,
"= Py) = OF,E:E,y:b[@]wY
=Py = gr,*i;g,y;b[é]"ﬁ/a
" ¢; = (assume 1); true) B (assume ¢)’; false), and
"e=1lety=e in (y,e2).
By I.H., we obtain some ¢’ such that

T F b[@]h ~ ¢} and
= [0 /F)er = ([§/a]e))”.
We obtain = P(y) = th,E:Eh,y:b[@]“’b and = —P(y) =
Ors 750y V- BY A-COERCEADD, we obtain % z:5°F
x: o~ ¢, wheree’ = lety = e} in (y, e2). We obtain
[0 /3le = ([v/3]e’)".
A-COERCEREM
Wehave
=0 = b[P],
*T,7:5F a:b[Q,P]~ e1,and
e =1let (2,y) = e1 in (y).
By I.H., we obtain some ¢’ such that
T F 5 b[@,]s]h ~ e} and
" [0 /ler = ([0/aer)”.
By A-COERCEREM, we obtain T",% : 5% + z : o ~ ¢,
where ¢/ = let (Z,7) = e} in (7). We obtain [0°7 /Z]e =
([3/a]e')".
A-COERCEFUN
We have
"o =y:01 — 02,
s, 2:0kz:(y:0] — 05) ~ e1,
“T,2:0,y:01Fy:0l ~ ey,
“0,Z:0,y:01,y 10,705 Fr:0os~ e and
"c=)ylety =e,inletr =c; y ine,.
By I.H., we obtain some e, ej,, and e;. such that
fTET G o (y: ol — ob) e,
" [0% /Fler = ([5/7]eh)”.
Ty oty o
" [0 /%, yley = ([0/3,)e;)”
ST T 50y oty ol i ob s o s €, and
[0/ @y, er = ([7/ @,y v, r)]en)”
By A-COERCEFUN, we obtain I'*,% : &% + z : of ~ ¢,
where ¢’ = Ay.lety’ = e, inletr = ¢} ¢ ine,.. We
obtain [3% /Z]e = ([v/7]e)".

i

/
> 6117

O

LemmaJ.i5. If 1,7 : & F o%+!
such that

1 o ~» e, then there exists e’

eI% 7:5%Fv:of ~ ¢ and
o if [0/Z)¢/ == v/, then [3%7 /Z]e ==> v/"7+1,

Proof. We prove the lemmaby induction on the structure of v. Case
analysison v.

case v isabase value: Lemma J.13 applies.
casev = fU:

= it = (A, . AL, FUTD @), L fO @),
N— —

'a:mx---xajg,
'62(61,...765),
sforeachi € {1,...,j}, I,Z2: 0 F A\y.() : 05 ~> e;,and
sforeachic {j+1,...,0}, 1,7 : 5+ fO@+1) : g; ~
€.
For eachi € {1,...,5}, we obtain [0°7 /Z]e; = Ay.(). For
exchi e {j+1,...,¢}, by LemmaJ.8, we get

(1) (1)



A = (10 3

(I, 7 : — s YR oy — 2
Ué1 _’Uéz))
=foreechm € {1,...,k}, [, : 0,91 : ai),...,ym__l :
(1) F Um J+1 : [’Ulbj+1/yla e, Um—1 J+1/ym71]07(711) ~>
e()
m o .
“,7:0,z: Ugl)kz [v/gﬂa ) s e/
T7:0,z: 011, 2 [v/g}]ozl, 7 [’ﬁ/@]aé@ For O’;Z; ~
e“(i),and
L]
e, = Az.let 2 =W in
letr =lety = &9 in fm 77 in '@,
Byl.H, foreachiec {j+1,...,4yandm € {1,...,k},
~ ~ i)l i
ll“h7$ : o'h7y1 : O'Y) sy Ym—1 'En)l F um
AN
([vl/yl,...,Um_l/ym_l]cr?(n)) ~ el and

v if [5/2]e)) == o/, then [077 /T]e) == > v/"i+1
By Lemmas J.4 and J.10, for eachm € {1,...,k},

JU ik i) 0
.Fhvm Uhyyl : I_lf 1G§) yeeeyYm—1 :hl_llea-'fn)—l F
U 011, 01 fym 1y o)) ~ €, and
s foreachi € {j+1,...,0},if [0/ (@, y1, ..\ Ym—1)]em =

!
v, then
S U, o, e
[ Eh,a(”;,“ig(i) 1“ ' ! U/($7y17"'7ym 1)16/(1)
’ ()u
:>> HU( Y v’
By A-APP,weobtainT® & : 5% - U : [v1/y1,...,vk/yx](2
(U, 08 — (U, 0l) ~ let§ = " in [ §. By

Lemmas J.14, J.4, andJlO Weobtaln

2 [B/7(Ui o5 )We”y

,K}, if [0/(T,2)]e == v/, then

ANNENAEE |_|z 1‘711
=foreachi € {j +1,...

54,1 EOLERC ) e
(7 57w /(@ 2))e® =2 (1
g0y

.Fh z : |_|Z U§1 7
Y
[0/ (L, o8 >H~.<|_|lea§; )~ € ,and
sforeachi € {j +1,...,4},if [0/(T,2,2/,7)]e" == v/,
then

/708"

E”,z : A, o9,

_ P B, by
[ R RN G (N RN T (N A ) %) !

- i)h ] b
50,0 /el [5/105)

@i b

@22 M)’ <> =712 )

12
By A-COERCEFUN, weobtain I'®,7 : 6 + f 0 : of ~
e, where ¢/ = Xzletz’ = ¢”inletr = (lety =

¢’ in f y) 2’ in €'’ Suppose that [v/F)e’ == . Then, we
have

[ /e = [0 /@ (ex, ...,

casev = x v: Similar tothe casev = f .

b
er) =>v"7

O

LemmalJ.16. If ',z : 5 I [a], : x ~ e1, thenthereexists e, such

that
e Z: 57 a:x~ e,
o if [U/Z]es == fail, then [0"7 /Z]e; = fail, and

E/aU, o§0) ,) I

o if [0/Z]es == f; 7', then [3"7 /T)e; ==> fi(j) (Hiyjaf)bjﬂ.

.,\_155

().

Here, I1; ;v stands for H s Lt
LJ

Proof. Case analysison the form of a:

eag=zx0ra=c
By A-BAse and A-COERCEREM, we obtain T%,% : &% +
a : x ~ ez, where ez = lety = true in (). Note that
[0/Z)es > fail and [0/Z]e2 A= f; ¥ forany v and v'.
e o = fail
By A-FaIL and [a]; = a, we get some ¢ such that
= ¢; — assume 7; fail and
" Ore zs?
We have |= 04 ;.54¢. Thus, by A-FAIL, we obtain I'*, &
Gl g x o~ e2, Where e; = assume 1; fail. Note that
[0/F)ex #= f; ¥’ for any ¥ and ¥'. Suppose that [v/Z]ex ==
fail. Weobtain [v' J/Tel = [v/Z]ez == fail.

e g = fm
Wehave[a]; = £ (3)%+'. By A-APP, we obtain
s (0,7:0)(f) = (y1:0mg1 — = Yo Omjk — %),
= foreach: € {17...,]@‘}, F,?Ci : E,yl D Om,jly e s Yim1 t
Omogie1 070 2 (02734 Y1, 0i 1P Jyi 1] Om g~

e;, and
'elzletﬂzginﬁ(r{)g

By LemmaJ.15, foreachi € {1,...,k}, weget somee;’ such
that
D NG ANTE Um,j,lhwu»yi—l : O'm,j,i—1h Fovo:
[Ul/yl, v 7’Ui71/yi 1]U7nj zh ~ 6;” and
=if [0/(Z,y1,---,yi—1)]e}" == o', then
[5’77/(55 Yi,... 7yi—1)}e; :€>2 U,bj+1~
By Lemma J4, for eachi € {1,...,k}, we get some e;’ such
that
L] Fh,f : 5”,y1 : uﬁzlom,j,lh, ey Yiot Uﬁzlgm,jyiflu [
vi /Yy, Vi /Y] |—|§:1 Om,ji ~ el and
5h,u£_= Im,j, ui Uz Tm,j,i— b
[HEh ""rJnJlln Jala'mjzjlhl o /( 7y17---,yi71)}62//
=11 J 1UmJ z [’U/ z, yl,.-47yi71)]6§'.
Im,j, L
We have (T%,7 : &)(fm) = (y1: (Wimiomji?) — - —
Yk : (uf.:lam,j,k“) — x), By A-APP, We get ', 7 : 57 F

a i * ~ ez, Where ey = lety = ¢ 1nfmyWehave

[v/F)es #= fail for any ¥. Suppose that [v/Z]es == f; ¥/

Then, we obtain [3°7 /Z]e; ==> ) (11, ;)7 +".
ca=2x7

Similar tothecasea = f, ©

Proof of Lemma J.12

e if ¢ = assume v;a, then we have [¢]; = assume v;[a];. By
A-ASSUME, we obtain

*1,7:0F v:bool[Azr.x = true] ~ ef,
*I',Z: 0,z :bool[A\z.v] b [a],
"e; = let z = €} in assume z; €.

We have I, : 5° F v : bool[\z.z = true] ~ e}. By
LemmaJ.16 and bool[\z.x = true]’ = bool[Az.z = true],

t %~ eh, and



weobtain T : 5%, : bool[Az.v] F a : % ~ e for some e
such that

= if [0/(Z,x)]ey == fail, then [0 /(Z,z)]es == fail
and
vif [(0/(F,3)les == fi U, then [0%1/(Z,z)]er ==>>
£ (L 5w )
By A-ASSUME, we get %% : % e : % ~ e, Where
€2 = let = €} in assume z; 5. Thus, we obtain
= if [0/Z]es == fail, then [0%7 /F]e; == fail, and

" if [7/F]es == fi 0, then [0%1 /F)er ==> £ (1L ;77)77+.

o ife = letz = op(v) ina, thenwe have [¢]; = letx =
op(?) in [a];. By A-LET, we obtain

*T,2:5Fop(®):0~ e,
*T,7:0,2:0F [a]; : x~ eh, and
") =letz = e} inéh.
By A-BASE, we have T, % : &% + op(?) : 0 ~ €}. By
Lemmall6and of = o, weobtan T,z : 6%, z:0 - a: %~
el for some e} such that
*if [0/(%,x))ey == fail, then [0%7 /(%,z)]eh == fail
and
-if [5/@a)ed == fi T, then [%/(F, x)les ==
£ (I )+
By A-LET, weget I'" % : 57 F e
let z = €} in ef. Thus, we obtain

T x ~» eg, Where es =

= if [0/Z]es = fail, then [0%7 /F]e; == fail, and

nif [’17/%]62 :€> fl :J”then [Z[)’bg /%]61 :€>2 fi(j) (Hi,ﬁ’)bﬁ'“_

d

J.4 Proof of LemmaJ.l

Proof of Lemma J.1 Let {f; T; = ei,0 Oeiq1}tiey = Di. For
eachi € {1,...,n}and k € {0,1}, let J; , be

Ji,k = {j | thetarget of jthfunction cal is fi A b; = k}.
Foreachj € {1,...,¢},if j € J; x, then there exists e; such that:
o I,%i : Gij b [esn]ir : % ~ e; and
« fDF —e; €Dy

By Lemma J.12, for each j € {1,...,¢},if j € J;x, then there
exists ¢ such that:

o I'% 7 : Efyj F ek :*~ el
o if [0/7]e) = fail, then [0i+! /;]e; == fail, and
o if [U/Z;]e) = fir ¥/, then

[ [iles <52 £V (T a7)72,

By Lemma J.2, for each j € {1,...,¢}, if j € J;x, then there
exists e}/ such that:

° Fh7§i : 55’1 u---u&f,g [ €4k Kk~ 6;-/,
o if [0/Z;]e] == fail, then [II; ;0/%;]e; = fail, and
o if [U/Zi]e] = f 7, then [I;,;0/%:]e€] = f7.

By Lemma J.6, for each ¢ € {1,...,n} and k € {0,1}, there
exists e} ;, such that

° Fh,ii : 55,1 L. LI&E,[ Feikr:*~ e;k,
o foreachj € Ji, if [0/Zi]€] , = fail, then [0/Z;]e] =
fail, and
o foreach j € Jiy, if [0/:]e} , = f ', then [v/Z;]e] ==>
fo.
Foreachi € {1,...,n}, by A-PAR, weget T%,7; : 57, Ui+~ LI
G,k eoDenn t %~ eio e, Let Dy = {fi & =
eloOe; 1}y Then, it followsthat - Dy : T ~ D3. We now
show that main{) #=p, fail by using proof by contradiction.

Assume that main() == p, fail. Then, we have the following
error trace for some vy, . . ., U¢:

. b S b

mn<> =frnu :1>D3 [vl/xll]elllsbl = py [1, V2 :2>D3
~ by ~ g~ / .

-+ =>pg f1, Ve =D, [V¢/%T1,]e1, p, => D5 fail

Here, f1, representsthe target of jth function call. From the above
trace, we obtain the following error trace:

main() = p, main" () =
~ b ~ ~
£ (g 101)" Zp, ([, 151)" /31 Jer =>p, >

~ b
£ (1 20)" =2p, -+ =>p, >

~ b ~ ~ )
F30 (T, 00) 4 =5 p, [(Tr,600)" 4" /31, )ee =>p, fail

Thus, we get main() =p, fail, which contradicts to the as-
sumption main{) #=p, fail.
O

LemmaJ.l7. If+= D : 'y ~ Dy andI'; C I's, then there exists
Dy suchthat - D : Ty ~ Dy and if main() ==p, fail, then
main{) == p, fail.Here wewriteT C T"iffor al f € dom(T"),
I'(f) = o impliesT’(f) = o’ for some ¢’ suchthat o C o”.

Proof. A corollary of LemmaJ.2. O

Proof of Theorem5.3 WehavesomeTI'; suchthat A € DepTy(I'1)
andI';* = Refine((), A) T I. By Theorem 4.4, we have D, such

that = Dy : 'y ~» D4 and main() #=p, fail. By LemmaJl,

thereexists D suchthat - Dy : T'1% ~» D and main() #=p fail.

By Lemma J.17, there exists D3 such that = Dy : T' ~~ D3 and

main() #=p, fail.O



